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YCKOPHUTEJbHBIX YCTAHOBOK

IIpoexTupoBaHue COBPEMEHHBIX YCKOPUTEJIBbHBIX YCTaHOBOK Tpe-
OyeT HMCHOJIB30BaHMSI KOMIUICKCHOTO IIOJXO/1a IPH MOJICITHUPOBAHUU
ONITUMH3AINY TTapaMeTpoB cucteMsl [ 1]. Takoit moaxon moapasymeBaeT
BBICOKYIO CTENEHb JAeTaIM3allii (PEaTMCTUYHOCTH) MaTeMaTH4ecKOu
MOJIEIH C BO3MOYKHOCTBIO OBICTPOTO ITIpOIiecca YHCIEHHOH ONTHMH3a-
LIUH, 9TO TPeOyeT MCIIOIb30BAHUS COBPEMEHHBIX THOPUIHBIX BBIYUCIIH-
TEJNBHBIX apXUTEKTYp, BKIIOYAIONIMX B ce0sS MaCCHUBHO-TapalIeIbHbIC
BBIUKCIIEHUs Ha rpaduyeckux npoueccopax (GPU) [2].

MaruuTHble CUCTEMBI, YCKOpUTeNIbHble BY-cuctembl, pasnuyHble
TUNBI JETCKTOPOB YaCTUI] — HCOTHEMIICMbBIC DJIEMCHTBI YCKOPUTCIIbHBIX
KkoMIUTeKCOB. [IpoeKkTHpoBaHNE yKa3aHHBIX 3JEMEHTOB SIBJISIETCS HENU-
HEHHOI caMOoCcoTIIacOBaHHOH 3aadeid, TpeOyIoIelt MHOTOKPaTHOTO IPo-
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The design of modern accelerator facilities requires the use of an
integrated approach in modeling and optimization of the system param-
eters [1]. This approach implies a high degree of detail (realism) of the
mathematical model with the possibility of a quick numerical optimiza-
tion process that is impossible without the use of modern hybrid comput-
ing architectures, which include massively parallel computing on graphic
processors (GPUs) [2].

Magnetic systems, RF accelerator systems, and various types of par-
ticle detectors are integral elements of accelerator complexes. The design
of these elements is a nonlinear self-consistent task requiring a multi-
ple process of optimization of the accelerator system parameters. For
example, in order to obtain a given distribution of the magnetic field in
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1ecca ONTUMH3ALUK [apaMeTPOB YCKOPUTENIBHOM cUcTe-
Mbl. Harmpumep, 4To0BI MOTy4nTh 33laHHOE pacHpeselie-
HHE MarHUTHOTO TIOJISI B IETEKTOPE YaCTHUI, HEOOXOIMMO
moa00paTh TEOMETPUUIECKYI0 KOH(MUTYPAIIII0 MAaTHUTHON
CHUCTEMBI, OITUMHU3NUPOBATH TOKU B O6MOTKaX, IMMpON3BECTU
MIPOYHOCTHBIE pacyeThl. Ecim 0OMoTKa ¢ TokoM Oyger pa-
00TaTe B pekMMe CBEPXIIPOBOIAMMOCTH, TO TOTpedyeTcs,
10 KpaiiHel Mepe, NPOU3BECTH OLIEHKY TEIUIOBBIX jaehop-
manmii. Jlaxxe «3amaHHOE» pacnpeesieHne MarHUTHOTO
TI0JISI B IETEKTOPE YaCTHI] HE BCET/IA SIBISIETCS] IMEHHO 3a-
JAHHBIM, TaK Kak caMo 1o cede TpedyeT BrIOOpa M3 MHO-
JKECTBA PA3IMYHBIX KOHPHUTrYpaui, 00ycloBIeHHbIX (u-
3MYECKUMHU ITPOIIecCaMi, KOTOPbIE TUIAHUPYETCSl N3ydaTh
Ha YCTaHOBKe. B Takux ciydasx MpUXOAMUTCS paccMarpu-
BaTb CBA3AaHHBIC 3aJa4u, HAIIPpUMCED, SHCKTpOMaFHI/ITHI:Jﬁ
JM3aliH YCTaHOBKH M MOJICIMPOBAHUE AMHAMUKHU ITydKa
WM 3a/1a4y paclio3HaBaHUS TPEKOB YACTHII.

C mareMaTn4eckoil TOYKM 3PEHHs HEepEUHCIICHHbIC
npoOJieMbl CBOZATCS K pa3MYHBIM THUIAM ITOCTAHOBOK
HEJIMHEHHBIX HaYaJIbHO-KPAEBBIX 3a/1a4 B CIIOXHBIX TpPEX-
MEpHBIX TEOMETPUIECKUX 00JIaCTsIX, KOTOpPBIE, KaK IPaBHU-
JI0, MOT'YT 6BITI) PEUICHBI TOJBKO € UCIIOJIB30BAHUEM YUC-
JICHHBIX METOJIOB.

JUisi HEMMHEHHBIX CHCTEM BOIPOCHI CXOAMMOCTH,
yCTOﬁqHBOCTH, TOYHOCTH MTOJTYyHYa€MbIX YHUCJICHHBIX PEIIC-
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HUH UCCIIEI0OBAHBI HE TaK IIUPOKO, KaK IS INHEWHBIX CH-
cteM. [ToaToMy ITpy HaNMMCaHUU COOCTBEHHOT'O IPOTPAMM-
HOTO KOJia WJIM TNPU TOJyYE€HUH YHCIEHHOTO pe3ylbTrara
M0 M3BECTHOMY CTOPOHHEMY HPOTrPAMMHOMY KOMILIEKCY
BO3HHMKAET BOIIPOC O KOPPEKTHOCTH pe3ynbrara. B Takmx
ClIydasix BaXKHYIO POJIb UTPaeT HAJUYMEe M3BECTHBIX TOU-
HBIX PEIICHUH HEIWHEWHBIX 3a/1a4, KOTOPbIE MOTYT OBITH
UCTIOJIB30BaHbI KAK TECTBI YUUCIIEHHBIX AJITOPUTMOB, a TaK-
K€ B KaueCTBE HadaJIbHBIX MPUOIMKESHUH IPH MTOUCKE OII-
TUMaJbHOW KOH(UTYpaIny HEJIMHEHHOIH CUCTEMBI.
Hcnonb3oBaHue  COBPEMEHHBIX  BBICOKOIIPOU3BO-
JUTEIBHBIX BBIUYUCIUTENBHBIX APXUTEKTYp  SIBISAETCS
BaXKHBIM IIaroM I Mepexojia Ha HOBBIH YPOBEHb «pe-
AIUCTUYHOCT) MOJEIUPOBAHUA U ONTHUMHU3ALUU HE-
JUHEHHBIX CcUCTeM. HenMHEeHHOCTb CHCTEMBI MPUBOAMT
K He0OXOAMMOCTH MHOTOKPATHOTO PELICHUS OJJHON U TOI
K€ 33/1a4¥ C PA3IMYHBIMU HUCXOIHBIMH AaHHBIMH. Dddek-
TUBHBIE ANTOPUTMBI pacHapajlenBaHus IPOrPAMMHOTO
KOJIa, MCIIOJIb30BAaHUE OCOOEHHOCTEW pabOThI C pas3ind-
HBIMHM THUIIAMH [aMATH, OaJlaHCUPOBKA 3arpy3KH BBIYHC-
JUTENBbHBIX SIZIEp Ha pa3IM4YHBIX Y31aX MOXKET IPUBO-
JUTh K YCKOPEHHUIO MPOLEeCcca ONTUMU3AINH HA TOPSIKH.
CokpalieHne BpeMeHH MOACTHPOBAHUS — 3TO HE TOIBKO
COKpAIllEHHE CPOKOB MPOEKTHUPOBAHUS YCTAaHOBKH, HO U
JIOTIONTHUTENbHAsT BO3MOXXHOCTB TIPOBECTH 00Jiee TOUHYIO

a particle detector, it is necessary to select the geometric
configuration of the magnetic system, optimize the cur-
rents in the windings, and perform strength calculations.
If the current winding operates in superconductivity, then
at least an assessment of thermal deformations will be re-
quired. Even the “given” distribution of the magnetic field
in the particle detector is not always predetermined, since
it in itself requires a choice from many different configura-
tions due to physical processes that are planned to be stud-
ied at the facility. In such cases, it is necessary to consider
related problems, for example, the electromagnetic design
of the setup and modeling of the beam dynamics or the
problem of particle tracks recognizing.

From a mathematical point of view, the listed problems
are reduced to various types of nonlinear initial-boundary
tasks formulations in complex three-dimensional geomet-
ric areas, which, as a rule, can only be solved using numer-
ical methods.

For nonlinear systems, the questions of convergence,
stability, and accuracy of the obtained numerical solutions
are not studied as widely as for the linear ones. Therefore,
when writing our own program code or when obtaining
a numerical result from the well-known third-party soft-

ware package, the question of the correctness of the result
arises. In such cases, the important role is played by the
existence of known exact solutions of nonlinear problems,
which can be used as tests of numerical algorithms, as well
as initial approximations in the search for the optimal con-
figuration of a nonlinear system.

The use of modern high-performance computing ar-
chitectures is an important step to move to a new level
of “realistic” modeling and optimization of nonlinear sys-
tems. The nonlinearity of the system makes it necessary to
repeatedly solve the same task with different initial data.
Effective algorithms for parallelizing of the program code,
using of the features of working with various types of
memory, and balancing of the loading of computing cores
on various nodes can lead to accelerations of the optimi-
zation process by orders of magnitude. Reducing of the
simulation time is not only a reduction of the setup de-
sign time, but also an additional opportunity to carry out
more accurate optimization, to perform optimization with
a greater level of detail (realism) over the initial time.

Since 2008 the staff of LIT, VBLHEP (JINR) and
Lomonosov Moscow State University has been jointly
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OIITHMU3AIINIO, MPOM3BECTH ONTUMM3ALUIO C OOJBIINM
YPOBHEM JeTanu3aluu (PeaJlcTUYHOCTH) 3a MEepBOHA-
4aIbHOE BPEMHI.

Corpynnukamu OUAN u MI'Y um. M. B. JlomonocoBa
¢ 2008 T. COBMECTHO pa3BHBAETCS OMUCAHHBIN KOMIUIEKC-
HBI TIOAXOJl B MOJEIIMPOBAHUN ¥ OITUMHU3AINH HIIEMEH-
TOB YCKOPUTEIHHBIX YCTaHOBOK.

Co3naH nporpaMMHBII IBMKOK HA MacCHBHO-MIapal-
JIENBHOW apXUTeKType rpadudeckux npoueccopos (GPU)
JUTE MOJICTUPOBAHUS JWHAMHUKH ITy9Ka B IHKJIOTPOHE
Y YMCIICHHOIO PEIICHUs] HEJMHEWHOM 3aJaud MarHuTO-
cratuku [1-3], ykazaHHBIE aNTOPUTMBI Jald YCKOpe-
HHUE BBIYHCIICHUS OT OJHOTO JI0 JIBYX ITOPSIKOB Ha OJWH
GPU. Ilony4eHbl TOYHBIC peUICHUs] HEIMHEWHON 3a1aun
yaeta 3¢¢eKxTa MpOoCTPaHCTBEHHOTO 3apsAga mydka. Ha
puc.1 moxkazaHo pacmpenencHue (QYHKIHUW TUIOTHOCTH
3apsja BAOJb paguyca B Pa3lIUdHbIE MOMEHTHI BPEMEHHU.
Bosnukaromas ygapHas BOJHA COOTBETCTBYET TaK Ha3bl-

Puc. 1. Bo3HuKHOBEHHE yIapHOI BOJIHBI B 3a]a4€ KYJIOHOBCKOTO B3pPhIBa
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BaeMOMY KyJOHOBCKOMY B3phIBY. B ruapoauHamudeckoM
NpUONMKEHUH  ONMKMCaHMWs IPOCTPAHCTBEHHOTO 3apsja
MOCTPOEHBI PA3HOCTHBIE CXEMBI PA3IMUHBIX MTOPSAAKOB all-
MIPOKCUMAIIUH, PACCMOTPEHa UX ycToitunBocTh. Ha puc. 2
MOKA3aHO M3MEHEHHE IJIOTHOCTH 3apsia B YCKOPSIOIIEM
none. Ha puc.2, BBepXy pa3sHOCTHasi cXeMa SIBISETCA
ycroituuBoit (uncno Kypanta C < 1), a Ha puc.2, BHH3Y
MTOKa3aHO HapyIIEHNE YCTOHYMBOCTH B BHJIC BO3HUKHOBE-
Hus ocrunsiiait (C > 1).

Puc.2. HccnenoBanue yCTOMYMBOCTH Pa3HOCTHOM
CXEMBI JUISl 33J]a4U IIPOCTPAHCTBEHHOTO 3apsiaa
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Fig. 1. The occurrence of a shock wave in the Coulomb explosion problem

developing the described integrated approach in modeling
and optimization of elements of accelerator facilities.

A software engine was created on the massively par-
allel architecture of GPUs for modeling beam dynamics in
a cyclotron and numerical solving of the nonlinear magne-
tostatics problem [1-3]; these algorithms accelerated the
calculation from one to two orders of magnitude per GPU.
Exact solutions to the nonlinear problem accounting for
the space charge effect of the beam are obtained. Figure 1
shows the distribution of the charge density function along
the radius at different points in time. The arising shock
wave corresponds to the so-called Coulomb explosion.
In the hydrodynamic approximation of the space charge
description, difference schemes of various approximation
orders are constructed, and their stability is considered.

Fig.2. Investigation of the stability of the difference
scheme for the space charge problem

Figure 2 shows the charge density motion in an acceler-
ating field. In Fig. 2 (top) the difference scheme is stable
(Courant number C < 1), and in Fig.2 (bottom) the stabil-
ity violation in the form of oscillations is shown (C > 1).
Exact solutions of some equations from the chain of
the Vlasov equations are found. Figure 3 shows one of the
obtained solutions in the form of a particle density dis-
tribution on a spherical surface. The particles flow along
spiral paths from one pole of a sphere to another. For the
nonlinear 2D magnetostatics problem in the field of a fer-
romagnet, exact solutions are obtained that are encapsu-
lated in a difference scheme that increases the accuracy of
the solution by an order of magnitude. The magnetic field
growth in the vacuum region is estimated for the nonlinear
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Halinensl TOYHbIE pELIEHUsT HEKOTOPBHIX YPaBHEHUM
U3 Ienoukn ypaBHeHHMH Bracoa. Ha puc.3 moxaszano
OJTHO U3 TMOJIYYEHHBIX PEIICHUN B BUJE paclpeesieHUs
IDIOTHOCTH YacTUIl Ha cdeprueckoil moBepxHOCTH. [lo
CIIUPAJIBHBIM TPAEKTOPUAM YaCTHULBl IEPETEKAIOT C O-
HOTO ToNroca chepbl Ha Apyroit mostoc. Jist HenuHeitHo
2D-3aa4i MAarHUTOCTATHKH B 00JIaCTH (heppOMarHeTHKa
MOJIy4EHbI TOUHBIE PELLICHUS, HKAICYJIMPOBAaHHbIE B pa3-
HOCTHYIO CXEMY, MMOBBIIHAIOIIYIO TOYHOCTH PECHICHHUA Ha
nopsiiok. IIpousBeneHa oneHKka pocTa MarHUTHOTO MOJIS
B 00yacTH Bakyyma Ui HenmuHeWHo#W 3D-3amaum Maram-
TOCTATHKH, KOTAa (YHKIIUS MarHUTHOH MPOHHIIAEMOCTH
YIIOBJIETBOPSIET acUMNTOTHKE Belicca.

C HCIoNIb30BaHMEM MOITYYEHHON aCUMITOTHKY MPe-
JIOXKEH aJITOPUTM IOCTPOEHUS AJANTUBHON CETKU B OK-
PECTHOCTH YIJIOBOM TOYKH, MO3BOJISIOIIMI CYILIECTBEHHO
YBEIUUYUTH TOYHOCTDH BBIUMCICHHN.

Ha puc.4 npeacraBieHbl pa3ivyHble BHUIbI KOHEU-
HO-3JIEMEHTHOH CETKH B OKPECTHOCTH yTIIOBOH TOUKH (ep-
poMarHeTHKa JJisi MarHUTHON cCUCTeMbl jeTekTopa SPD
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Puc. 3. Pactipenenenne miIoTHOCTH YacTHIl HA CepUUECKOil TMo-
BEPXHOCTH IIPH PEIICHUHU ypaBHEHUs Biacosa

Fig.3. Particle density distribution on a spherical surface when
solving the Vlasov equation

Puc. 4. Buapl ceTku B OKPECTHOCTH YIIIOBOH TOUKHU: @) aJaNTUBHAS CETKa; 6) pABHOMEPHAsI CETKa C TAKHM K& KOTMIECTBOM Y3JI0B, KaK
1 B QIaITUBHOM CETKe; 8) PaBHOMEPHAs CETKa, JAOIIas TAKOM jkKe Pe3yINbTar, YTo U aJaNTHBHAs ceTKa (a)
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Fig.4. Types of grid in the vicinity of a corner point: a) adaptive grid; b) a uniform grid with the same number of nodes as in an
adaptive grid; ¢) a uniform grid yielding the same result as the adaptive grid depicted in (@)

3D magnetostatics problem, when the magnetic permea-
bility function satisfies the Weiss asymptotics.

Using the obtained asymptotics, an algorithm for con-
structing an adaptive grid in the vicinity of a corner point
is proposed, which allows one to significantly increase the
accuracy of calculations.

Figure 4 presents various types of finite-element grid
in the vicinity of the corner point of a ferromagnet for the
magnetic system of the SPD detector of the NICA accel-
erator complex (JINR). Figure 5 shows the distributions
of the magnetic field modulus along a line passing near
the corner point for various types of grids (see Fig.4). In

Fig.4,b, the grid nodes are distributed uniformly (without
taking into account the asymptotic behavior of the mag-
netic field in the vicinity of the corner point). In Fig.4,a,
the number of grid nodes is the same as in Fig.4,b, but
the nodes are distributed unevenly, taking into account the
asymptotic behavior of the magnetic field.

In Fig. 4, c, a uniform grid is constructed that gives the
same accuracy (see Fig.5) in the magnetic field value as
the adaptive grid in Fig.4,a.

Figure 5 shows that the accuracy corresponding to the
adaptive grid is achieved by a uniform grid if the number
of nodes is 10 times more. When modeling the distribu-
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yckoputensHoro komiuiekca NICA (OUSN). Ha pwuce.5
MIOKa3aHbl PACIPENENICHNUs] MOIYJsl MarHUTHOTO TIOJIsS
BIOJIb JIMHUH, TPOXOAAIIEH BOIM3HM YITIOBONH TOYKH IS
pa3IMYHBIX THMOB ceToK (cM. puc. 4). Ha puc. 4,6 y3ms
CeTKH pacIpeiesieHbl paBHOMEpHO (6e3 ydeTa acHuMITO-
TUKH MarHUTHOTO TIOJIST B OKPECTHOCTH YIJIOBOH TOUKH).
Ha puc. 4, a KonmmuecTBO y370B CETKH TaKoe ke, Kak U Ha
puc. 4,6, HO y37bI pacipeaeIeHb HEPaBHOMEPHO C YIETOM
ACHUMITOTHKHM MarHuTHoro moins. Ha puc.4,6 moctpoeHa
paBHOMEpHas ceTKa, Jaomiasi TaKyIo ke TOUHOCTH (pHuc. 5)
B 3HAUEHWM MAarHUTHOTO IIOJISI, YTO W aJaNTHBHAs CETKa
Ha puc.4,a.

Ha puc.5 BUAHO, 4TO TOYHOCTb, COOTBETCTBYIOLLAS
aJalTUBHON CETKE, JOCTUIAeTCsl PaBHOMEPHOM CETKOM,
ecnu gucio y3noB Oynet 6ombine B 10 pa3. [Ipu mongenu-
POBaHUM pacHpepeTCHN MMEKTPUICCKUX MoJeH B 00ma-
CTSIX C HEMIAJKOW I'paHULEH 3aaada sBISETCS JIMHEHHOM.
B nmureliHOM citydae BT 0COOEHHOCTH M3BECTEH B SIBHOM
BUJI€ U TIPEJICTABNIACTCS CTETIEHHON W/Win Jtorapudmuye-
CKOH (yHKITHEH OT paanyca.

Puc.5. Pacnpenenenune momynss MarHMTHOM WHAYKUUH BIOJb
TIPSIMO}, TTIOJy4eHHOE Ha Pa3IHMYHBIX CETKAX
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Fig.5. Distribution of the magnetic induction modulus along a
straight line obtained on various grids

tions of electric fields in regions with a non-smooth bound-
ary, the problem is linear. In the linear case, the form of
the singularity is known explicitly and is represented as a
power and/or logarithmic function of the radius.

Note that sometimes a non-smooth boundary is cre-
ated specifically to obtain a strong inhomogeneity of the
electromagnetic field, for example, when designing elec-
tron guns or in the Stern—Gerlach experiment in studying
the spin. This work was performed with support of the
RFBR grant No. 18-29-10014.
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3amMeTHM, 4TO MHOTJA HEeIIaJKasi IPaHuLa CO3aeTCs
CIICLIMAIIBHO JUISl TTOJTYYCHUSI CHIIBHOW HEOTHOPOIHOCTH
9NIEKTPOMArHUTHOTO TI0JISL, HallpUMep, TP NIPOESKTHPOBA-
HUH 2JIEKTPOHHBIX IyIIek mwin B onbiTe lllTepra—Iepnaxa
IIPY U3y4eHUH ciiiHa. PaboTa BBIOIHEHA PH IO JIEPIKKE
rpaaTa POOU Ne 18-29-10014.
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