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ƒ· ´¨Î´Ò° ³¥Éμ¤ ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ ¸ É·¥Ì³¥·´Ò³ £ ·³μ´¨Î¥¸±¨³
¡ §¨¸μ³ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  ¤²Ö ·¥Ï¥´¨Ö ²¨´¥°´ÒÌ ¸¨¸É¥³ ¤¨¢¥·£¥´Í¨ÖÄ·μÉμ·

„²Ö É·¥Ì³¥·´μ£μ ¸²ÊÎ Ö ¶·¥¤² £ ¥É¸Ö μ¡μ¸´μ¢ ´¨¥ £· ´¨Î´μ£μ ³¥Éμ¤  ´ ¨-
³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ ¸ £ ·³μ´¨Î¥¸±¨³ ¡ §¨¸μ³ ¢Ò¸μ±μ£μ ¶μ·Ö¤±   ¶¶·μ±¸¨³ -
Í¨¨, · ´¥¥ ¸Ëμ·³Ê²¨·μ¢ ´´μ£μ  ¢Éμ· ³¨. „²Ö ²¨´¥°´ÒÌ ¸¨¸É¥³ ¤¨¢¥·£¥´Í¨ÖÄ
·μÉμ· ¸ Ê¸²μ¢¨Ö³¨ „¨·¨Ì²¥,   É ±¦¥ ¸³¥Ï ´´Ò³¨ ±· ¥¢Ò³¨ Ê¸²μ¢¨Ö³¨ ¶μ-
²ÊÎ¥´Ò μ¡μ¡Ð¥´´Ò¥ Ëμ·³Ê²¨·μ¢±¨ ¢ ¶·μ¸É· ´¸É¢ Ì ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´ÒÌ
£· ¤¨¥´Éμ¢ £ ·³μ´¨Î¥¸±¨Ì ËÊ´±Í¨°. ˆ¸¸²¥¤μ¢ ´Ò ¸¢μ°¸É¢  ¡¨²¨´¥°´ÒÌ Ëμ·³ ¨
 ¶¶·μ±¸¨³ Í¨μ´´Ò¥ ¸¢μ°¸É¢  ¡ §¨¸ . „μ± § ´  h-¸Ìμ¤¨³μ¸ÉÓ ¶·¨¡²¨¦¥´´ÒÌ ·¥-
Ï¥´¨°. ‚ μÉ²¨Î¨¥ μÉ μ¸´μ¢´μ° Ëμ·³Ê²¨·μ¢±¨ ³¥Éμ¤  ƒ ²¥·±¨´  ¸ · §·Ò¢´Ò³¨
¡ §¨¸´Ò³¨ ËÊ´±Í¨Ö³¨ ¢ ÔÉμ³ ³¥Éμ¤¥ ´¥ É·¥¡Ê¥É¸Ö § ¤ ´¨Ö ÏÉ· Ë´μ° ¢¥¸μ¢μ°
ËÊ´±Í¨¨.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

	·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2017
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Boundary Least-Squares Method with 3D Harmonic Basis
of a High Order for Solving Linear Div-Curl Systems

Justiˇcation of a boundary least squares method with harmonic basis of a high
order, which was formulated earlier by the authors, is given for 3D. For the linear
div-curl systems with the Dirichlet conditions as well as with the mixed bound-
ary conditions, weak formulations in spaces of piecewise-polynomial gradients of
harmonic functions are obtained. Properties of bilinear forms and approximating
properties of the basis are investigated. The h-convergence of approximate solu-
tions is proved. In contrast to the primal formulation of the discontinuous Galerkin
method, in this method the choice of a penalty weight function is not required.

The investigation has been performed at the Laboratory of Information Technolo-
gies, JINR.
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‚‚…„…�ˆ…

Š ± ¨§¢¥¸É´μ, ¶·¨ ·¥Ï¥´¨¨ ¸²μ¦´ÒÌ § ¤ Î ³¥Éμ¤μ³ ±μ´¥Î´ÒÌ Ô²¥³¥´Éμ¢
¸ ¶μ³μÐÓÕ  ¤ ¶É¨¢´ÒÌ  ²£μ·¨É³μ¢ ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¤·μ¡²¥´¨Ö ÖÎ¥¥± ¢²¥Î¥É
§  ¸μ¡μ° ¢μ§´¨±´μ¢¥´¨¥ ®¢¨¸ÖÐ¨Ì¯ Ê§²μ¢ (hanging nodes) ¨ ®¢¨¸ÖÐ¨Ì¯ ·¥¡¥·
(hanging edges). ˆ¸¶μ²Ó§μ¢ ´¨¥ μ¡ÒÎ´μ£μ C0-´¥¶·¥·Ò¢´μ£μ ¡ §¨¸  [1] ¤¨±-
ÉÊ¥É £¥´¥· Í¨Õ ¤μ¶μ²´¨É¥²Ó´ÒÌ Ô²¥³¥´Éμ¢, ¸μ¸¥¤´¨Ì ¸ · §¤·μ¡²¥´´μ° ÖÎ¥°-
±μ° (¸³. ·¨¸Ê´μ±). 	·¨ ÔÉμ³ ´¥μ¡Ìμ¤¨³μ ¸μ£² ¸μ¢ ´¨¥ ¶μ·Ö¤±μ¢  ¶¶·μ±¸¨³¨-
·ÊÕÐ¨Ì ³´μ£μÎ²¥´μ¢ ¢ ¡²¨§· ¸¶μ²μ¦¥´´ÒÌ Ô²¥³¥´É Ì [2]. �¤´¨³ ¨§  ²ÓÉ¥·-
´ É¨¢´ÒÌ ¶μ¤Ìμ¤μ¢, ¶μ§¢μ²ÖÕÐ¨Ì ¶·μ¢μ¤¨ÉÓ μ¶É¨³ ²Ó´Ò¥ ¤·μ¡²¥´¨Ö ÖÎ¥¥±

„·μ¡²¥´¨¥ É·¥Ê£μ²Ó´μ£μ Ô²¥³¥´É  ¸É¥-
¶¥´¨ 2 ´  4 ¶μ¤μ¡´ÒÌ, ¢μ§´¨±´μ¢¥´¨¥

®¢¨¸ÖÐ¨Ì¯ Ê§²μ¢ (◦), ¤μ¶μ²´¨É¥²Ó´ÒÌ
Ô²¥³¥´Éμ¢ ¢ ¸μ¸¥¤´¨Ì ÖÎ¥°± Ì ¸ ¤μ-

¶μ²´¨É¥²Ó´Ò³¨ Ê§² ³¨ (∗)

¨ ¨¸¶μ²Ó§μ¢ ÉÓ ´  ´¨Ì μ¶É¨³ ²Ó´Ò¥ ¶μ-
·Ö¤±¨  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì ³´μ£μÎ²¥´μ¢,
´ ·Ö¤Ê ¸ · §·Ò¢´Ò³¨ ³¥Éμ¤ ³¨ ƒ ²¥·-
±¨´  [3, 4] Ö¢²Ö¥É¸Ö ³¥Éμ¤ ´ ¨³¥´Ó-
Ï¨Ì ±¢ ¤· Éμ¢ ¸ · §·Ò¢´Ò³¨ ¡ §¨¸-
´Ò³¨ ËÊ´±Í¨Ö³¨ [5, 6]. �¸μ¡Ò° ¨´-
É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ´ ¶· ¢²¥´¨¥ · §¢¨-
É¨Ö ÔÉ¨Ì ³¥Éμ¤μ¢, ¸¢Ö§ ´´μ¥ ¸ ¶·¨³¥´¥-
´¨¥³ L-£ ·³μ´¨Î¥¸±¨Ì ¡ §¨¸μ¢. ‚ ¸¢Ö§¨
¸ ÔÉ¨³ μÉ³¥É¨³ ¨¸¶μ²Ó§μ¢ ´¨¥ £ ·³μ´¨-
Î¥¸±¨Ì ¡ §¨¸μ¢ ¢ ¶Ê¡²¨± Í¨ÖÌ ¤²Ö ¤¢Ê-
³¥·´μ£μ [7, 8] ¨ É·¥Ì³¥·´μ£μ [10] ¸²Ê-
Î ¥¢,   É ±¦¥ ¢ ¨´¦¥´¥·´μ° ²¨É¥· -
ÉÊ·¥ [9].

‚ ¤ ´´μ° · ¡μÉ¥ ¶·¥¤¸É ¢²¥´μ μ¡μ-
¸´μ¢ ´¨¥ ¶μ¤Ìμ¤ , ¶·¥¤²μ¦¥´´μ£μ  ¢Éμ-
· ³¨ ¢ [11]. ‚ ÔÉμ³ ¶μ¤Ìμ¤¥ ´¥ É·¥¡Ê¥É¸Ö
μ¡Ñ¥³´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¶·¨ ¢ÒÎ¨¸²¥-
´¨¨ Ô²¥³¥´É´ÒÌ ³ É·¨Í,   É ±¦¥ ´¥ É·¥-
¡Ê¥É¸Ö § ¤ ´¨Ö ÏÉ· Ë´μ° ¢¥¸μ¢μ° ËÊ´±-
Í¨¨; ¶·¨ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ²  ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¡ÒÎ´Ò¥ L2-´μ·³Ò ´ 
£· ´¨Í Ì Ô²¥³¥´Éμ¢,   ¤²Ö ¶μ²ÊÎ¥´¨Ö ¢¥±Éμ·´μ£μ ¶μ²Ö ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨
¢ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ § É· É Ì. ‚ · §¤. 1 cËμ·³Ê²¨·μ¢ ´Ò ¤¢¥
· ¸¸³ É·¨¢ ¥³Ò¥ § ¤ Î¨,   É ±¦¥ ¢¢¥¤¥´Ò ´¥μ¡Ìμ¤¨³Ò¥ μ¡μ§´ Î¥´¨Ö, ¢ · §¤. 2
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¨¸¸²¥¤μ¢ ´Ò ¡¨²¨´¥°´Ò¥ Ëμ·³Ò, ¢ · §¤. 3 · ¸¸³μÉ·¥´Ò  ¶¶·μ±¸¨³ Í¨μ´´Ò¥
¸¢μ°¸É¢  ¡ §¨¸ , ¢ · §¤. 4 ¤μ± § ´  h-¸Ìμ¤¨³μ¸ÉÓ ³¥Éμ¤ . ‚ ¶·¨²μ¦¥´¨¨ ¤μ-
± § ´  ¢¸¶μ³μ£ É¥²Ó´ Ö ²¥³³  5.1.

1. ”��Œ“‹ˆ��‚Šˆ ‡�„�— ˆ ���‡��—…�ˆŸ

‚ μ£· ´¨Î¥´´μ° μ¡² ¸É¨ Ω ∈ R3, ¶·¥¤¸É ¢²ÖÕÐ¥° ¸μ¡μ° ¢Ò¶Ê±²Ò° ³´μ-
£μ£· ´´¨± ¸ ²¨¶Ï¨Í¥¢μ° £· ´¨Í¥°, · ¸¸³μÉ·¨³ ¤¢¥ ±· ¥¢Ò¥ § ¤ Î¨ μÉ´μ¸¨-
É¥²Ó´μ ¢¥±Éμ·-ËÊ´±Í¨¨ u:

∇ · u = g, ∇× u = G, x ∈ Ω; u = u∗, x ∈ ∂Ω (1)

¨
∇ · u = g, ∇× u = G, x ∈ Ω;

(2)
n × u = n× u∗, x ∈ ΓD; n · u = n · u∗, x ∈ ΓN .

‡¤¥¸Ó g ∈ L2(Ω), G ∈ L2(Ω) § ¤ ´Ò, ∇ · G = 0, n Å ¢´¥Ï´ÖÖ ± Ω ´μ·³ ²Ó,
∂Ω = ΓD ∪ ΓN , ΓD ∩ ΓN = ∅, ΓD �= ∅. �Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ¶· ¢Ò¥
Î ¸É¨ ¨ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö § ¤ Î (1), (2) Ê¤μ¢²¥É¢μ·ÖÕÉ ´¥μ¡Ìμ¤¨³Ò³ Ê¸²μ¢¨Ö³
μ¤´μ§´ Î´μ° · §·¥Ï¨³μ¸É¨ [5,12].

‘Ëμ·³Ê²¨·Ê¥³ § ¤ Î¨ (1), (2) ¢ μ¡μ¡Ð¥´´μ³ ¢¨¤¥ ¢ ¶·μ¸É· ´¸É¢ Ì ±Ê-
¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´ÒÌ ¢¥±Éμ·-ËÊ´±Í¨°, ¸²¥¤ÊÖ £· ´¨Î´μ³Ê ³¥Éμ¤Ê ´ ¨³¥´Ó-
Ï¨Ì ±¢ ¤· Éμ¢. ‘´ Î ²  ¢¢¥¤¥³ ´¥±μÉμ·Ò¥ μ¡μ§´ Î¥´¨Ö.

	Ê¸ÉÓ Th Å ·¥£Ê²Ö·´μ¥ · §¡¨¥´¨¥ [1] μ¡² ¸É¨ Ω,   Γint Å £· ´¨Í  ³¥¦¤Ê
Ô²¥³¥´É ³¨:

Ω =
N(Th)⋃
k=1

Ωk, Ωk∩Ωl = ∅, Γint =
⋃

Ωk,Ωl⊂Th

Γkl, Γkl = ∂Ωk∩∂Ωl, k �= l.

„²Ö ± ¦¤μ£μ Ô²¥³¥´É  Ωk ⊂ Th ¸¶· ¢¥¤²¨¢μ ´¥· ¢¥´¸É¢μ (hk/ρk) < Chρ, £¤¥
hk Å ¤¨ ³¥É· Ωk,   ρk Å · ¤¨Ê¸ ¢¶¨¸ ´´μ£μ Ï · , Chρ Å ¶μ²μ¦¨É¥²Ó´ Ö
±μ´¸É ´É .

—¥·¥§ [[·]] μ¡μ§´ Î¨³ μ¶¥· Éμ· ¸± Î±  ´  £· ´¨Í¥ ³¥¦¤Ê ¤¢Ê³Ö ¸μ¸¥¤´¨³¨
Ô²¥³¥´É ³¨ ¨ ´  £· ´¨Í¥ μ¡² ¸É¨:

[[u]]|Γkl⊂Γint = u|∂Ωk
− u|∂Ωl

, k < l,

[[u]]|Γk⊂ΓD = u|∂Ωk
,

£¤¥ u|∂Ωk
¨ u|∂Ωl

Å ¸²¥¤Ò ¢¥±Éμ·-ËÊ´±Í¨° u|Ωk
, u|Ωl

. �μ·³ ²ÓÕ ´  μ¡Ð¥°
£· ´¨Í¥ Ô²¥³¥´Éμ¢ Γkl ¡Ê¤¥³ ¸Î¨É ÉÓ ¢´¥Ï´ÕÕ ´μ·³ ²Ó ± Ωk, ¥¸²¨ k < l.

�  £² ¤±¨Ì Î ¸ÉÖÌ £· ´¨ÍÒ μ¶·¥¤¥²¨³ ¢§ ¨³´μ μ·Éμ£μ´ ²Ó´Ò¥ ¥¤¨´¨Î-
´Ò¥ ¢¥±Éμ·Ò ± ¸ É¥²Ó´μ°, ¡¨´μ·³ ²¨ ¨ ´μ·³ ²¨ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò μ´¨
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¸μ¸É ¢²Ö²¨ ²μ± ²Ó´ÊÕ ¶· ¢ÊÕ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É. �¡μ§´ Î¨³ ¨Ì
¸μμÉ¢¥É¸É¢¥´´μ s, t, n. �¶·¥¤¥²¨³ ¢¥±Éμ·´ÊÕ ËÊ´±Í¨Õ uτ = sus + tut ¸
±μ³¶μ´¥´É ³¨ us ¨ ut ¨²¨, ¨´ Î¥, uτ = n × u. ‘μμÉ¢¥É¸É¢¥´´μ un = n · u.
„²Ö ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨°, ´μ·³ ¨ ¶μ²Ê´μ·³ ´¥¶·¥·Ò¢´ÒÌ ¶·μ¸É· ´¸É¢
¨¸¶μ²Ó§Ê¥³ μ¡Ð¥¶·¨´ÖÉÒ¥ μ¡μ§´ Î¥´¨Ö [1], ¶·¨ ÔÉμ³ ¤²Ö ¸± ²Ö·´ÒÌ ¨ ¢¥±-
Éμ·´ÒÌ ¶·μ¸É· ´¸É¢ ¨¸¶μ²Ó§Ê¥³ μ¤¨´ ±μ¢μ¥ ´ ¶¨¸ ´¨¥.

	·¨ ¤¨¸±·¥É¨§ Í¨¨ § ¤ Î (1), (2) ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ¢ ± ¦¤μ³ Ô²¥-
³¥´É¥ Ωk ∈ Th ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ ¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥

uh = ∇ϕ + w, ϕ ∈ Zpk

0 (Ωk) =

{
ψ ∈ Ppk

, Δψ = 0,

∫
∂Ωk

ψdS = 0

}
,

£¤¥ Ppk
Å ³´μ¦¥¸É¢μ ³´μ£μÎ²¥´μ¢ ¸É¥¶¥´¨ � pk, pk � 2,   w Å Î ¸É´μ¥

·¥Ï¥´¨¥:
∇ · w = g, ∇× w = G, x ∈ Ωk.

’ ±¨³ μ¡· §μ³, ¨³¥¥³

∇ · uh = g, ∇× uh = G, x ∈ Ωk Ωk ⊂ Th.

„²Ö ´ Ìμ¦¤¥´¨Ö uh ¢μ ¢¸¥° μ¡² ¸É¨ Ω ¢ § ¤ Î¥ (1) ³¨´¨³¨§¨·Ê¥³ ¸²¥¤ÊÕÐ¨°
ËÊ´±Í¨μ´ ²:

J1(uh,u∗, Th) =
∑

(∂Ωk∩∂Ω)⊂Th

|uh − u∗|2(∂Ωk∩∂Ω) +

+
∑

Γkl∈Γint

(|[[uh,τ ]]|2Γkl
+ |[[n · uh]]|2Γkl

). (3)

„¨ËË¥·¥´Í¨·ÊÖ ¶μ ϕ, ¶μ²ÊÎ¨³ μ¡μ¡Ð¥´´μ¥ Ê· ¢´¥´¨¥ ¸ ¡¨²¨´¥°´μ°
Ëμ·³μ° ¨ ËÊ´±Í¨μ´ ²μ³ ¶· ¢μ° Î ¸É¨

B
(1)
h (∇ϕ,∇ψ) = F

(1)
h (∇ψ), (4)

£¤¥

B
(1)
h (∇ϕ,∇ψ) =

∑
(∂Ωk∩∂Ω)⊂Th

(∇ϕ,∇ψ)(∂Ωk∩∂Ω) +

+
∑

Γkl∈Γint

(([[∇τ ϕ]], [[∇τψ]])Γkl
+ ([[n · ∇ϕ]], [[n · ∇ψ]])Γkl

),

(5)

F
(1)
h (∇ψ) = −

∑
(∂Ωk∩∂Ω)⊂Th

(w − u∗,∇ψ)(∂Ωk∩∂Ω) −

−
∑

Γkl∈Γint

(([[wτ ]], [[∇τψ]])Γkl
+ ([[n · w]], [[n · ∇ψ]])Γkl

).
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‡¤¥¸Ó ∇τ (·) = s∂(·)/∂s + t∂(·)/∂t, ∇ϕ,∇ψ ∈ Vp(Th), £¤¥

Vp(Th) = {v = ∇ϕ : ϕ ∈ L2(Ω), ϕ|Ωk
∈ Zpk

0 (Ωk), ∀Ωk ∈ Th}.

’ ±¨³ μ¡· §μ³, § ¤ Î¥ (1) ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ § ¤ Î  (4), ¶μ¸±μ²Ó±Ê ÉμÎ-
´μ¥ ·¥Ï¥´¨¥ (1) Ê¤μ¢²¥É¢μ·Ö¥É (4).

� ¸¸³μÉ·¨³ ËÊ´±Í¨μ´ ²

J2(uh,u∗, Th) =
∑

(∂Ωk∩ΓD)⊂Th

|n× (uh − u∗)|2(∂Ωk∩ΓD) +

+
∑

(∂Ωk∩ΓN )⊂Th

|n · (uh − u∗)|2(∂Ωk∩ΓN ) +
∑

Γkl∈Γint

(|[[uh,τ ]]|2Γkl
+ |[[n · uh]]|2Γkl

),

(6)

³¨´¨³¨§¨·ÊÖ ±μÉμ·Ò°, ¶μ²ÊÎ¨³ μ¡μ¡Ð¥´´μ¥ Ê· ¢´¥´¨¥ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
¡¨²¨´¥°´μ° Ëμ·³μ° ¨ ËÊ´±Í¨μ´ ²μ³ ¶· ¢μ° Î ¸É¨

B
(2)
h (∇ϕ,∇ψ) = F

(2)
h (∇ψ), (7)

£¤¥

B
(2)
h (∇ϕ,∇ψ) =

∑
(∂Ωk∩ΓD)⊂Th

(∇τϕ,∇τψ)(∂Ωk∩ΓD) +

+
∑

(∂Ωk∩ΓN )⊂Th

(n · ∇ϕ,n · ∇ψ)(∂Ωk∩ΓN ) +
∑

Γkl∈Γint

(([[∇τϕ]], [[∇τ ψ]])Γkl
+

+ ([[n · ∇ϕ]], [[n · ∇ψ]])Γkl
),

(8)

F
(2)
h (∇ψ) = −

∑
(∂Ωk∩ΓD)⊂Th

(n × (w − u∗),∇τψ)(∂Ωk∩ΓD) −

−
∑

(∂Ωk∩ΓN )⊂Th

(n · (w − u∗),n · ∇ψ)(∂Ωk∩ΓN ) −
∑

Γkl∈Γint

(([[wτ ]], [[∇τψ]])Γkl
+

+ ([[n · w]], [[n · ∇ψ]])Γkl
).

‡¤¥¸Ó ∇ϕ,∇ψ ∈ Vp
0(Th), £¤¥

Vp
0(Th) =

{
u = ∇ϕ : ϕ ∈ L2(Ω), ϕ|Ωk

∈ Zpk

0 (Ωk), ∀Ωk ⊂ Th,

∫
Γ0

ϕdS = 0, Γ0 ⊂ ΓD

}
.

’ ±¨³ μ¡· §μ³, § ¤ Î¥ (2) ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ § ¤ Î  (7), ¶μ¸±μ²Ó±Ê ÉμÎ-
´μ¥ ·¥Ï¥´¨¥ (2) Ê¤μ¢²¥É¢μ·Ö¥É (7).
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2. ‘‚�‰‘’‚� �ˆ‹ˆ�…‰�›• ”��Œ

„²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¡¨²¨´¥°´μ° Ëμ·³Ò B
(1)
h · ¸¸³μÉ·¨³ ËÊ´±Í¨μ´ ² (3)

¶·¨ u = ∇ϕ ∈ V p(Th), u∗ = 0.
„μ± ¦¥³ ¸²¥¤ÊÕÐÊÕ ²¥³³Ê.

‹¥³³  2.1. ”Ê´±Í¨μ´ ² J1(u, 0, Th) Ö¢²Ö¥É¸Ö ´μ·³μ° ¢ Vp(Th). „²Ö u ∈
Vp(Th) ¸¶· ¢¥¤²¨¢Ò ¸²¥¤ÊÕÐ¨¥ μÍ¥´±¨:

C∗
1‖ϕ‖2

L2(Ω) �
∑

Ωk⊂Th

‖u‖2
L2(Ωk) � C∗

2J1(u, 0, Th), (9)

C∗
3‖u‖2

W
pk−1
2 (Ωk)

� J1(u, 0, Th), ∀Ωk ⊂ Th, (10)

C∗
4‖u‖2

Cpk−1(Ωk) � J1(u, 0, Th), ∀Ωk ⊂ Th, (11)

£¤¥ C∗
i Å ¶μ²μ¦¨É¥²Ó´ Ö ±μ´¸É ´É , i = 1, 2, 3, 4.

„μ± § É¥²Ó¸É¢μ. �Î¥¢¨¤´μ, ÎÉμ ¥¸²¨ u = 0, Éμ J1 = 0. 	·¥¤¶μ²μ¦¨³,
ÎÉμ J1 = 0 ¨ u ∈ Vp(Th). � ¢¥´¸É¢μ ´Ê²Õ ¨´É¥£· ²μ¢ ¢ (3) μ§´ Î ¥É, ÎÉμ
u Å ´¥¶·¥·Ò¢´ Ö ¢¥±Éμ·-ËÊ´±Í¨Ö ¢ Ω. ‘ ÊÎ¥Éμ³ ¶·¥¤¶μ²μ¦¥´¨Ö ¨³¥¥³
|∇ϕ|∂Ω = 0, É. ¥. ϕ = const ´  ∂Ω.

ˆ¸¶μ²Ó§Ê¥³ Ëμ·³Ê²Ê

ϕ(x) = ϕ(y) +

x∫
y

t·udt, (12)

£¤¥ u = ∇ϕ; t·∇ϕ Å ¶·μ¨§¢μ¤´ Ö ¶μ ´ ¶· ¢²¥´¨Õ t; x ∈ Ω, y ∈ ∂Ω.
‘ ¶μ³μÐÓÕ ÔÉμ° Ëμ·³Ê²Ò ¶μ²ÊÎ ¥³ §´ Î¥´¨Ö ϕ ¢μ ¢¸¥Ì £· ´¨Î´ÒÌ Ô²¥³¥´É Ì
¨ ¤ ²¥¥ ¢μ ¢¸¥° μ¡² ¸É¨ Ω.

’ ±¨³ μ¡· §μ³, ϕ ∈ C(Ω)∩Cpk(Ωk), ∀Ωk⊂Th. „²Ö Ωk⊂Th ¢μ¸¶μ²Ó§Ê¥³¸Ö
Ëμ·³Ê²μ° ƒ·¨´ 

0 = −
∫
Ωk

ϕ∇·udΩ =
∫
Ωk

|u|2dΩ −
∫

∂Ωk

ϕundS.

‘ ÊÎ¥Éμ³ ¶· ¢¨²  μ¶·¥¤¥²¥´¨Ö §´ ±μ¢ ´μ·³ ²¥° ¶·μ¸Ê³³¨·Ê¥³ ÔÉμ Ê· ¢´¥´¨¥
¶μ ¢¸¥³ Ô²¥³¥´É ³: ∫

Ω

|u|2dΩ −
∫

∂Ω

ϕundS = 0.

’ ± ± ± ¶μ ¶·¥¤¶μ²μ¦¥´¨Õ u|∂Ω = 0, Éμ u = 0 ¢μ ¢¸¥° μ¡² ¸É¨ Ω. ˆ¸¶μ²Ó-
§ÊÖ ´¥· ¢¥´¸É¢μ 	Ê ´± ·¥ ¨ ÊÎ¨ÉÒ¢ Ö μ¶·¥¤¥²¥´¨¥ ¶·μ¸É· ´¸É¢  Vp(Th), ¤²Ö
± ¦¤μ£μ Ô²¥³¥´É  ¶μ²ÊÎ¨³, ÎÉμ ¨ ϕ = 0 ¢ Ω.
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„²Ö ¤μ± § É¥²Ó¸É¢  ´¥· ¢¥´¸É¢ (9)Ä(11) ¨¸¶μ²Ó§Ê¥³ Éμ¦¤¥¸É¢μ, ±μÉμ·μ¥
Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¸¢μ°¸É¢  ´ÓÕÉμ´μ¢  ¶μÉ¥´Í¨ ²  ¤²Ö ¢¥±Éμ·´ÒÌ ËÊ´±Í¨°:

u(x) =
∫
Ω

u(y)U∗(x, y)dΩy, U∗(x, y) = 1/(4π|x − y|),

£¤¥ Ω Å ¢Ò¶Ê±² Ö μ¡² ¸ÉÓ ¸ ²¨¶Ï¨Í¥¢μ° £· ´¨Í¥°. ˆ§¢¥¸É´μ [13], ÎÉμ u ∈
C2(Ω) ¨ u ∈ C∞(R3\Ω̄), ¥¸²¨ u ∈ C1∩C(Ω̄). 	·¨ x ∈ Ω ¸¶· ¢¥¤²¨¢μ
¸²¥¤ÊÕÐ¥¥ ¨´É¥£· ²Ó´μ¥ Éμ¦¤¥¸É¢μ:

u(x) = −∇2u = ∇×(∇×u) −∇(∇·u). (13)

…¸²¨ ∇ · u = 0 ¨ ∇× u = 0 ¢ Ω, Éμ Ëμ·³Ê²  ¸É ´μ¢¨É¸Ö ¶·μÐ¥. ˆ¸¶μ²Ó-
§ÊÖ ¶· ¢¨²  ¤¥°¸É¢¨° ¸ μ¶¥· Éμ·μ³ ∇, ¸ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ −∇xU∗(x, y) =
∇yU∗(x, y) ≡ V∗(x, y), ¶μ²ÊÎ¨³

∇×(∇×u) = ∇×
(∫

Ω

(∇× u)U∗(x, y)dΩy −
∫
∂Ω

(n × u)U∗(x, y)dSy

)
=

= −
∫

∂Ω

(n× u)V∗(x, y)dSy ;

∇·(∇·u) = ∇×
(∫

Ω

(∇ · u)U∗(x, y)dΩy −
∫

∂Ω

(n · u)U∗(x, y)dSy

)
=

=
∫
∂Ω

(n · u)V∗(x, y)dSy .

’μ£¤  ¨´É¥£· ²Ó´μ¥ Éμ¦¤¥¸É¢μ (13) ¤²Ö u ∈ Vp(Th) ¨ Ωk ⊂ Th ¶·¨μ¡·¥É ¥É
¸²¥¤ÊÕÐ¨° ¢¨¤:

δ(x, Ωk)u(x) = −
∫

∂Ωk

((n × u)×V∗(x, y) + (n · u)V∗(x, y))dSy , x ∈ Ωk,

£¤¥ δ(x, Ωk) = 1, ¥¸²¨ x ∈ Ωk, ¨ δ(x, Ωk) = 0, ¥¸²¨ x �∈ Ω̄k.
	·μ¸Ê³³¨·Ê¥³ ÔÉμ Ê· ¢´¥´¨¥ ¶μ ¢¸¥³ Ô²¥³¥´É ³ ¨§ Th ¶·¨ Ë¨±¸¨·μ¢ ´-

´μ³ x ∈ Ωk ¸ ÊÎ¥Éμ³ §´ ±μ¢ ´μ·³ ²¥°:

u(x) = −
∫

Γint

([[n × u]]×V∗(x, y) + [[n · u]]V∗(x, y))dSy −

−
∫

∂Ω

((n × u)×V∗(x, y) + (n · u)V∗(x, y))dSy , x ∈ Ωk.
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	·μ¤¨ËË¥·¥´Í¨·Ê¥³ ÔÉÊ Ëμ·³Ê²Ê ¶·¨ |α| = 1, 2, . . . , pk − 1:

Dα
xu(x) = −

∫
Γint

([[n × u]]×(Dα
xV∗(x, y)) + [[n · u]](Dα

xV∗(x, y)))dSy −

−
∫

∂Ω

((n × u)×(Dα
xV∗(x, y)) + (n · u)(Dα

xV∗(x, y)))dSy , x ∈ Ωk.

‡¤¥¸Ó Dα
x (·) = ∂|α|(·)/(∂xα1

1 ∂xα2
2 ∂xα3

3 ), |α| = α1 + α2 + α3.
�Í¥´¨³ ¶· ¢Ò¥ Î ¸É¨ ¶μ²ÊÎ¥´´ÒÌ Ëμ·³Ê², ¶·¥¤¶μ² £ Ö, ÎÉμ |α| = 0, . . . ,

pk − 1:

|Dα
xu(x)| �

∫
Γint

(|[[n × u]| + |[[n · u]]|)·|Dα
xV∗(x, y)|dSy +

+
∫

∂Ω

(|n× u| + |n · u|)·|Dα
xV∗(x, y)|dSy, x ∈ Ωk.

ˆ¸¶μ²Ó§ÊÖ ´¥· ¢¥´¸É¢  ŠμÏ¨Ä�Ê´Ö±μ¢¸±μ£μ ¸´ Î ²  ¤²Ö ¨´É¥£· ²μ¢,   § É¥³
¤²Ö ¸Ê³³, ¶μ²ÊÎ¨³

|Dα
xu(x)| � |Dα

xV∗|Γint ·(|[[n × u]|Γint + |[[n · u]]|Γint)+
+ ‖Dα

xV∗‖L2(∂Ω)·(|n × u|∂Ω + |n · u|∂Ω) �
� (Cα

k )1/2·(|[[n × u]|2Γint
+ |[[n · u]]|2Γint

+ ‖u‖2
L2(∂Ω))

1/2, x ∈ Ωk.

‘²¥¤μ¢ É¥²Ó´μ,

|Dα
xu(x)|2 � Cα

k (|[[n × u]|2Γint
+ |[[n · u]]|2Γint

+ ‖u‖2
L2(∂Ω)), x ∈ Ωk.

‘Ê³³¨·ÊÖ ÔÉμ ´¥· ¢¥´¸É¢μ ¶μ |α| = 1, 2, . . . , pk − 1, ¶μ²ÊÎ¨³ (11) ¸ C∗
4 =( ∑

|α|�pk−1

Cα
k

)−1

. ‡ ³¥É¨³, ÎÉμ x Å ²Õ¡ Ö ÉμÎ±  μ¡² ¸É¨ Ωk.

�¥· ¢¥´¸É¢μ (9) ¤²Ö u ¢Ò¢μ¤¨É¸Ö ¸ ¶μ³μÐÓÕ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¢¸¥³
Ωk ⊂ Th ¶·¨ |α| = 0. 	·¨ ÔÉμ³ C∗

2 =
∑

Ωk⊂Th

|Ωk|·C0
k .

„²Ö ¤μ± § É¥²Ó¸É¢  ´¥· ¢¥´¸É¢  (10) ¢Ò¶μ²´¨³ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ Ωk ⊂
Th ¨ ¸Ê³³¨·μ¢ ´¨¥ ¶μ |α| = 0, 1, . . . , pk − 1:∑

|α|�pk−1

‖Dα
xu‖2

L2(Ωk) � (C∗
3 )−1J1(u, 0, Th), ∀Ωk ⊂ Th.

‡¤¥¸Ó (C∗
3 )−1 =

∑
|α|�pk−1

|Ωk|Cα
k .
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�¥· ¢¥´¸É¢μ (9) ¤²Ö ϕ Ö¢²Ö¥É¸Ö ·¥§Ê²ÓÉ Éμ³ ¸Ê³³¨·μ¢ ´¨Ö ´¥· ¢¥´¸É¢ 
	Ê ´± ·¥ ¶μ ¢¸¥³ Ωk ⊂ Th ¸ ÊÎ¥Éμ³ μ¶·¥¤¥²¥´¨Ö Vp(Th):∑

Ωk⊂Th

‖ϕ‖2
L2(Ωk) � (C∗

1 )−1‖u‖L2(Ω),

£¤¥ (C∗
1 )−1 =

∑
Ωk⊂Th

Ck ,   Ck Å ±μ´¸É ´É  ¨§ ´¥· ¢¥´¸É¢  	Ê ´± ·¥ ¤²Ö

Ô²¥³¥´É  Ωk. ‹¥³³  ¤μ± § ´ .
„²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¡¨²¨´¥°´μ° Ëμ·³Ò B

(2)
h · ¸¸³μÉ·¨³ ËÊ´±Í¨μ´ ² (6)

¶·¨ u = ∇ϕ ∈ V P
0 (Th), ¨ u∗ = 0.

‚¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö: T
(1)
h = {Ωk ∈ Th : (∂Ωk ∩ ∂Ω) ⊂ ΓD},

T
(2)
h = {Ωk ∈ Th : (∂Ωk ∩ ∂Ω) ⊂ ΓN}, T

(3)
h = {Ωk ⊂ Th : (∂Ωk ∩ ∂Ω) ⊂

(ΓD ∪ ΓN )}.
„μ± ¦¥³ ¸²¥¤ÊÕÐÊÕ ²¥³³Ê.

‹¥³³  2.2. ”Ê´±Í¨μ´ ² J2(u, 0, Th) Ö¢²Ö¥É¸Ö ´μ·³μ° ¢ Vp
0(Th). „²Ö u ∈

Vp
0(Th) ¸¶· ¢¥¤²¨¢Ò μÍ¥´±¨

C
′

1‖ϕ‖2
L2(Ω) �

∑
Ωk⊂Th

‖u‖2
L2(Ωk) � C

′

2J2(u, 0, Th), (14)

C
′

3‖u‖2

W
pk−1
2 (Ωk)

� J2(u, 0, Th), ∀Ωk ⊂ Th, (15)

C
′

4‖u‖2
Cpk−1(Ωk) � J2(u, 0, Th), ∀Ωk ⊂ Th, (16)

£¤¥ C
′

i Å ¶μ²μ¦¨É¥²Ó´Ò¥ ±μ´¸É ´ÉÒ, ´¥ § ¢¨¸ÖÐ¨¥ μÉ ϕ ¨ u, i = 1, 2, 3, 4.

„μ± § É¥²Ó¸É¢μ. 	Ê¸ÉÓ J2 = 0 ¨ u ∈ Vp
0(Th). �´ ²μ£¨Î´μ ¤μ± § É¥²Ó¸É¢Ê

²¥³³Ò 2.1 ¶μ²ÊÎ ¥³, ÎÉμ u Å ´¥¶·¥·Ò¢´ Ö ¢¥±Éμ·-ËÊ´±Í¨Ö ¢ Ω,
|n×∇ϕ|ΓD = 0. �É¸Õ¤  ¶μ Ëμ·³Ê²¥

ϕ(x) =

x∫
x0

u·tdt, x, x0 ∈ ΓD, ϕ(x0) = 0,

¨³¥¥³ ϕ|ΓD = 0 ¨ ϕ|Ωk
⊂ C(Ω)∩Cpk(Ωk), ∀Ωk ⊂ Ph. 	·¨ ¸Ê³³¨·μ¢ ´¨¨

Ëμ·³Ê²Ò ƒ·¨´  ¶μ ¢¸¥³ Ωk ⊂ Ph ¸ ÊÎ¥Éμ³ §´ ±μ¢ ´μ·³ ²¥° ¶μ²ÊÎ¨³∫
Ω

|u|2dΩ −
∫

ΓD

ϕundS −
∫

ΓN

ϕundS = 0.

	μ ¶·¥¤¶μ²μ¦¥´¨Õ, un|ΓN = 0, ¶μÔÉμ³Ê u = 0 ¢ Ω.
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ŠÊ¸μÎ´ Ö £² ¤±μ¸ÉÓ ³´μ£μÎ²¥´μ¢ ¨§ V p
0 (Th) ¶μ§¢μ²Ö¥É ¤μ± § ÉÓ É ±¨¥ ¦¥

μÍ¥´±¨, ± ± (9)Ä(11) ¢ ²¥³³¥ 2.1. 	μÔÉμ³Ê ¤²Ö ¤μ± § É¥²Ó¸É¢  (14)Ä(16) ¤μ-
¸É ÉμÎ´μ μÍ¥´¨ÉÓ ¸¢¥·ÌÊ ËÊ´±Í¨μ´ ² J1(u, 0, Th) ¸ ¶μ³μÐÓÕ ËÊ´±Í¨μ´ ² 
J2(u, 0, Th), u ∈ V p

0 (Th).
� ¸¸³μÉ·¨³ É·¨ ¢¸¶μ³μ£ É¥²Ó´Ò¥ § ¤ Î¨ ¢ ¶·¨£· ´¨Î´ÒÌ Ô²¥³¥´É Ì Ωi,

Ωj ¨ Ωl, ±μÉμ·Ò¥ Ì · ±É¥·¨§ÊÕÉ¸Ö É¥³, ÎÉμ Ωi ⊂ T
(1)
h , Ωj ⊂ T

(2)
h ¨ Ωl ⊂ T

(3)
h .

	Ê¸ÉÓ u ∈ V p
0 (Th). 	¥·¢ Ö § ¤ Î  ¨³¥¥É ¢¨¤

∇ · u1 = 0, ∇× u1 = 0, x ∈ Ωi; n×u1 = n×u, x ∈ ∂Ωi∩ΓD,

n×u1 = [[n × u]], n·u1 = [[n · u]], x ∈ ∂Ωi∩Γint, (17)

£¤¥ Ωi ⊂ T
(1)
h .

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ²¥³³μ° 3.2 ¨³¥¥³ μÍ¥´±Ê

|n ·u1|2(∂Ωi∩ΓD) � C
(i)
1 (|n×u|2(∂Ωi∩ΓD)+ |[[n×u]]|2(∂Ωi∩Γint)

+ |[[n ·u]]|2(∂Ωi∩Γint)
).

� ¸¸³μÉ·¨³ ¢Éμ·ÊÕ § ¤ ÎÊ:

∇ · u2 = 0, ∇× u2 = 0, x ∈ Ωj ; n·u2 = n·u, x ∈ ∂Ωj∩ΓN ,

n×u2 = [[n × u]], n·u2 = [[n · u]], x ∈ ∂Ωj∩Γint, (18)

£¤¥ Ωj ⊂ T
(2)
h .

‘ ÊÎ¥Éμ³ ²¥³³Ò 3.2 ¶μ²ÊÎ ¥³ μÍ¥´±Ê

|n×u2|2(∂Ωj∩ΓN ) � C
(j)
2 (|n·u|2(∂Ωj∩ΓN )+|[[n×u]]|2(∂Ωj∩Γint)

+|[[n·u]]|2(∂Ωj∩Γint)
).

Šμ£¤  Ωl ⊂ T
(3)
h , ¤²Ö É·¥ÉÓ¥° § ¤ Î¨

∇ · u3 = 0, ∇× u3 = 0, x ∈ Ωl; n×u3 = n×u, x ∈ ∂Ωl∩ΓD,

n·u3 = n · u, x ∈ ∂Ωl∩ΓN ,

n×u3 = [[n× u]], n·u3 = [[n · u]], x ∈ ∂Ωl∩Γint, (19)

¨³¥¥³

|n · u3|2(∂Ωl∩ΓD) + |n× u3|2(∂Ωl∩ΓN ) � C
(l)
3 (|n × u|2(∂Ωl∩ΓD) +

+ |n·u|2(∂Ωl∩ΓN ) + |[[n × u]]|2(∂Ωl∩Γint)
+ |[[n · u]]|2(∂Ωl∩Γint)

).

“Î¨ÉÒ¢ Ö, ÎÉμ ¢¸¶μ³μ£ É¥²Ó´Ò¥ § ¤ Î¨ ·¥Ï ÕÉ¸Ö ÉμÎ´μ, É. ¥. u1 = u,
x ∈ Ωi, u2 = u, x ∈ Ωj ¨ u3 = u, x ∈ Ωl, ¨ ¸Ê³³¨·ÊÖ ÔÉ¨ ´¥· ¢¥´¸É¢  ¶μ
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¶·¨£· ´¨Î´Ò³ Ô²¥³¥´É ³, ¶μ²ÊÎ¨³∑
(∂Ωk∩ΓD)⊂T

(1)
h

|n·u|2(∂Ωk∩ΓD) +
∑

(∂Ωk∩ΓN )⊂T
(2)
h

|n×u|2(∂Ωk∩ΓN ) �

� C4(
∑

(∂Ωk∩ΓD)⊂T
(1)
h )

|n×u|2(∂Ωk∩ΓD) +
∑

(∂Ωk∩ΓN )⊂T
(2)
h

|n·u|2(∂Ωk∩ΓN ) +

+
∑

(∂Ωk∩Γint)⊂T
(3)
h

|[[u]]|2(∂Ωk∩Γint)
).

�É¸Õ¤  J1(u, 0, Th) � C4·J2(u, 0, Th) ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¸¶· ¢¥¤²¨¢Ò ´¥-
· ¢¥´¸É¢  (14)Ä(16).

“Î¨ÉÒ¢ Ö ¸¢μ°¸É¢  ËÊ´±Í¨μ´ ²μ¢ J1(u, 0, Th) ¨ J2(u, 0, Th), ¢¢¥¤¥³ ¸²¥-
¤ÊÕÐ¨¥ ´μ·³Ò:

‖u‖2
1,V = J1(u, 0, Th), ‖v‖2

2,V = J2(v, 0, Th),

¤²Ö u ∈ Vp(Th) ¨ v ∈ Vp
0(Th).

„²Ö Éμ£μ ÎÉμ¡Ò ¶·μ ´ ²¨§¨·μ¢ ÉÓ ¸¢μ°¸É¢  ¡¨²¨´¥°´ÒÌ Ëμ·³ (5) ¨ (8),
¶·¨³¥´¨³ ÉμÉ ¦¥ ¶μ¤Ìμ¤, ±μÉμ·Ò° ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö · §·Ò¢´ÒÌ ³¥Éμ¤μ¢ ƒ -

²¥·±¨´  ¢ [2,3]. ˆ¸¶μ²Ó§Ê¥³ μ¡μ§´ Î¥´¨Ö V(1)
h = Vp(Th), V(2)

h = Vp
0(Th).

’¥μ·¥³  2.1. �¨²¨´¥°´Ò¥ Ëμ·³Ò B
(n)
h : V(n)

h × V(n)
h → R, n = 1, 2, ´¥¶·¥-

·Ò¢´Ò ¨ ±μÔ·Í¨É¨¢´Ò. �´¨ μ¡² ¤ ÕÉ ¸¢μ°¸É¢μ³ £ ²¥·±¨´¸±μ° μ·Éμ£μ´ ²Ó-
´μ¸É¨, ¨ ¢Ò¶μ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ´¥· ¢¥´¸É¢μ:

‖u(n)
∗ − u(n)

h ‖n,V � inf
v

(n)
h ∈V

(n)
h

‖u(n)
∗ − v(n)

h ‖n,V , n = 1, 2, (20)

£¤¥ u(n)
∗ , n = 1, 2, Å ÉμÎ´Ò¥ ·¥Ï¥´¨Ö (4), (7),   u(n)

h ∈ V(n)
h , n = 1, 2, Å

¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶·¨¡²¨¦¥´´Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨°.

„μ± § É¥²Ó¸É¢μ. ‘´ Î ²  ¤μ± ¦¥³ ´¥¶·¥·Ò¢´μ¸ÉÓ ¡¨²¨´¥°´ÒÌ Ëμ·³, É. ¥.
¸²¥¤ÊÕÐ¥¥ ´¥· ¢¥´¸É¢μ:

|B(n)
h (u(n),v(n))| � C‖u(n)‖n,V ‖v(n)‖n,V , C = const > 0,

∀u(n),v(n) ∈ V(n)
h , n = 1, 2.

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  n = 1. „²Ö ±· É±μ¸É¨ ¨§²μ¦¥´¨Ö μ¶Ê¸É¨³ ÔÉμÉ
¨´¤¥±¸. ˆ§ ´¥· ¢¥´¸É¢  ŠμÏ¨Ä�Ê´Ö±μ¢¸±μ£μ ¶μ²ÊÎ¨³

|Bh(u,v)| � |uτ |L2(ΓD)|vτ |L2(ΓD) + |[[u]]|L2(Γint)|[[v]]|L2(Γint) � ‖u‖1,V ‖v‖1,V .

„²Ö n = 2 ¤μ± § É¥²Ó¸É¢μ  ´ ²μ£¨Î´μ.
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„ ²¥¥ ¤μ± ¦¥³ ±μÔ·Í¨É¨¢´μ¸ÉÓ. 
Éμ §´ Î¨É, ÎÉμ ¸¶· ¢¥¤²¨¢μ ´¥· ¢¥´¸É¢μ

B
(n)
h (u(n),u(n)) � c‖u(n)‖2

n,V , c = const > 0, ∀u(n) ∈ V(n)
h , n = 1, 2.

„¥°¸É¢¨É¥²Ó´μ,

B
(n)
h (u(n),u(n)) = J(u(n), 0, Th) = ‖u(n)‖2

n,V , n = 1, 2.

� ±μ´¥Í, ¶μ± ¦¥³ £ ²¥·±¨´¸±ÊÕ μ·Éμ£μ´ ²Ó´μ¸ÉÓ. ˆ§ ´¥¶·μÉ¨¢μ·¥Î¨¢μ-

¸É¨ ¨ ²¨´¥°´μ¸É¨ ¡¨²¨´¥°´μ° Ëμ·³Ò B
(n)
h , n = 1, 2, ¸²¥¤Ê¥É, ÎÉμ

B
(n)
h (u(n)

∗ − u(n)
h ,v(n)) = F

(n)
h (v(n)) − B

(n)
h (u(n)

h ,v(n)) = 0, ∀v(n) ∈ V(n)
h .

„μ± ¦¥³ ´¥· ¢¥´¸É¢μ (20), ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö  ´ ²μ£μ³ ²¥³³Ò ‘¥  [1].
ˆ¸¶μ²Ó§ÊÖ ¸¢μ°¸É¢μ ±μÔ·Í¨É¨¢´μ¸É¨, ¶μ²ÊÎ¨³

‖u(n)
∗ − u(n)

h ‖2
n,V = B

(n)
h (u(n)

∗ − u(n)
h ,u(n)

∗ − u(n)
h ) =

= B
(n)
h (u(n)

∗ − u(n)
h ,u(n)

∗ − v(n)
h ) + B

(n)
h (u(n)

∗ − u(n)
h ,v(n)

h − u(n)
h ).

ˆ§ ´¥¶·¥·Ò¢´μ¸É¨ ¡¨²¨´¥°´ÒÌ Ëμ·³ ¨ £ ²¥·±¨´¸±μ° μ·Éμ£μ´ ²Ó´μ¸É¨ ¢ÒÉ¥-
± ¥É, ÎÉμ

B
(n)
h (u(n)

∗ − u(n)
h ,u(n)

∗ − v(n)
h ) � ‖u(n)

∗ − u(n)
h ‖n,V ‖u(n)

∗ − v(n)
h ‖n,V ,

B
(n)
h (u(n)

∗ − u(n)
h ,v(n)

h − u(n)
h ) = 0.

‘²¥¤μ¢ É¥²Ó´μ,

‖u(n)
∗ − u(n)

h ‖n,V � ‖u(n)
∗ − v(n)

h ‖n,V , n = 1, 2.

’ ± ± ± v(n)
h Å ²Õ¡ Ö ¢¥±Éμ·-ËÊ´±Í¨Ö ¨§ V(n)

h , Éμ ¢Ò¶μ²´Ö¥É¸Ö (20).
‡ ³¥Î ´¨¥. ŠμÔ·Í¨É¨¢´μ¸ÉÓ ¡¨²¨´¥°´ÒÌ Ëμ·³ ¶μ¤· §Ê³¥¢ ¥É μ¤´μ§´ Î-

´ÊÕ · §·¥Ï¨³μ¸ÉÓ § ¤ Î (4) ¨ (7).

3. ‘‚�‰‘’‚� ��‡ˆ‘�

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶·¥¤¶μ²μ¦¥´¨¥³ μ ·¥£Ê²Ö·´μ¸É¨ · §¡¨¥´¨Ö Th · ¸¸³μ-
É·¨³ ¶·¥¤¸É ¢²¥´¨¥ ·¥Ï¥´¨Ö § ¤ Î¨ „¨·¨Ì²¥ ¤²Ö Ê· ¢´¥´¨Ö ‹ ¶² ¸  [14]
¢´ÊÉ·¨ ¸Ë¥·Ò, μ¶¨¸ ´´μ° ¢μ±·Ê£ Ωk ∈ Th. ‚ ¸¨¸É¥³¥ ±μμ·¤¨´ É x̂ = (r̂, θ̂, φ̂)
¸ Í¥´É·μ³ y(k), ¸μ¢¶ ¤ ÕÐ¨³ ¸ Í¥´É·μ³ Ωk, ¤²Ö ϕ̂ ∈ Z

(pk)
0 (Ωk) ¨³¥¥³

ϕ̂(r̂, θ̂, φ̂) =
pk∑

n=1

(r̂/hk)n
n∑

k=0

(Ânk · Ŷ (1)
n,k (θ̂, φ̂) + B̂nk · Ŷ (2)

n,k (θ̂, φ̂)),
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£¤¥ Ânk, B̂nk Å ´¥±μÉμ·Ò¥ ±μÔËË¨Í¨¥´ÉÒ,

Ŷ
(1)
n,k (θ̂, φ̂) = cos(kφ̂) · P (k)

n (cos θ̂), Ŷ
(2)
n,k (θ̂, φ̂) = sin(kφ̂) · P (k)

n (cos θ̂).

	Ê¸ÉÓ m(pk) =
∑pk

i=1(2 · i + 1). ‚ ± Î¥¸É¢¥ £ ·³μ´¨Î¥¸±¨Ì ËÊ´±Í¨°
f1, f2, . . . , fm(pk) ¤²Ö ¶μ¸É·μ¥´¨Ö ¡ §¨¸  ¢Ò¡¨· ¥³ ËÊ´±Í¨¨, Ê³´μ¦ ¥³Ò¥ ´ 

±μÔËË¨Í¨¥´ÉÒ Â10, Â11, B̂11, Â20, Â21, B̂21, . . . „²Ö ¡Ò¸É·μ£μ ¢ÒÎ¨¸²¥´¨Ö fj

¨ ∇fj ¨¸¶μ²Ó§ÊÕÉ¸Ö ·¥±Ê··¥´É´Ò¥ Ëμ·³Ê²Ò [10].
‚¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

Wm
G (Ω) = {v = ∇ϕ : ϕ ∈ Wm+1

2 (Ω)},

W̃m
G (Ω) =

{
v = ∇ϕ : ϕ ∈ Wm+1

2 (Ω),
∫
Γ0

ϕdS = 0, Γ0 ⊂ ∂Ω

}
,

¨ ¶Ê¸ÉÓ
Zp

0,G(Ω) = {v = ∇ϕ, ϕ ∈ Zp+1
0 (Ω)},

  É ±¦¥ T
(0)
h = {Ωk ∈ Th : (∂Ωk ∩ ∂Ω) = ∅}.

„²Ö ¨¸¸²¥¤μ¢ ´¨Ö  ¶¶·μ±¸¨³ Í¨μ´´ÒÌ ¸¢μ°¸É¢ ¡ §¨¸  ¤²Ö ± ¦¤μ£μ Ωk ⊂
Th μ¶·¥¤¥²¨³ μÉμ¡· ¦¥´¨Ö π

(i)
pk : L2(∂Ωk) → Zpk

0,G(Ωk):

π(i)
pk

u|Ωk
=

m(pk+1)∑
j=1

α
(i)
j ∇fj((x̂ − y(k))/hk), i = 0, 1, 2, 3,

£¤¥ ∇fj ∈ Zpk

0,G(Ωk); hk Å ¤¨ ³¥É· Ωk; y(k) Å ±μμ·¤¨´ ÉÒ Í¥´É·  Ωk,  

±μÔËË¨Í¨¥´ÉÒ α
(i)
j μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¸²¥¤ÊÕÐ¨Ì Ê¸²μ¢¨° ¶·¨ u ∈ L2(∂Ωk),

v ∈ Zpk

0,G(Ωk):

1) ¥¸²¨ Zpk

0,G(Ωk) ⊂ V p(Th) ¨²¨ Zpk

0,G(Ωk) ⊂ V p
0 (Th), Ωk ⊂ T

(0)
h :

(π(0)
pk

u,v)∂Ωk
= (u,v)∂Ωk

;

2) ¥¸²¨ Zpk

0,G(Ωk) ⊂ V p
0 (Th), Ωk ⊂ T

(1)
h :

((π(1)
pk

u)τ ,vτ )(∂Ωk∩ΓD) + (π(1)
pk

u,v)(∂Ωk\ΓD) =

= (uτ ,vτ )(∂Ωk∩ΓD) + (u,v)(∂Ωk\ΓD);

3) ¥¸²¨ Zpk

0,G(Ωk) ⊂ V p
0 (Th), Ωk ⊂ T

(2)
h :

((π(2)
pk

u)n, vn)(∂Ωk∩ΓN ) + (π(2)
pk

u,v)(∂Ωk\ΓN ) =

= (un, vn)(∂Ωk∩ΓN ) + (u,v)(∂Ωk\ΓN );
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4) ¥¸²¨ Zpk

0,G(Ωk) ⊂ V p
0 (Th), Ωk ⊂ T

(3)
h , ∂Ω′

k = ∂Ωk\(ΓD ∪ ΓN ):

((π(3)
pk

u)τ ,vτ )(∂Ωk∩ΓD) + ((π(3)
pk

u)n, vn)(∂Ωk∩ΓN ) + (π(3)
pk

u,v)∂Ω′
k

=

= (uτ ,vτ )(∂Ωk∩ΓD) + (un, vn)(∂Ωk∩ΓN ) + (u,v)∂Ω′
k
.

ˆ¸¶μ²Ó§ÊÖ ¢¢¥¤¥´´Ò¥ μÉμ¡· ¦¥´¨Ö, μ¶·¥¤¥²¨³ ¨´É¥·¶μ²ÖÍ¨μ´´Ò¥ μ¶¥· -

Éμ·Ò Π(1)
hp : L2(Γint ∪ ∂Ω) → V p(Th) ¨ Π(2)

hp : L2(Γint ∪ ∂Ω) → V p
0 (Th). „²Ö

Π(1)
hp ¨³¥¥³

(Π(1)
hp u)|Ωk

= (π(0)
pk

u|Ωk
), ∀Ωk ⊂ Th,

(Π(1)
hp u,v)Ω =

∑
Ωk⊂Th

(π(0)
pk

u,v)Ωk
, ∀v ∈ V p(Th).

„²Ö Π(2)
hp ¨³¥¥³

(Π(2)
hp u)|

Ω
(i)
k

= (π(i)
pk

u|
Ω

(i)
k

), ∀Ω(i)
k ⊂ T

(i)
h , i = 0, 1, 2, 3,

(Π(2)
hp u,v)Ω =

3∑
i=0

∑
Ωk⊂T

(i)
h

(π(i)
pk

u,v)Ωk
, ∀v ∈ V p

0 (Th).

‹¥³³  3.1. 1) �·μ¥±Éμ·Ò π
(i)
pk : L2(∂Ωk) → Zpk

0,G(Ωk), i = 0, 1, 2, 3, ¤²Ö
²Õ¡μ£μ Ωk ⊂ Th μ¡² ¤ ÕÉ ¸¢μ°¸É¢μ³

π(i)
pk

(u) = u,

£¤¥ u Å £· ¤¨¥´É £ ·³μ´¨Î¥¸±μ£μ ³´μ£μÎ²¥´  ¸É¥¶¥´¨ pk + 1.
2) „²Ö ± ¦¤μ£μ Ωk ⊂ Th ¶·¨ n = 0, 1 ¨ ´¥±μÉμ·μ³ Í¥²μ³ m � 1 cÊÐ¥-

¸É¢ÊÕÉ É ±¨¥ ¶μ¸ÉμÖ´´Ò¥ C(π(i)
m , Ωk), i = 0, 1, 2, 3, ÎÉμ ¤²Ö ± ¦¤μ° ¢¥±Éμ·-

ËÊ´±Í¨¨ v ∈ Wm+1
G (Ωk)

|v − π(i)
m (v)|n,Ωk

� C(π(i)
m , Ωk)(hm+1

k /ρn
k)|v|m+1,Ωk

. (21)

„μ± § É¥²Ó¸É¢μ. 	μ± ¦¥³, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ α
(i)
j , i = 0, 1, 2, 3, ¢ μ¶·¥¤¥-

²¥´¨¨ ¶·μ¥±Éμ·μ¢ μ¤´μ§´ Î´μ ´ Ìμ¤ÖÉ¸Ö ¶μ ¢¨¤Ê £· ¤¨¥´É  £ ·³μ´¨Î¥¸±μ£μ
³´μ£μÎ²¥´  u ¤²Ö ²Õ¡μ£μ Ωk ⊂ Th. 
Éμ ¡Ê¤¥É μ§´ Î ÉÓ ¸¶· ¢¥¤²¨¢μ¸ÉÓ ¶¥·-
¢μ£μ ÊÉ¢¥·¦¤¥´¨Ö ²¥³³Ò, É ± ± ± § ¤ Î¨ ¤²Ö μ¶·¥¤¥²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢
¶·μ¥±Éμ·μ¢ ¶μ ²¥³³¥ 3.2 ¨³¥ÕÉ ¥¤¨´¸É¢¥´´Ò¥ ·¥Ï¥´¨Ö. 	μ¸±μ²Ó±Ê u = ∇ϕ,

Éμ μ¤´μ§´ Î´μ¸ÉÓ ´ Ìμ¦¤¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ α
(i)
j , j = 1, 2, . . . , m(pk + 1),
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¤μ¸É ÉμÎ´μ ¤μ± § ÉÓ ¤²Ö £ ·³μ´¨Î¥¸±μ£μ ³´μ£μÎ²¥´  ϕ,   § É¥³ ¥£μ ¶·μ¤¨Ë-
Ë¥·¥´Í¨·μ¢ ÉÓ. 	Ê¸ÉÓ, ¸μ£² ¸´μ [14], ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É (r, θ, φ), ¸¢Ö§ ´´μ°
¸μ ¢¸¥° μ¡² ¸ÉÓÕ Ω, ¤²Ö ϕ ∈ Zpk+1

0 (Ω) ¨³¥¥³

ϕ(r, θ, φ) =
pk+1∑
n=1

(r/R)n
n∑

k=0

(Ank · Y (1)
n,k (θ, φ) + Bnk · Y (2)

n,k (θ, φ)), (22)

£¤¥ Ank, Bnk Å ¨§¢¥¸É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ, R Å · ¤¨Ê¸ μ¶¨¸ ´´μ° ¸Ë¥·Ò.
‡ ¤ ¤¨³ ÔÉμÉ ³´μ£μÎ²¥´ ´  ¸Ë¥·¥, μ¶¨¸ ´´μ° ¢μ±·Ê£ Ô²¥³¥´É  Ωk. ’μ£¤ 

¢ ²μ± ²Ó´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É (r̂, θ̂, φ̂), ¸¢Ö§ ´´μ° ¸ Ωk, ¶μ²ÊÎ¨³

ϕ̂(r̂, θ̂, φ̂) =
∞∑

n=1

(r̂/hk)n
n∑

k=0

(Ânk · Ŷ (1)
n,k (θ̂, φ̂) + B̂nk · Ŷ (2)

n,k (θ̂, φ̂)),

£¤¥

Ânk = σnk

∫ 2π

0

∫ π

0

ϕ · Ŷ (1)
n,k (θ̂, φ̂) · sin θ̂dθ̂dϕ̂,

B̂nk = σnk

∫ 2π

0

∫ π

0

ϕ · Ŷ (2)
n,k (θ̂, φ̂) · sin θ̂dθ̂dϕ̂,

¨ σnk = (2n + 1)(n − k)!/((2π)(n + k)!). 	μ± ¦¥³, ÎÉμ Ânk = B̂nk = 0 ¶·¨

n > pk + 1, k � n. Œ¥Éμ¤μ³ ¨´¤Ê±Í¨¨ ¤μ± ¦¥³, ÎÉμ Y
(1)
n,k (θ, φ), Y

(2)
n,k (θ, φ)

¨§ (22) ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ § ¢¨¸ÖÐ¨¥ μÉ θ̂, φ̂ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ³´μ£μÎ²¥´Ò

¸É¥¶¥´¨ ´¥ ¢ÒÏ¥ pk + 1. “ÎÉ¥³ μ·Éμ£μ´ ²Ó´μ¸ÉÓ ¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° Ŷ
(1)
n,k ,

Ŷ
(2)
n,k [14] ¨ ¸¢Ö§Ó ³¥¦¤Ê ¸¨¸É¥³ ³¨ ±μμ·¤¨´ É:

r · cosφ · sin θ = r̂ · cos φ̂ · sin θ̂ + y
(k)
1 , r · sinφ · sin θ = r̂ · sin φ̂ · sin θ̂ + y

(k)
2 ,

r · cos θ = r̂ · cos θ̂ + y
(k)
3 .

�¥¶μ¸·¥¤¸É¢¥´´μ° ¶·μ¢¥·±μ° ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ÊÉ¢¥·¦¤¥´¨¥ ¢¥·´μ ¶·¨

pk = 1: Y
(1)
1,0 (θ, φ) = (r̂/r) · cos θ̂ + y

(k)
3 /r, Y

(1)
1,1 (θ, φ) = (r̂/r) · cos φ̂ · sin θ̂ +

y
(k)
1 /r, Y

(2)
1,0 (θ, φ) = 0, Y

(2)
1,1 (θ, φ) = (r̂/r) · sin φ̂ · sin θ̂ + y

(k)
2 /r. 	·¥¤¶μ²μ¦¨³,

ÎÉμ ÊÉ¢¥·¦¤¥´¨¥ ¢¥·´μ ¤²Ö n = pk, ¤μ± ¦¥³ ¥£μ ¤²Ö m = pk + 1. ˆ¸¶μ²Ó§Ê¥³

·¥±Ê··¥´É´Ò¥ Ëμ·³Ê²Ò ¤²Ö Y
(1)
n,k , Y

(2)
n,k , ±μÉμ·Ò¥ ¸²¥¤ÊÕÉ ¨§ ·¥±Ê··¥´É´ÒÌ

Ëμ·³Ê² [15] ¤²Ö P
(k)
n ¨ Ëμ·³Ê² ¤²Ö É·¨£μ´μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° μÉ ¸Ê³³Ò

Ê£²μ¢:

Y
(1)
m,0(θ, 0) = ((2m − 1)/m) · cos θ · Y (1)

m−1,0(θ, 0) − ((m − 1)/m) · Y (1)
m−2,0(θ, 0),

Y
(2)
m,0(θ, 0) = 0;
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Y
(1)
m,k(θ, φ) = (2m−1)·Y (1)

m−1,k−1(θ, φ)·(sin θ·cos φ)−(2m−1)·Y (2)
m−1,k−1(θ, φ)×

× (sin θ · sin φ) + Y
(1)
m−2,k(θ, φ),

Y
(2)
m,k(θ, φ) = (2m−1)·Y (2)

m−1,k−1(θ, φ)·(sin θ·cos φ)−(2m−1)·Y (1)
m−1,k−1(θ, φ)×

× (sin θ · sin φ) + Y
(2)
m−2,k(θ, φ).

�É¸Õ¤  ¸²¥¤Ê¥É ÊÉ¢¥·¦¤¥´¨¥ ¨´¤Ê±Í¨¨ ¨ ¶μÔÉμ³Ê ¢ ¸¨²Ê μ·Éμ£μ´ ²Ó´μ¸É¨
¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° ËÊ´±Í¨Ö ϕ̂(r̂, θ̂, φ̂) É ±¦¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¸Ê³³Ò

m(pk + 1) ¸² £ ¥³ÒÌ. “Î¨ÉÒ¢ Ö, ÎÉμ (r̂/hk)n · Ŷ (i)
n,k(θ̂, φ̂), i = 1, 2, Ö¢²ÖÕÉ¸Ö

£ ·³μ´¨Î¥¸±¨³¨ ³´μ£μÎ²¥´ ³¨ ¢ ²μ± ²Ó´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É, ¶μ²ÊÎ¨³

α
(i)
1 = Â10; α

(i)
2 = Â11; α

(i)
3 = B̂11; α

(i)
4 = Â20; α

(i)
5 = Â21; α

(i)
6 = B̂21; . . .

¶·¨ ¢¸¥Ì i = 0, 1, 2, 3. ’ ±¨³ μ¡· §μ³, ±μÔËË¨Í¨¥´ÉÒ ¶·μ¥±Éμ·μ¢ π
(i)
pk (u) ´ -

Ìμ¤ÖÉ¸Ö μ¤´μ§´ Î´μ ¨ § ¤ ´´Ò° £· ¤¨¥´É £ ·³μ´¨Î¥¸±μ£μ ³´μ£μÎ²¥´  ¸É¥¶¥´¨
pk + 1 ¢ ²μ± ²Ó´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ÉμÎ´μ.

�Í¥´±  (21) ¸²¥¤Ê¥É ¨§ ¸¢μ°¸É¢  ¶·μ¥±Éμ·μ¢ π
(i)
pk ¨ É¥μ·¥³Ò 3.1.4 ¨§

±´¨£¨ [1] ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¶·¥μ¡· §μ¢ ´¨Ö ¶μ¤μ¡¨Ö, ±μÉμ·μ¥ ¸μÌ· ´Ö¥É
£ ·³μ´¨Î´μ¸ÉÓ ¨ Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³  ËË¨´´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö.

‚³¥¸É¥ ¸μ ¢¸¶μ³μ£ É¥²Ó´Ò³¨ § ¤ Î ³¨ (17)Ä(19) ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ § -

¤ ÎÊ ´  Ωn ⊂ T
(0)
h ¶·¨ u ∈ V p(Th) ¨²¨ u ∈ V p

0 (Th):

∇ · u0 = 0, ∇× u0 = 0, x ∈ Ωn; u0 = [[u]], x ∈ ∂Ωn. (23)

‹¥³³  3.2 . ‡ ¤ Î¨ (23), (17)Ä(19) ¨³¥ÕÉ ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ ui, i =
0, 1, 2, 3 ¸μμÉ¢¥É¸É¢¥´´μ. …¸²¨ ¤²Ö ´ Ìμ¦¤¥´¨Ö ÔÉ¨Ì ·¥Ï¥´¨° ¨¸¶μ²Ó§Ê¥É¸Ö
£ ·³μ´¨Î¥¸± Ö  ¶¶·μ±¸¨³ Í¨Ö ¶μ·Ö¤±  ´¥ ´¨¦¥, Î¥³ ¶μ·Ö¤μ± § ¤ ´´ÒÌ ´ 
£· ´¨Í¥ £ ·³μ´¨Î¥¸±¨Ì ³´μ£μÎ²¥´μ¢, ¨ ¤²Ö Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¨¸-
¶μ²Ó§Ê¥É¸Ö ±Ê¡ ÉÊ·´ Ö Ëμ·³Ê² , ±μÉμ· Ö μ¡¥¸¶¥Î¨¢ ¥É ÉμÎ´μ¥ ¢ÒÎ¨¸²¥´¨¥
¨´É¥£· ²μ¢ ¶μ £· ´¨Í¥ Ô²¥³¥´Éμ¢, Éμ u0|Ωn = u, u1|Ωi = u, u2|Ωj = u,
u3|Ωl

= u. Š·μ³¥ Éμ£μ, ¸¶· ¢¥¤²¨¢Ò ´¥· ¢¥´¸É¢ 

|u1,n|2(∂Ωi∩ΓD) � C
(i)
1 (|uτ |2(∂Ωi∩ΓD) + |[[u]]|2(∂Ωi∩Γint)

), (24)

|u2,τ |2(∂Ωj∩ΓN ) � C
(j)
2 (|un|2(∂Ωj∩ΓN ) + |[[u]]|2(∂Ωj∩Γint)

), (25)

|u3,n|2(∂Ωl∩ΓD) + |u3,τ |2(∂Ωl∩ΓN ) � C
(l)
3 (|uτ |2(∂Ωl∩ΓD) +

+ |un|2(∂Ωl∩ΓN ) + |[[u]]|2(∂Ωl∩Γint)
), (26)

£¤¥ C
(i)
1 , C

(j)
2 , C

(l)
3 Å ¶μ²μ¦¨É¥²Ó´Ò¥ ±μ´¸É ´ÉÒ, ´¥ § ¢¨¸ÖÐ¨¥ μÉ u.
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„μ± § É¥²Ó¸É¢μ. � ¸¸³μÉ·¨³ § ¤ ÎÊ (23). 	Ê¸ÉÓ m(p + 1) Å ´¥μ¡Ìμ-
¤¨³μ¥ Î¨¸²μ £· ¤¨¥´Éμ¢ £ ·³μ´¨Î¥¸±¨Ì ³´μ£μÎ²¥´μ¢ ¤²Ö ¶μ²ÊÎ¥´¨Ö ÉμÎ´μ£μ

·¥Ï¥´¨Ö § ¤ Î¨, ¨ u0 =
m(p+1)∑

j=1

α
(0)
j ∇fj , £¤¥ fj Å £ ·³μ´¨Î¥¸±¨¥ ËÊ´±Í¨¨

¡ §¨¸ , fj ∈ Zp+1
0 (Ωi), α

(0)
j Å ¨¸±μ³Ò¥ ±μÔËË¨Í¨¥´ÉÒ. „²Ö ´ Ìμ¦¤¥´¨Ö

±μÔËË¨Í¨¥´Éμ¢ ¨³¥¥³ ¸¨¸É¥³Ê

(u0,∇fl)∂Ωn = ([[u]],∇fl)∂Ωn , l = 1, 2, . . . , m.


É  ¸¨¸É¥³  μ¤´μ§´ Î´μ · §·¥Ï¨³  ¢¢¨¤Ê (39), (41) ¨§ ²¥³³Ò 5.1.
� ¸¸³μÉ·¨³ § ¤ Î¨ (17)Ä(19) ¨ ¤μ± ¦¥³ ´¥· ¢¥´¸É¢  (24)Ä(26). „μ± -

§ É¥²Ó¸É¢  ¶·μ¢μ¤ÖÉ¸Ö ¶μ μ¤´μ° ¸Ì¥³¥. „²Ö § ¤ Î¨ (17) ¶·¨ ³¨´¨³¨§ Í¨¨
ËÊ´±Í¨μ´ ² 

Φ1(u1) =
∫

∂Ωi∩ΓD

(n×(u1 − u))2dS +
∫

∂Ωi∩Γint

(u1 − [[u]])2dS

¨³¥¥³ ¸¨¸É¥³Ê

(u1,τ ,∇τfl)(∂Ωi∩ΓD) + (u1,∇fl)(∂Ωi∩Γint) = (uτ ,∇τfl)(∂Ωi∩ΓD) +
+ ([[u]],∇fl)(∂Ωi∩Γint), l = 1, 2, . . . , m. (27)

Œ É·¨Í  ¸¨¸É¥³Ò (27) Ö¢²Ö¥É¸Ö ´¥¢Ò·μ¦¤¥´´μ°, ¶μ¸±μ²Ó±Ê ¶·¨ u1 = ∇ϕ1

¸¶· ¢¥¤²¨¢Ò ´¥· ¢¥´¸É¢ 

|u1,τ |2(∂Ωi∩ΓD) + |u1|2(∂Ωi∩Γint)
= |u1,τ |2∂Ωi

+ |u1,n|2(∂Ωi∩Γint)
�

� |∇τϕ1|2∂Ωi
> ci‖ϕ1‖L2(∂Ωi). (28)

‡¤¥¸Ó ci > 0. 	μ¸²¥¤´¥¥ ´¥· ¢¥´¸É¢μ ¸²¥¤Ê¥É ¨§ ²¥³³Ò 5.1. —¥·¥§ A−1
1 =

{ā(1)
ij }i,j=1,...,m μ¡μ§´ Î¨³ μ¡· É´ÊÕ ³ É·¨ÍÊ ¸¨¸É¥³Ò (27). ’μ£¤  ¤²Ö ·¥Ï¥-

´¨Ö X(1) = (α(1)
1 , α

(1)
2 , . . . , α

(1)
m ) ÔÉμ° ¸¨¸É¥³Ò ¶μ²ÊÎ¨³

α
(1)
l =

m∑
j=1

a
(1)
lj

( ∫
∂Ωi∩ΓD

(n×u) · (n×∇fj)dS +
∫

∂Ωi∩Γint

[[u]] · ∇fjdS

)
=

=
∫

∂Ωi∩ΓD

(n×u) ·
(

m∑
j=1

a
(1)
lj (n×∇fj)

)
dS +

∫
∂Ωi∩Γint

[[u]] ·
(

m∑
j=1

a
(1)
lj ∇fj

)
dS.

�É¸Õ¤ , ¢μ§¢μ¤Ö ¢ ±¢ ¤· É μ¡¥ Î ¸É¨ Ê· ¢´¥´¨Ö ¨ ¸Ê³³¨·ÊÖ ¶μ l, ¶μ²ÊÎ¨³
μÍ¥´±Ê ¢ ¥¢±²¨¤μ¢ÒÌ ´μ·³ Ì

‖X(1)‖2
2 � C(1)

α |uτ |2(∂Ωi∩ΓD) + C(1)
γ |[[u]]|2(∂Ωi∩Γint)

, (29)
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£¤¥

C(1)
α = 2·‖A−1

1 ‖2
2·|‖n×∇Q‖2|2(∂Ωi∩ΓD), C(1)

γ = 2·‖A−1
1 ‖2

2·|‖∇Q‖2|2(∂Ωi∩Γint)
.

‡¤¥¸Ó Q = (f1, f2, . . . , fm). „ ²¥¥, ¨¸¶μ²Ó§ÊÖ (29), ¤μ± ¦¥³ (24). ‘μ£² ¸´μ
´¥· ¢¥´¸É¢Ê ŠμÏ¨Ä�Ê´Ö±μ¢¸±μ£μ

∫
∂Ωi∩ΓD

(n·u1)2dS =
∫

∂Ωi∩ΓD

(
m∑

j=1

α
(1)
j (n·∇fj)

)2

dS �

� ‖X(1)‖2
2

∫
∂Ωi∩ΓD

‖n·∇Q‖2
2dS �

� C
(i)
1

( ∫
∂Ωi∩ΓD

(n×u)2dS +
∫

∂Ωi∩Γint

([[n × u]]2 + [[n · u]]2)dS

)
,

£¤¥
C

(i)
1 = max {C(1)

α , C(1)
γ } · |‖n·∇Q‖2|2(∂Ωi∩ΓD).

�´ ²μ£¨Î´μ ¤μ± §Ò¢ ¥É¸Ö ´¥· ¢¥´¸É¢μ (25). ‡¤¥¸Ó ¢ ¦´μ μÉ³¥É¨ÉÓ μ¤´μ§´ Î-
´ÊÕ · §·¥Ï¨³μ¸ÉÓ ¸¨¸É¥³Ò ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ (18):

(u2,n, ∂fl/∂n)(∂Ωj∩ΓN ) + (u2,∇fl)(∂Ωj∩Γint) = (un, ∂fl/∂n)(∂Ωj∩ΓN ) +

+ ([[u]],∇fl)(∂Ωj∩Γint), l = 1, 2, . . . , m. (30)

	·¨ u2 = ∇ϕ2 ¨³¥¥³ ¸²¥¤ÊÕÐ¨¥ ´¥· ¢¥´¸É¢ :

|u2,n|2(∂Ωj∩ΓN ) + |u2|2(∂Ωj∩Γint)
= |u2,n|2∂Ωj

+ |u2,τ |2(∂Ωj∩Γint)
�

� |∂ϕ2/∂n|2∂Ωj
> cj‖ϕ2‖L2(∂Ωj). (31)

‡¤¥¸Ó cj > 0. 	μ¸²¥¤´¥¥ ´¥· ¢¥´¸É¢μ ¸²¥¤Ê¥É ¨§ ²¥³³Ò 5.1. „ ²Ó´¥°Ï Ö
¸Ì¥³  ¤μ± § É¥²Ó¸É¢  É ± Ö ¦¥, ± ± ¤²Ö ¶¥·¢μ£μ ¸²ÊÎ Ö. �¥· ¢¥´¸É¢μ (25)
¶μ²ÊÎ ¥É¸Ö ¶·¨

C
(j)
2 = max {C(2)

β , C(2)
γ } · |‖n×∇Q‖2|2(∂Ωj∩ΓN ),

£¤¥

C
(2)
β = 2·‖A−1

2 ‖2
2 ·|‖n·∇Q‖2|2(∂Ωj∩ΓN ), C(2)

γ = 2·‖A−1
2 ‖2

2 ·|‖∇Q‖2|2(∂Ωj∩Γint)
.

—¥·¥§ A−1
2 μ¡μ§´ Î¥´  μ¡· É´ Ö ³ É·¨Í  ¸¨¸É¥³Ò (30).
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„²Ö ¤μ± § É¥²Ó¸É¢  ´¥· ¢¥´¸É¢  (26) ¶·¨³¥´¨³ ¶μ¤Ìμ¤,  ´ ²μ£¨Î´Ò° ¤¢Ê³
¶¥·¢Ò³ ¸²ÊÎ Ö³. �¤´μ§´ Î´ Ö · §·¥Ï¨³μ¸ÉÓ § ¤ Î¨ (19) ¸²¥¤Ê¥É ¨§ ´¥· -
¢¥´¸É¢,  ´ ²μ£¨Î´ÒÌ (28) ¨ (31). �¥· ¢¥´¸É¢μ (26) ¸¶· ¢¥¤²¨¢μ ¶·¨

C
(l)
3 = max{C(3)

α , C
(3)
β , C(3)

γ } · (|‖n·∇Q‖2|2(∂Ωl∩ΓD) + |‖n×∇Q‖2|2(∂Ωl∩ΓN )),

£¤¥

C(3)
α = 3 · ‖A−1

3 ‖2
2 · |‖n×∇Q‖2|2(∂Ωl∩ΓD),

C
(3)
β = 3 · ‖A−1

3 ‖2
2 · |‖n·∇Q‖2|2(∂Ωl∩ΓN ),

C(3)
γ = 3 · ‖A−1

3 ‖2
2 · |‖∇Q‖2|2(∂Ωl∩Γint)

.

‡¤¥¸Ó Î¥·¥§ A−1
3 μ¡μ§´ Î¥´  μ¡· É´ Ö ³ É·¨Í  ¸¨¸É¥³Ò ¤²Ö ·¥Ï¥´¨Ö § -

¤ Î¨ (19).

4. h-‘•�„ˆŒ�‘’œ

„μ± § É¥²Ó¸É¢μ h-¸Ìμ¤¨³μ¸É¨ ³¥Éμ¤  ¶·μ¢μ¤¨É¸Ö ¶μ ¸Ì¥³¥, μ¡ÒÎ´μ° ¤²Ö
· §·Ò¢´μ£μ ³¥Éμ¤  ƒ ²¥·±¨´  [4]. ‡¤¥¸Ó ÊÎ¨ÉÒ¢ ¥É¸Ö É¥μ·¥³  2.1 μ ¸¢μ°¸É¢¥
¡¨²¨´¥°´ÒÌ Ëμ·³ ¨ ²¥³³Ò 3.1, 3.2.

’¥μ·¥³  4.1. �Ê¸ÉÓ u(1)
∗ ¨ u(1)

h Å ÉμÎ´μ¥ ¨ ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨Ö § ¤ Î¨ (4)

¸μμÉ¢¥É¸É¢¥´´μ. ˆ ¶Ê¸ÉÓ u(1)
∗ ∈ Wm+1

G (Ω), m � 1. ’μ£¤  ¤²Ö ¶μ£·¥Ï´μ¸É¨

·¥Ï¥´¨Ö e1 = u(1)
∗ − u(1)

h ¸¶· ¢¥¤²¨¢  μÍ¥´± 

‖e1‖2
1,V <

∑
Ωk⊂Th

C
(1)
k ·h2m+1

k ·|u(1)
∗ |2

W m+1
G (Ω)

, (32)

£¤¥ C
(1)
k Å ¶μ²μ¦¨É¥²Ó´ Ö ±μ´¸É ´É , ´¥ § ¢¨¸ÖÐ Ö μÉ u(1)

∗ .

„μ± § É¥²Ó¸É¢μ. 	·¥¤¸É ¢¨³ ¶μ£·¥Ï´μ¸ÉÓ ¢ ¢¨¤¥

u(1)
∗ − u(1)

h = (u(1)
∗ − Π(1)

hp u(1)
∗ ) + (Π(1)

hp u(1)
∗ − u(1)

h ) = z1 − z2. (33)

‘ ÊÎ¥Éμ³ É¥μ·¥³Ò 2.1 ¨³¥¥³

‖z2‖2
1,V = B

(1)
h (z2, z2) = B

(1)
h (u(1)

∗ − u(1)
h − z1, z2) = −B

(1)
h (z1, z2) �
� ‖z1‖1,V ·‖z2‖1,V .
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�É¸Õ¤  ‖z2‖1,V � ‖z1‖1,V , ¨ ¶μÔÉμ³Ê ´¥μ¡Ìμ¤¨³μ μÍ¥´¨ÉÓ Éμ²Ó±μ ‖z1‖1,V .
ˆ³¥¥³

‖z1‖2
1,V =

∑
(∂Ωk∩∂Ω)⊂Th

|z1|2(∂Ωk∩∂Ω) +
∑

Γij⊂Γint

|[[z1]]|2Γij
�

�
∑

(∂Ωk∩∂Ω)⊂Th

|z1|2(∂Ωk∩∂Ω) +
∑

Γij⊂Γint

2 ·
∫

Γij

(|z1|Ωi |2 +

+ |z1|Ωj |2)dS < 2·
∑

Ωk⊂Th

‖z1‖2
L2(∂Ωk). (34)

„ ²¥¥ ¨¸¶μ²Ó§Ê¥³ ¸É ´¤ ·É´μ¥ ´¥· ¢¥´¸É¢μ ¤²Ö ¸²¥¤  ËÊ´±Í¨¨ ¨§ W 1
2 (Ωk) [4]:

‖z1,i‖2
L2(∂Ωk) � 3(hk/ρk)(‖z1,i‖2

L2(Ωk)·|z1,i|2W 1
2 (Ωk) + h−1

k ‖z1,i‖2
L2(Ωk)),

£¤¥ z1,i Å i-Ö ±μ³¶μ´¥´É  z1; hk Å ¤¨ ³¥É· Ωk; ρk Å · ¤¨Ê¸ ¢¶¨¸ ´´μ°
¸Ë¥·Ò. ˆ¸¶μ²Ó§ÊÖ ε-´¥· ¢¥´¸É¢μ ¶·¨ ε = (

√
2 + 1)hk, ¶μ²ÊÎ¨³

‖z1,i‖2
L2(∂Ωk) � 4(hk/ρk)(h−1

k ‖z1,i‖2
L2(Ωk) + hk|z1,i|2W 1

2 (Ωk)).

“Î¨ÉÒ¢ Ö μ£· ´¨Î¥´´μ¸ÉÓ hk/ρk, ¶·μ¸Ê³³¨·Ê¥³ ÔÉμ ´¥· ¢¥´¸É¢μ ¤²Ö i =
1, 2, 3:

‖z1‖2
L2(∂Ωk) � C

′

k(h−1
k ‖z1‖2

L2(Ωk) + hk|z1|2W 1
2 (Ωk)).

ˆ§ ²¥³³Ò 3.1, ±μÉμ· Ö ¤ ¥É μÍ¥´±¨ ¤²Ö ¶· ¢μ° Î ¸É¨ ´¥· ¢¥´¸É¢ , ¶μ²ÊÎ¨³

‖z1‖2
L2(∂Ωk) � C

′′

k h2m+1
k |u(1)

∗ |2
W m+1

G (Ωk)
.

‘Ê³³¨·ÊÖ ÔÉμ ´¥· ¢¥´¸É¢μ ¶μ ¢¸¥³ Ωk ⊂ Th ¨ ÊÎ¨ÉÒ¢ Ö (34), ¤²Ö (33) ¶μ²Ê-
Î ¥³ μÍ¥´±Ê ¢ ¢¨¤¥ (32).

	·¨ ¤μ± § É¥²Ó¸É¢¥ ¸²¥¤ÊÕÐ¥° É¥μ·¥³Ò ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ¤²Ö ²Õ-

¡μ° ¢¥±Éμ·-ËÊ´±Í¨¨ v ∈ W 1
G(Ωk,n), Ωk,n ∈ T

(n)
h , n = 1, 2, 3, ¤²Ö ¸²¥¤μ¢

ËÊ´±Í¨° ¸¶· ¢¥¤²¨¢Ò ´¥· ¢¥´¸É¢ 

|n × v|2(∂Ωk,1∩ΓD) + |v|2(∂Ωk,1∩Γint)
� Ck,1‖v‖2

W 1
G(Ωk,1), (35)

|n · v|2(∂Ωk,2∩ΓN ) + |v|2(∂Ωk,2∩Γint)
� Ck,2‖v‖2

W 1
G(Ωk,2), (36)

|n×v|2(∂Ωk,3∩ΓD) + |n ·v|2(∂Ωk,3∩ΓN ) + |v|2(∂Ωk,3∩Γint)
� Ck,3‖v‖2

W 1
G(Ωk,3), (37)

£¤¥ Ck,n, n = 1, 2, 3, Å ´¥ § ¢¨¸ÖÐ¨¥ μÉ v ¶μ²μ¦¨É¥²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥.
‡ ³¥Î ´¨¥. …¸²¨ v ∈ Zp

0,G(Ω), p � 2, Éμ ¸¶· ¢¥¤²¨¢μ¸ÉÓ ¶·¥¤¶μ² £ -
¥³ÒÌ ´¥· ¢¥´¸É¢ ¤²Ö ¸²¥¤μ¢ ËÊ´±Í¨° ¤μ± §Ò¢ ¥É¸Ö ¸ ¶μ³μÐÓÕ ¶μ¤Ìμ¤  ¨§
²¥³³Ò 3.2.
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’¥μ·¥³  4.2 . �Ê¸ÉÓ u(2)
∗ ¨ u(2)

h Å ÉμÎ´μ¥ ¨ ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨Ö § -

¤ Î¨ (7) ¸μμÉ¢¥É¸É¢¥´´μ. ˆ ¶Ê¸ÉÓ u(2)
∗ ∈ W̃m+1

G (Ω), m � 1, ¨ ¤²Ö ²Õ-

¡μ° ¢¥±Éμ·-ËÊ´±Í¨¨ v ∈ W 1
G(Ωk,n), Ωk,n ∈ T

(n)
h , n = 1, 2, 3, ¢Ò¶μ²´ÖÕÉ¸Ö

´¥· ¢¥´¸É¢  (35)Ä(37). ’μ£¤  ¤²Ö ¶μ£·¥Ï´μ¸É¨ ·¥Ï¥´¨Ö e2 = u(2)
∗ − u(2)

h

¸¶· ¢¥¤²¨¢  μÍ¥´± 

‖e2‖2
2,V <

∑
Ωk⊂Th

C
(2)
k ·h2m+1

k ·|u(2)
∗ |2
˜W m+1

G (Ω)
, (38)

£¤¥ C
(2)
k Å ¶μ²μ¦¨É¥²Ó´ Ö ±μ´¸É ´É , ´¥ § ¢¨¸ÖÐ Ö μÉ u(2)

∗ .

„μ± § É¥²Ó¸É¢μ. �´ ²μ£¨Î´μ ¸²ÊÎ Õ É¥μ·¥³Ò 4.1 ¤²Ö § ¤ Î¨ (7) ¨³¥¥³

z1 = u(2)
∗ − Π(2)

hp u(2)
∗ , z2 = Π(2)

hp u(2)
∗ − u(2)

h .

‘ ÊÎ¥Éμ³ ¸¢μ°¸É¢ ¡¨²¨´¥°´μ° Ëμ·³Ò B
(2)
h É·¥¡Ê¥É¸Ö μÍ¥´±  Éμ²Ó±μ ¤²Ö

‖z1‖2,V :

‖z1‖2
2,V =

∑
(∂Ωk∩ΓD)⊂Th

|n × z1|2(∂Ωk∩ΓD) +
∑

(∂Ωk∩ΓN )⊂Th

|n · z1|2(∂Ωk∩ΓN ) +

+
∑

Γij⊂Γint

|[[z1]]|2Γij
.

�Í¥´¨¢ Ö ¨´É¥£· ²Ò ¶μ Γij ⊂ Γint É ± ¦¥, ± ± ¶·¨ ¤μ± § É¥²Ó¸É¢¥ É¥μ-
·¥³Ò 4.1, ¨ Ê¤¢ ¨¢ Ö ¤¢¥ ¤·Ê£¨¥ ¸Ê³³Ò, ¶μ²ÊÎ¨³

‖z1‖2
2,V < 2 ·

{ ∑
Ωk⊂T

(0)
h

|z1|2∂Ωk
+

∑
Ωk⊂T

(1)
h

(|n × z1|2(∂Ωk∩ΓD) +

+ |z1|2(∂Ωk∩Γint)
) +

∑
Ωk⊂T

(2)
h

(|n · z1|2(∂Ωk∩ΓN ) + |z1|2(∂Ωk∩Γint)
)+

+
∑

Ωk⊂T
(3)
h

(|n × z1|2(∂Ωk∩ΓD) + |n · z1|2(∂Ωk∩ΓN ) + |z1|2(∂Ωk∩Γint)
)

}
.

ˆ´É¥£· ²Ò ¢ ¶¥·¢μ° ¸Ê³³¥ μÍ¥´¨¢ ¥³ É ± ¦¥, ± ± ¢ ¤μ± § É¥²Ó¸É¢¥ É¥μ-
·¥³Ò 4.1, ¸ ¶μ³μÐÓÕ ¸É ´¤ ·É´μ£μ ´¥· ¢¥´¸É¢  ¤²Ö ¸²¥¤  ËÊ´±Í¨¨ ¨§ W 1

2 (Ωk).
„²Ö μÍ¥´±¨ ¸² £ ¥³ÒÌ ¢ μ¸É ²Ó´ÒÌ É·¥Ì ¸Ê³³ Ì ¨¸¶μ²Ó§Ê¥³ ´¥· ¢¥´¸É¢  (35)Ä
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(37) ¤²Ö ¸²¥¤μ¢ ¢¥±Éμ·-ËÊ´±Í¨° ¨§ W 1
G(Ωk). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³

‖z1‖2
2,V < 2 · C̃k

( ∑
Ωk⊂T

(0)
h

‖z1‖2
W 1

G(Ωk) +
∑

Ωk,1⊂T
(1)
h

‖z1‖2
W 1

G(Ωk,1) +

+
∑

Ωk,2⊂T
(2)
h

‖z1‖2
W 1

G(Ωk,2) +
∑

Ωk,3⊂T
(3)
h

‖z1‖2
W 1

G(Ωk,3)

)
.

�É¸Õ¤ , ÊÎ¨ÉÒ¢ Ö μÍ¥´±¨ ¨§ ²¥³³Ò 3.1, ¶μ²ÊÎ¨³ ´¥· ¢¥´¸É¢μ (38).
‡ ³¥Î ´¨¥. 	μ¤É¢¥·¦¤¥´¨¥ μÍ¥´μ± É¥μ·¥³ 4.1, 4.2 ´  Î¨¸²¥´´ÒÌ ¶·¨³¥-

· Ì ¶·¥¤¸É ¢²¥´μ ¢ · ¡μÉ¥ [16].

5. ��ˆ‹�†…�ˆ…

‹¥³³  5.1. �Ê¸ÉÓ ϕ ∈ Zp
0 (Ω), p � 2, Ω Å ¢Ò¶Ê±²Ò° ³´μ£μ£· ´´¨±, ng Å

Î¨¸²μ ¥£μ £· ´¥°, d Å ¤¨ ³¥É· Ω. ’μ£¤  ¸¶· ¢¥¤²¨¢Ò ´¥· ¢¥´¸É¢ 

‖ϕ‖2
L2(∂Ω) < n2

g·d3·|∇τϕ|2∂Ω, (39)

‖ϕ‖2
L2(∂Ω) < 4·ng·d3·|∇ϕ|2Ω, (40)

‖ϕ‖2
L2(∂Ω) < 16·n2

g·d6·|∂ϕ/∂n|2∂Ω. (41)

„μ± § É¥²Ó¸É¢μ. � ¸¸³μÉ·¨³ Ëμ·³Ê²Ê (12) ¶·¨ x, y ∈ ∂Ω. 	Ê¸ÉÓ ϕ ∈ Zp
0 (Ω).

ˆ´É¥£·¨·ÊÖ ÔÉμ · ¢¥´¸É¢μ ¶μ y ∈ ∂Ω, ¶μ²ÊÎ¨³

|∂Ω|·ϕ(x) =
∫

∂Ω

( x∫
y

(t · ∇ϕ)dt

)
dSy, |∂Ω| =

∫
∂Ω

dS.

‚μ§¢¥¤¥³ ¢ ±¢ ¤· É μ¡¥ Î ¸É¨ ¶¥·¢μ£μ · ¢¥´¸É¢ :

|∂Ω|2·ϕ2(x) =

( ∫
∂Ω

( x∫
y

(t · ∇ϕ)dt

)
dSy

)2

.

�Í¥´¨³ ¶· ¢ÊÕ Î ¸ÉÓ:( ∫
∂Ω

( x∫
y

(t · ∇ϕ)dt

)
dSy

)2

�
( ∫

∂Ω

∣∣∣∣∣
x∫

y

(t · ∇ϕ)dt

∣∣∣∣∣dSy

)2

.
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“ÎÉ¥³, ÎÉμ ¨´É¥£·¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ¶·Ö³Ò³, ¶·¨´ ¤²¥¦ Ð¨³ £· ´Ö³ ³´μ-
£μ£· ´´¨± . Š·μ³¥ Éμ£μ, ¶·¥¤¶μ² £ ¥³, ÎÉμ ÔÉ¨ ¶·Ö³Ò¥ ¸μ¥¤¨´ÖÕÉ ÉμÎ±¨ x ¨
y ¶μ ¸ ³μ³Ê ±μ·μÉ±μ³Ê ¶ÊÉ¨. ’μ£¤ ∣∣∣∣∣

x∫
y

(t · ∇ϕ)dt

∣∣∣∣∣ �
( x∫

y

dt

)1/2

·
( x∫

y

|(t · ∇ϕ)|2dt

)1/2

<

< (ng·d)1/2

( ∫
∂Ω

|∇τϕ|2dS

)1/2

.

ˆ¸¶μ²Ó§ÊÖ ÔÉÊ μÍ¥´±Ê, ¶μ²ÊÎ¨³

|∂Ω|2·ϕ2(x) < (ng·d)·|∂Ω|2·|∇τϕ|2∂Ω.

	μ¸²¥ ¨´É¥£·¨·μ¢ ´¨Ö ÔÉμ£μ ´¥· ¢¥´¸É¢  ¶μ x ∈ ∂Ω ¨³¥¥³

‖ϕ‖2
L2(∂Ω) < (ng·d)·|∂Ω|·|∇τϕ|2∂Ω.

“Î¨ÉÒ¢ Ö, ÎÉμ |∂Ω| < ng · d2, ¶μ²ÊÎ¨³ (39).
„²Ö ¤μ± § É¥²Ó¸É¢  (40) ¨¸¶μ²Ó§Ê¥³ ´¥· ¢¥´¸É¢μ 	Ê ´± ·¥ ¤²Ö ϕ ∈ Zp

0 (Ω):

‖ϕ‖2
L2(∂Ω) < |Ω|·d·|∇ϕ|2Ω, |Ω| =

∫
Ω

dΩ. (42)

…£μ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸ ¶μ³μÐÓÕ Ëμ·³Ê²Ò (12) É ± ¦¥, ± ± ¨ ¢ ¶¥·¢μ³ ¸²ÊÎ ¥,
¶·¨ x ∈ Ω, y ∈ ∂Ω. ’μ£¤  ¤²Ö ¨´É¥£· ²  ¸ ¶·μ¨§¢μ¤´μ° ¶μ ´ ¶· ¢²¥´¨Õ
¨³¥¥³∣∣∣∣∣

x∫
y

(t · ∇ϕ)dt

∣∣∣∣∣ �
( x∫

y

dt

)1/2

·
( x∫

y

|(t · ∇ϕ)|2dt

)1/2

< d1/2 · |∇ϕ|Ω. (43)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§ Ëμ·³Ê²Ò (12) ¸²¥¤Ê¥É μÍ¥´± 

ϕ2(y) � 2ϕ2(x) + 2

( x∫
y

(t · ∇ϕ)dt

)2

.

ˆ´É¥£·¨·ÊÖ ÔÉμ ´¥· ¢¥´¸É¢μ ¶μ y ∈ ∂Ω ¨ ¶μ x ∈ Ω, ¶μ²ÊÎ¨³

|Ω|
∫

∂Ω

ϕ2dS � |∂Ω|·2
∫
Ω

ϕ2dΩ + 2·
∫

∂Ω

∫
Ω

( x∫
y

(t · ∇ϕ)dt

)2

dΩxdSy.
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ˆ¸¶μ²Ó§ÊÖ ´¥· ¢¥´¸É¢  (42) ¨ (43) ¤²Ö μÍ¥´±¨ ¶· ¢μ° Î ¸É¨, ¨³¥¥³

‖ϕ‖2
L2(∂Ω) � |∂Ω|·2d·|∇ϕ|2Ω + |∂Ω|·2d·|∇ϕ|2Ω.

�É¸Õ¤  ¸²¥¤Ê¥É (40).
�¥· ¢¥´¸É¢μ (41) ¸²¥¤Ê¥É ¨§ (40) ¨ ¸¢μ°¸É¢  £ ·³μ´¨Î´μ¸É¨ ϕ:

1/(4ng·d3)‖ϕ‖2
L2(∂Ω) < |∇ϕ|2Ω =

∫
∂Ω

ϕ
∂ϕ

∂n
dS � ‖ϕ‖L2(∂Ω)·

∣∣∣∂ϕ

∂n

∣∣∣
∂Ω

.

	·μ¢μ¤Ö ¸μ±· Ð¥´¨¥ ´  ³´μ¦¨É¥²Ó ‖ϕ‖L2(∂Ω) ¨ ¢μ§¢μ¤Ö ¢ ±¢ ¤· É μ¡¥ Î ¸É¨
ÔÉμ£μ ´¥· ¢¥´¸É¢ , ¶μ²ÊÎ¨³ (41).
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