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1. The rigorous solution [1] of the generalized
mean-field Green function of the standard Hamil-
tonian of the two-dimensional two-band Hubbard
model in cuprates [2, 3] has allowed the proof,
within this model [4, 5], of the spin-charge split-
ting conjectured by Anderson ([6] and references
therein) to be of fundamental importance for the
understanding of the complicated phase diagrams
in these compounds.

Further investigations [7] evidenced the fact that
the effects of the hopping on the energy spectrum
should be finite at any doping rate both in hole-
doped and electron-doped cuprates. The straight-
forward consequence was the renormalization of the
hopping part of the Hamiltonian with a factor able
to remove the spectrum infinities in the limit of zero
doping.

Under the phenomenological assumption

H = H0 + χ1χ2Hh (1)

where H0 and Hh denote the standard one-site and
hopping contributions to the Hamiltonian respec-
tively, and χ1 and χ2 denote the electron- and hole-
doping rates respectively, the mean-field spectrum
was calculated and some distinctive subtle effects
evidenced by phase sensitive experiments [8] and
optical spectra measurements [9] have been proved
to follow [10] from the modified Hamiltonian (1).

2. In the formulation of the starting hypotheses
of the model, the experiment plays the deciding role.
There are five kinds of experimental data which are
essential for the derivation of a consistent theoreti-
cal model.

2.1.Crystal structure characterization points to
the occurrence of layered ternary perovskite struc-
tures, with an overwhelming contribution to the
superconducting pairing coming from the CuO2

planes.
Consequence: An effective two-dimensional (2D)

model for the CuO2 plane is requested.
2.2. Existence of the Fermi surface was undoubt-

edly evidenced, first by 2D-ACAR positron spec-
troscopy at the beginning of the nineties and then
by ARPES and optical methods.

Consequence: The energy bands lying at or near
the Fermi level are to be retained in the model.

2.3. The charge-transfer insulator nature of the

cuprates occurs with the following relationship be-
tween the energy band parameters, U > ∆ > W .

Consequence 1: The hybridization results in the
Zhang-Rice singlet subband.

Consequence 2: The Zhang-Rice singlet and the
upper Hubbard subbands enter the simplest model.

Consequence 3: Since ∆ ∼ 2W , the model is to
be developed and solved in the strong correlation
limit.

2.4. Tightly bound electrons in the metallic state.
Consequence 1: Occurrence of low density hop-

ping conduction consisting of both fermion and bo-
son (singlet) carriers.

Consequence 2: This asks for the Hubbard oper-
ator description of the system states.

2.5. Occurrence of cuprate families which are
characterized by specific stoichiometric reference
structures, doped with either holes or electrons.

Consequence 1: The doping parameter δ is essen-
tial in the theoretical description of the cuprates.

Consequence 2: The (δ, T ) phase diagrams arise
which have to be accounted for.

3. Other essential contributions to the right for-
mulation of the model and derivation of the solution
come from a number of abstractions, concepts, and
facts.

3.1. Abstraction of the physical CuO2 plane with
doped electron states by a doped effective spin lat-
tice. This is done by a one-to-one mapping from
the copper sites inside the CuO2 plane to the spins
of the effective spin lattice. There are four possible
spin states at each lattice site i in the effective spin
lattice: |0〉 (vacuum), |σ〉 = |↑〉 and |σ̄〉 = |↓〉 (single
particle spin states inside the hole subband), and
|2〉 = |↑↓〉 (singlet state in the singlet subband).

The spin lattice constants equal ax, ay, the CuO2

lattice constants.
The effective spin lattice is characterized by an-

tiferromagnetic spin ordering at zero doping.
The doping of the electron states inside the CuO2

plane is equivalent to the creation of defects inside
the spin lattice, by spin vacancies and/or singlet
states.

The occurrence of a hopping conductivity inside
the spin lattice is a consequence of the doping.
The hopping conductivity may consist either of sin-
gle spin hopping (fermionic conductivity) or singlet
hopping (bosonic conductivity).
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3.2. Concept : The global description of the hop-
ping conduction around a spin lattice site can be
done by means of the Hubbard 1-forms [1].

3.3. Fact : The hopping induced energy correction
effects are finite over the whole range of the doping
parameter δ [7], hence appropriate boundary con-
ditions are to be imposed in the limit of vanishing
doping.

4. The energy spectrum of the Hamiltonian (1)
was derived within the equation of motion tech-
nique for thermodynamic Green functions as first
proposed by Plakida [11].

While the use of general symmetry properties
(system invariance to the spin reversal, to the lat-
tice translations and to the crystallographic point
group transforms) has allowed [1] the derivation of
a rigorous Green function solution, the formulation
of the mean-field Green function solution in terms
of the energy matrix [7] has allowed the derivation
of the energy spectrum from a standard eigenvalue
problem, having as consequences the proof of the
need of the renormalization factor χ1χ2 in (1).

This resulted in rigorous derivation of the el-
ements of the energy matrix and of the Green
function matrix in the momentum-energy (q, ω)-
representation.

All the 16 matrix elements of the Green func-
tion share a same denominator, D ≡ D(q, ω) =
Iω − ˜Eσ(q), with the following monic bi-quadratic
dependence in ω:

D(q, ω) = (ω2 − uω + v)(ω2 + uω + v), (2)

where u and v are spin-independent quantities de-
tailed in [7]. The zeros of D(q, ω), provide the
GMFA energy spectrum of the system. In the nor-
mal state, the energy spectrum is given by the roots
of the second order equation ω2−uω+v = 0 solved
previously [2] in the mean field approximation.

The explicite expressions are cumbersome and are
referred to [7, 10]. Two important consequences are
worth noting, however.

4.1. The anomalous contributions to the Green
function and the energy matrix elements come ex-
clusively from the hopping term Hh of (1).

– The two-site anomalous terms come from
the singlet hopping conduction and involve the
characteristic anomalous charge-charge correlations
〈X02

i Nj〉 which can be shown rigorously to be math-
ematically equivalent to Cooper pair anomalous cor-
relations.

– The one-site anomalous term which come from
the hopping conduction and do contribute s-type
pairing, vanish identically in tetragonal cuprate
structures. However, in orthorhombic cuprate
structures, such terms do bring a small anomalious
s-type contribution to the pairing, in qualitative
agreement with phase sensitive experiments [8].

4.2. There are two main results established from
the study of the energy spectrum of the energy ma-
trix.

(i) Hybridization of normal state energy levels
preserves the center of gravity of the unhybridized
levels.

(ii) Hybridization of superconducting state en-
ergy levels displaces the center of gravity of the un-
hybridized normal levels. The whole spectrum is
displaced towards lower frequencies.

This feature of the cuprates predicted by the two-
band Hubbard model is in agreement with the opti-
cal spectra measurements [9]. It points to a funda-
mentally different redistribution of the s[ectrum in
the superconducting state, which is related to the
occurrence of gapeless energy lines inside the two-
dimensional Brillouin zone of the model.
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