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� ¸¸³ É·¨¢ ¥É¸Ö ¶·μ¡²¥³  Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö ³ £´¨É´ÒÌ ¸¨¸É¥³, ¸μ¤¥·-
¦ Ð¨Ì Ê£²μ¢Ò¥ ÉμÎ±¨. �·¨¢¥¤¥´ μ¡§μ· ²¨É¥· ÉÊ·Ò ¶μ ¤ ´´μ° É¥³ É¨±¥. �·¥¤² £ ¥É¸Ö
³¥Éμ¤ ¨´± ¶¸Ê²ÖÍ¨¨ ËÊ´±Í¨¨-μ¸μ¡¥´´μ¸É¨ ¢ · §´μ¸É´ÊÕ ¸Ì¥³Ê ¶·¨ Î¨¸²¥´´μ³ ·¥-
Ï¥´¨¨ 2D-§ ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ ¢ μ¡² ¸É¨ ¦¥²¥§ . „²Ö 3D-§ ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ ¢
μ¡² ¸É¨ ¦¥²¥§μ/¢ ±ÊÊ³ ¤¥² ¥É¸Ö μÍ¥´±  ·μ¸É  ³ £´¨É´μ£μ ¶μ²Ö ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ°
ÉμÎ±¨ ¨ ¶·¥¤² £ ¥É¸Ö ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö  ¤ ¶É¨¢´μ° ¸¥É±¨.

�¥ ²¨§μ¢ ´ ¶ · ²²¥²Ó´Ò°  ²£μ·¨É³ ´   ·Ì¨É¥±ÉÊ·¥ £· Ë¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ·μ¢
(GPU) ¤²Ö Ê¸±μ·¥´¨Ö ¶μ¨¸±  Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨.

�·μ¢¥¤¥´μ Î¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ³ £´¨É´μ° ¸¨¸É¥³Ò ¤¥É¥±Éμ·  SPD ±μ³-
¶²¥±¸  NICA (�ˆŸˆ, „Ê¡´ ).

The problem of magnetic system simulation in the corner domain is considered. The
literature review with regard to this problem is carried out. The difference scheme for
the boundary value problem was built in the ferromagnetic domain, based on obtained
solutions for magnetostatics problem in two-dimensional space. For three-dimensional
space the upper estimation of the magnetic ˇeld growth is derived and a method is
proposed for condensing the differential mesh near the corner domain of the vacuum in
the three-dimensional space based on this estimation.

The parallel algorithm on the architecture of graphics processors (GPU) has been
implemented to accelerate the search for a numerical solution to the magnetostatics
problem.

Three-dimensional calculations for the SPD detector magnetic system for the NICA
project is presented.
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Œ´μ£¨¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ Ê¸±μ·¨É¥²Ó´Ò¥ Ê¸É ´μ¢±¨ ¢ ¸¢μ¥³ ¸μ¸É ¢¥
¨³¥ÕÉ ³ £´¨É´Ò¥ ¸¨¸É¥³Ò. �´¨ ³μ£ÊÉ Ö¢²ÖÉÓ¸Ö Ô²¥³¥´É ³¨ Ê¸±μ·¨É¥²Ó-
´μ£μ ±μ²ÓÍ , ²¨´¨¨ É· ´¸¶μ·É¨·μ¢±¨ ¶ÊÎ± , ¢Ìμ¤¨ÉÓ ¢ ¸μ¸É ¢ ¤¥É¥±Éμ·μ¢
Î ¸É¨Í [1, 2]. �·μ¥±É¨·μ¢ ´¨¥ ³ £´¨É´ÒÌ ¸¨¸É¥³ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥Éμ-
¤μ¢ ³ É¥³ É¨Î¥¸±μ£μ ³μ¤¥²¨·μ¢ ´¨Ö ¢ ¦´μ ¤²Ö Ê¸±μ·¨É¥²Ó´μ° Ë¨§¨±¨. ‡ -
¤ Î  ¢Ò¡μ·  ±μ´Ë¨£Ê· Í¨¨ ³ £´¨É´μ° ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö ±μ³¶²¥±¸´μ°, É ±
± ± ¢±²ÕÎ ¥É ¢ ¸¥¡Ö ´¥ Éμ²Ó±μ ´ Ìμ¦¤¥´¨¥ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö,
´μ ¨ ¶·μÎ´μ¸É´Ò¥ · ¸Î¥ÉÒ, É¥³¶¥· ÉÊ·´Ò¥ ¤¥Ëμ·³ Í¨¨, ÔËË¥±ÉÒ ¸¢¥·Ì-
¶·μ¢μ¤¨³μ¸É¨, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ § ¤ Î  ³μ¦¥É ¡ÒÉÓ ´¥¸É Í¨μ´ ·´μ°. ’ ±¨³
μ¡· §μ³, ±μ³¶²¥±¸´μ¥ ·¥Ï¥´¨¥ § ¤ Î¨ ¶·μ¥±É¨·μ¢ ´¨Ö ³ £´¨É´μ° ¸¨¸É¥³Ò
É·¥¡Ê¥É ¨¸¶μ²Ó§μ¢ ´¨Ö ´¥¸±μ²Ó±¨Ì ³ É¥³ É¨Î¥¸±¨Ì ¶μ¸É ´μ¢μ± ¨ ¨Ì ¸ ³μ-
¸μ£² ¸μ¢ ´´μ¸ÉÓ ³¥¦¤Ê ¸μ¡μ°.

‚ ¤ ´´μ° · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö μ¤´  ¨§ ¶¥·¥Î¨¸²¥´´ÒÌ § ¤ Î Å § ¤ Î 
³ £´¨Éμ¸É É¨±¨. �É  § ¤ Î  Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ ¶¥·¢ÒÌ ¢ ±μ³¶²¥±¸´μ° μ¶É¨³¨-
§ Í¨¨ ³ £´¨É´μ° ¸¨¸É¥³Ò, É ± ± ± ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¢ ®¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨¯
μÍ¥´¨ÉÓ ¥¥ μ¸´μ¢´Ò¥ ¶ · ³¥É·Ò.

Š ± ¨§¢¥¸É´μ, ³ £´¨É´μ¥ ¶μ²¥ μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ Œ ±¸¢¥²² , ±μ-
Éμ·Ò¥ ¤μ¶Ê¸± ÕÉ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¨ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥. ‚ ·¥-
§Ê²ÓÉ É¥ ³ É¥³ É¨Î¥¸±¨¥ ¶μ¸É ´μ¢±¨ § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ ³μ¦´μ · §¡¨ÉÓ
´  ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¨ ¨´É¥£· ²Ó´Ò¥. ‘ÊÐ¥¸É¢ÊÕÉ ¸³¥Ï ´´Ò¥ ¶μ¸É ´μ¢±¨
¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ É¨¶  [3]. ˆ§-§  ¸²μ¦´μ° ±μ´Ë¨£Ê· Í¨¨ ³ £´¨É-
´ÒÌ ¸¨¸É¥³ ·¥Ï¥´¨¥ § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨, ± ± ¶· ¢¨²μ, ¶·μ¨§¢μ¤¨É¸Ö ¸ ¨¸-
¶μ²Ó§μ¢ ´¨¥³ Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢. ˜¨·μ±μ¥ · ¸¶·μ¸É· ´¥´¨¥ ¶μ²ÊÎ¨²¨ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò¥ ¶μ¸É ´μ¢±¨ § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨, ±μÉμ·Ò¥ ·¥ ²¨§μ¢ ´Ò ¢
¨§¢¥¸É´ÒÌ ¶·μ£· ³³´ÒÌ ¶·μ¤Ê±É Ì ANSYS Multiphysics ¨ Opera3D. ‚ ¤ ´-
´μ° · ¡μÉ¥ É ±¦¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¶μ¸É ´μ¢±¨ § ¤ Î¨
³ £´¨Éμ¸É É¨±¨ μÉ´μ¸¨É¥²Ó´μ ¢¥±Éμ·´μ£μ ¶μÉ¥´Í¨ ²  (2D-£¥μ³¥É·¨Ö) ¨ μÉ´μ-
¸¨É¥²Ó´μ ¤¢ÊÌ ¸± ²Ö·´ÒÌ ¶μÉ¥´Í¨ ²μ¢ (3D-£¥μ³¥É·¨Ö):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

div [μ(|∇u|)∇u] = 0, p ∈ Ωf ,

Δu = 0, p ∈ Ωv,

u|Γ+ = u|Γ− +

p∫
q

Hc dl, p ∈ Γ,

Hc(p) =
1
4π

∫
Ωc

[
J(s),∇s

1
rps

]
dωs,

μ
∂u

∂n

∣∣∣∣
Γ+

=
∂u

∂n

∣∣∣∣
Γ−

− (Hc,n),

u|Γ0 = u0,

H(p) =

{
Hc(p) −∇u(p), p ∈ Ωv,

−∇u(p), p ∈ Ωf ,

(B.1)
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£¤¥ Ωf ¨ Ωv Å μ¡² ¸É¨ Ë¥··μ³ £´¥É¨±  ¨ ¢ ±ÊÊ³  ¸μμÉ¢¥É¸É¢¥´´μ; u(p) Å
¸± ²Ö·´Ò° ¶μÉ¥´Í¨ ²; Hc(p) Å ¶μ²¥ μÉ μ¡³μÉ±¨ ¸ Éμ±μ³ ¶²μÉ´μ¸É¨ J;
Ωc Å μ¡² ¸ÉÓ ¸É Í¨μ´ ·´μ£μ Éμ±  J; Γ± Å £· ´¨Í  · §¤¥²  ¸·¥¤ Ë¥··μ-
³ £´¥É¨±/¢ ±ÊÊ³; ÉμÎ±  q μ¡ÒÎ´μ ¸μμÉ¢¥É¸É¢Ê¥É Í¥´É·Ê ¸¨³³¥É·¨¨ ³ £´¨É .
„¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö, ¢Ìμ¤ÖÐ¨¥ ¢ ¶μ¸É ´μ¢±Ê (B.1), Ö¢²ÖÕÉ¸Ö Ê· ¢-
´¥´¨Ö³¨ Ô²²¨¶É¨Î¥¸±μ£μ É¨¶ .

”Ê´±Í¨Ö μ(H) Å ³ £´¨É´ Ö ¶·μ´¨Í ¥³μ¸ÉÓ Ë¥··μ³ £´¥É¨±  Å Ê¤μ¢²¥-
É¢μ·Ö¥É Ê¸²μ¢¨Ö³

μ ∈ C(1)[0, +∞), (B.2)

lim
H→+∞

μ′(H)H = 0, (B.3)

lim
H→+∞

μ(H) = 1. (B.4)

�·μÍ¥¸¸ μ¶É¨³¨§ Í¨¨ ±μ´Ë¨£Ê· Í¨¨ ³ £´¨É´μ° ¸¨¸É¥³Ò É·¥¡Ê¥É ³´μ£μ-
±· É´μ£μ ·¥Ï¥´¨Ö ´¥²¨´¥°´μ° § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ (B.1). ‚ ·¥§Ê²ÓÉ É¥
¢μ§´¨± ¥É ¤¨²¥³³  ³¥¦¤Ê ÉμÎ´μ¸ÉÓÕ ¨ ¸±μ·μ¸ÉÓÕ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § -
¤ Î¨. ‚Ò¸μ± Ö ÉμÎ´μ¸ÉÓ É·¥¡Ê¥É ¨¸¶μ²Ó§μ¢ ´¨Ö Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢ ¢Ò¸μ±μ£μ
¶μ·Ö¤± , ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ¢ÒÎ¨¸²¨É¥²Ó´μ ¥³±¨³¨, É. ¥. ¢·¥³¥´¨§ É· É´Ò³¨.
�·μÍ¥¸¸ μ¶É¨³¨§ Í¨¨ ±μ´Ë¨£Ê· Í¨¨ ³ £´¨É´μ° ¸¨¸É¥³Ò ¨³¥¥É ¨É¥· Í¨μ´-
´Ò° Ì · ±É¥·. ‚ ± Î¥¸É¢¥ ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´  ²¨-
´¥°´ Ö § ¤ Î  ³ £´¨Éμ¸É É¨±¨ (¡¥§ ¦¥²¥§ /Ë¥··μ³ £´¥É¨± ). “Î¥É ´¥μ¤´μ·μ¤-
´μ£μ ´ ³ £´¨Î¨¢ ´¨Ö ¦¥²¥§ /Ë¥··μ³ £´¥É¨±  ¶·¨¢μ¤¨É ± ´¥²¨´¥°´μ° § ¤ Î¥
³ £´¨Éμ¸É É¨±¨.

‚ ¸²ÊÎ ¥ ¸²μ¦´μ° ±μ´Ë¨£Ê· Í¨¨ μ¡³μÉμ± ¸ Éμ±μ³ · ¸Î¥É ¨Ì ¶μ²Ö Hc ³μ-
¦¥É § ´¨³ ÉÓ ¤μ 98 % μÉ ¶μ²´μ£μ ¢·¥³¥´¨ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ´¥²¨´¥°´μ°
§ ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ (B.1). “³¥´ÓÏ¨ÉÓ ¢·¥³Ö ¢ÒÎ¨¸²¥´¨Ö ¶μ²Ö μÉ μ¡³μ-
Éμ± Hc ³μ¦´μ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³ ¸¸¨¢´μ-¶ · ²²¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° ´  £· -
Ë¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ· Ì GPU [4, 5]. �·¨³¥· ¨¸¶μ²Ó§μ¢ ´¨Ö ¤ ´´μ£μ ¶μ¤Ìμ¤ 
¶·¨¢¥¤¥´ ¢ ¶. 3.1 ¤ ´´μ° · ¡μÉÒ.

�·μ¥±É¨·μ¢ ´¨¥ ³ £´¨É´μ° ¸¨¸É¥³Ò, ¨³¥ÕÐ¥° ¢Ò¸μ±¨° Ê·μ¢¥´Ó μ¤´μ-
·μ¤´μ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö, Ö¢²Ö¥É¸Ö · ¸¶·μ¸É· ´¥´´μ° § ¤ Î¥°. ‚ ¦´ÊÕ ·μ²Ó

�¨¸. 1. �¡² ¸ÉÓ ¸ Ê£²μ³

¢ É ±μ° ¸¨¸É¥³¥ ¨£· ¥É ´ ²¨Î¨¥ Ë¥··μ³ £´¨É-
´ÒÌ/¦¥²¥§´ÒÌ Ô²¥³¥´Éμ¢. ƒ· ´¨Í  μ¡² ¸É¨ Ë¥·-
·μ³ £´¥É¨±  Γ± ³μ¦¥É ¨³¥ÉÓ ·¥¡·  (Ê£²μ¢Ò¥
ÉμÎ±¨), É. ¥. ¢ ³ É¥³ É¨Î¥¸±μ³ ¸³Ò¸²¥ Ö¢²ÖÉÓ¸Ö
´¥£² ¤±μ°, ´¥¤¨ËË¥·¥´Í¨·Ê¥³μ°. �  ·¨¸. 1 ¶·¨-
¢¥¤¥´  μ¡² ¸ÉÓ ¸ ¤¢Ê³Ö Ê£²μ¢Ò³¨ ÉμÎ± ³¨ P
¨ Q ¸ Ê£² ³¨ · ¸É¢μ·  ωP ¨ ωQ ¸μμÉ¢¥É¸É¢¥´´μ.
ˆ§¢¥¸É´μ, ÎÉμ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò, ¨¸¶μ²Ó§Ê¥³Ò¥
¶·¨ ·¥Ï¥´¨¨ ²¨´¥°´μ° § ¤ Î¨, ³μ£ÊÉ ¨³¥ÉÓ ¸Ê-
Ð¥¸É¢¥´´ÊÕ ¶μ£·¥Ï´μ¸ÉÓ ¢ μ±·¥¸É´μ¸ÉÖÌ Ê£²μ-
¢ÒÌ ÉμÎ¥± ωP ¨²¨ ωQ.
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‚μ¶·μ¸ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ μ¸μ¡¥´´μ¸É¨ Ê ·¥Ï¥´¨° ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ Ê· ¢´¥´¨° Ô²²¨¶É¨Î¥¸±μ£μ É¨¶  ¢ μ¡² ¸ÉÖÌ ¸ Ê£² ³¨ ¡Ò² · ¸¸³μÉ·¥´
¢μ ³´μ£¨Ì · ¡μÉ Ì.

‚ · ¡μÉ¥ ‚.‚.”Ê¢ ¥¢  [6] · ¸¸³μÉ·¥´  § ¤ Î  „¨·¨Ì²¥ ´  ¶²μ¸±μ° μ¡² -
¸É¨ ¸ ±Ê¸μÎ´μ-£² ¤±μ° £· ´¨Í¥° ¤²Ö Ê· ¢´¥´¨Ö ‹ ¶² ¸ . …. �. ‚μ²±μ¢Ò³ [7]
¨¸¸²¥¤μ¢ ´μ, ¶·¨ ± ±¨Ì Ê¸²μ¢¨ÖÌ ·¥Ï¥´¨Ö ¶¥·¢μ°, ¢Éμ·μ° ¨ ¸³¥Ï ´´μ° ±· -
¥¢μ° § ¤ Î ¤²Ö Ê· ¢´¥´¨Ö �Ê ¸¸μ´  ¢ ¶·Ö³μÊ£μ²Ó´μ° μ¡² ¸É¨ D ¶·¨´ ¤²¥¦ É
± ±² ¸¸Ê Ck,λ(D). �μ¤ ±² ¸¸μ³ Ck,λ(D) ¶μ´¨³ ¥É¸Ö ±² ¸¸ ´¥¶·¥·Ò¢´μ ¤¨Ë-
Ë¥·¥´Í¨·Ê¥³ÒÌ k · § ¢ D ËÊ´±Í¨°,   ¢¸¥ k-¥ ¶·μ¨§¢μ¤´Ò¥ Ê¤μ¢²¥É¢μ·ÖÕÉ
Ê¸²μ¢¨Õ ƒß²Ó¤¥·  ¢ D ¸ ¶μ± § É¥²¥³ λ. ˆ³ ¦¥ ¢ · ¡μÉ Ì [8Ä10] μ¶¨¸ ´Ò
· §²¨Î´Ò¥ ¶·¨¥³Ò ¶μ¸É·μ¥´¨Ö · §´μ¸É´ÒÌ ¸Ì¥³ ¤²Ö Ê· ¢´¥´¨° ‹ ¶² ¸  ¨
�Ê ¸¸μ´ ,   É ±¦¥ ¶·¥¤²μ¦¥´ ³¥Éμ¤ ¸£ÊÐ¥´¨Ö ¸¥É±¨ ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ°
ÉμÎ±¨, ¤ ÕÐ¨° É ±μ° ¦¥ ¶μ·Ö¤μ± ¸Ìμ¤¨³μ¸É¨, ± ± ¨ ¤²Ö μ¡ÒÎ´ÒÌ ¸Ì¥³ ¢
μ¡² ¸É¨ ¸ £² ¤±μ° £· ´¨Í¥°.

�¡Ð¨° ¸²ÊÎ ° ±· ¥¢μ° § ¤ Î¨ ¤²Ö Ô²²¨¶É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö ¡Ò² · ¸-
¸³μÉ·¥´ ƒ. ˆ. �¸±¨´Ò³ [11] ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¨ ¶· -
¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö ¶·¨´ ¤²¥¦ É ¶·μ¸É· ´¸É¢Ê CN (£¤¥ N ®¤μ¸É ÉμÎ´μ¯ ¢¥-
²¨±μ). ‚.�.Šμ´¤· ÉÓ¥¢Ò³ [12] · ¸¸³μÉ·¥´ ¸²ÊÎ °, ±μ£¤  ¶· ¢ Ö Î ¸ÉÓ Ê· ¢-
´¥´¨Ö ¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¶·¨´ ¤²¥¦ É ¶·μ¸É· ´¸É¢Ê W k

2 (¶·μ¸É· ´¸É¢μ
‘. ‹. ‘μ¡μ²¥¢  [13Ä15]),   ±μÔËË¨Í¨¥´ÉÒ Ê· ¢´¥´¨Ö Å ¡¥¸±μ´¥Î´μ ¤¨ËË¥-
·¥´Í¨·Ê¥³Ò¥ ËÊ´±Í¨¨. ‚ Î ¸É´μ¸É¨, ‚.�.Šμ´¤· ÉÓ¥¢Ò³ ¡Ò²μ ¶μ± § ´μ, ÎÉμ
¤²Ö Ê· ¢´¥´¨Ö

2∑
i,j=1

aij(x)uxixj +
2∑

i=1

ai(x)uxi + cu = f, x ∈ D,

£¤¥ aij(0) = δij ,   Ê£²μ¢ Ö ÉμÎ±  ´ Ìμ¤¨É¸Ö ¢ ´ Î ²¥ ±μμ·¤¨´ É,  ¸¨³¶ÉμÉ¨± 

·¥Ï¥´¨Ö u(x) ∈ W 1
2 (D) ¶·¨ Ê¸²μ¢¨¨ f ∈ W k

2 (D) ¨ u|Γ = φ0 ∈ W
k+(3/2)
2 (Γ)

¨³¥¥É ¢¨¤

u =
∑

0<(πm/ω0)<k+1

αmqr
(πm/ω0)Pmq(r lnq r) +

∑
0�i1+i2�k+1

ai1i2x
i1
1 xi2

2 +

+
∑

2�j�k+1

rj1 lnj2 rθj1j2(ϕ) + w,

£¤¥ m, j1, j2 Å Í¥²Ò¥ Î¨¸² ; w ∈
◦

W
k+2

0 (D); Pmq Å ¶μ²¨´μ³, ±μÔËË¨Í¨-
¥´ÉÒ ±μÉμ·μ£μ Å ¡¥¸±μ´¥Î´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò¥ ËÊ´±Í¨¨, Ö¢²ÖÕÐ¨¥¸Ö ²¨-
´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ É·¨£μ´μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨°; θj1j2 Å ¡¥¸±μ´¥Î´μ
¤¨ËË¥·¥´Í¨·Ê¥³Ò¥ ËÊ´±Í¨¨; ω0 Å ¢¥²¨Î¨´  · ¸É¢μ·  Ê£²  ¢ Ê£²μ¢μ° ÉμÎ±¥
(§¤¥¸Ó ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ £· ´¨Í  μ¡² ¸É¨ ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨ μ¡· -
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§μ¢ ´  ¶·Ö³Ò³¨ ²¨´¨Ö³¨). �μ·³Ò W
k−(1/2)
2 (Γ) ¨

◦
W

k

λ(D) μ¶·¥¤¥²¥´Ò É ±:

‖φ‖2

W
k−(1/2)
2 (Γ)

= inf ‖v‖2
W k

2 (D),

‖u‖2
◦
W

k

λ(D)
=

k∑
m=0

∫∫
D

rλ−2(k−m)

∣∣∣∣∂mu

∂xm

∣∣∣∣
2

dx,

£¤¥ inf ¡¥·¥É¸Ö ¶μ ¢¸¥³ ËÊ´±Í¨Ö³ v|Γ = φ.
‚ · ¡μÉ Ì ‹.�.�£ ´¥¸Ö´  ¨ ‹.�. �ÊÌμ¢Í  [16], …. �. ‚μ²±μ¢  [10]

¸É·μÖÉ¸Ö ¢ ·¨ Í¨μ´´μ-· §´μ¸É´Ò¥ ¸Ì¥³Ò (‚�‘), ¨¸¶μ²Ó§ÊÕÐ¨¥ ¨¤¥Õ ¸£ÊÐ¥-
´¨Ö ¸¥É±¨ ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨,   É ±¦¥ ³¥Éμ¤ § ³¥´Ò ¶¥·¥³¥´´ÒÌ,
¶·¨ ±μÉμ·μ³ ¢ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ËÊ´±Í¨Ö μ¸μ¡¥´´μ¸É¨ μ± §Ò¢ ¥É¸Ö ®¤μ¸É -
ÉμÎ´μ £² ¤±μ°¯. �μÌμ¦ Ö ¨¤¥Ö ¨¸¶μ²Ó§Ê¥É¸Ö Ê J. Babuska [17] ¤²Ö ¶μ¸É·μ¥´¨Ö
‚�‘ ¤²Ö É·¥ÉÓ¥° ±· ¥¢μ° § ¤ Î¨.

‚ · ¡μÉ¥ J. Babuska, M.B. Rozenzwieg [18] μ¶¨¸ ´μ ¶μ¸É·μ¥´¨¥ ‚�‘ ³¥-
Éμ¤μ³ ƒ ²¥·±¨´ , ¢ ±μÉμ·μ³ ¶·μ¡´Ò¥ ËÊ´±Í¨¨ ¡¥·ÊÉ¸Ö ± ± ¶·μ¨§¢¥¤¥´¨¥ ²μ-
± ²Ó´ÒÌ ËÊ´±Í¨° ´  ¢¥¸μ¢Ò¥ ËÊ´±Í¨¨ Ê£²μ¢ÒÌ ÉμÎ¥± r2α, £¤¥ r Å · ¸¸ÉμÖ´¨¥
¤μ Ê£²μ¢μ° ÉμÎ±¨,   α ∈ [0, 1). ‘Ìμ¤¨³μ¸ÉÓ É ±μ£μ ³¥Éμ¤  Ê¸É ´ ¢²¨¢ ¥É¸Ö ¢
¢¥¸μ¢μ° ´μ·³¥.

’ ±¦¥ ¶μ²ÊÎ¨² · ¸¶·μ¸É· ´¥´¨¥ ³¥Éμ¤ ¢Ò¤¥²¥´¨Ö ËÊ´±Í¨¨ μ¸μ¡¥´´μ¸É¨,
±μÉμ· Ö ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨ ¨³¥¥É ¢¨¤

ψi(r, ϕ) = rλi lnpi rΦi(ϕ), (B.5)

£¤¥ Φ(ϕ) Å  ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö; λi Å ¶μ²μ¦¨É¥²Ó´ Ö ±μ´¸É ´É ; pi Å
Í¥²Ò¥ ´¥μÉ·¨Í É¥²Ó´Ò¥ Î¨¸² ; (r, ϕ) Å ¶μ²Ö·´ Ö ¸¨¸É¥³  ±μμ·¤¨´ É ¸ Í¥´-
É·μ³ ¢ Ê£²μ¢μ° ÉμÎ±¥.

‚ · ¡μÉ Ì, ´ ¶·¨³¥·, ƒ. ”¨±¸  [19], ‹. �.�£ ´¥¸Ö´ , ‹.�. �ÊÌμ¢Í ,
‚. Ÿ. �¨¢±¨´¤  [20, 21] μ¶¨¸ ´ ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ‚�‘, ±μ£¤  ¤²Ö ¶μ¢ÒÏ¥´¨Ö
ÉμÎ´μ¸É¨ ± ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ ¤μ¡ ¢²ÖÕÉ ËÊ´±Í¨Õ ¢¨¤  (B.2), ÊÎ¨ÉÒ¢ Õ-
ÐÊÕ μ¸μ¡¥´´μ¸ÉÓ ¢ Ê£²μ¢μ° ÉμÎ±¥. ‚ · ¡μÉ Ì �.�. ‘ ³ ·¸±μ£μ, ˆ. ‚.”·Ö§¨´μ-
¢  [22, 23]  ´ ²μ£¨Î´Ò° ³¥Éμ¤ ¨¸¶μ²Ó§Ê¥É¸Ö ¢ ¶μ¸É·μ¥´¨¨ · §´μ¸É´ÒÌ ¸Ì¥³
¤²Ö · §²¨Î´ÒÌ É¨¶μ¢ ±· ¥¢ÒÌ § ¤ Î.

‚ · ¡μÉ Ì �.�. ‹ ¤Ò¦¥´¸±μ°, �.�. “· ²ÓÍ¥¢μ° [24], D.Gilbarg ¨ N. S. Tru-
dinger [25] ¶μ¤·μ¡´μ · ¸¸³μÉ·¥´Ò ±¢ §¨²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö Ô²²¨¶É¨Î¥¸±μ£μ
É¨¶ . ‚ Î ¸É´μ¸É¨, · ¸¸³μÉ·¥´ ¸²ÊÎ ° ±¢ §¨²¨´¥°´μ£μ Ê· ¢´¥´¨Ö ¸ ¤¨¢¥·-
£¥´É´μ° £² ¢´μ° Î ¸ÉÓÕ, ¶μ¤μ¡´μ£μ Ê· ¢´¥´¨Õ div [μ(|∇u|)∇u] = 0, ¢Ìμ¤Ö-
Ð¥£μ ¢ ¶μ¸É ´μ¢±Ê § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ (B.1). ’ ³ ¦¥ ¤μ± § ´Ò É¥μ·¥³Ò μ
¸ÊÐ¥¸É¢μ¢ ´¨¨, ¥¤¨´¸É¢¥´´μ¸É¨ ·¥Ï¥´¨Ö u(p) ¨ μ£· ´¨Î¥´´μ¸É¨ max |∇u|
¤²Ö ±· ¥¢ÒÌ § ¤ Î ¢ μ¡² ¸ÉÖÌ ¸ £² ¤±μ° £· ´¨Í¥°. ‚ · ¡μÉ Ì, ´ ¶·¨³¥·,
‹.�.�£ ´¥¸Ö´ , ‹.�. �ÊÌμ¢Í , ‚. Ÿ. �¨¢±¨´¤  [20, 21] ¤²Ö ±· ¥¢μ° § ¤ Î¨ ¸
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±¢ §¨²¨´¥°´Ò³ Ê· ¢´¥´¨¥³ ¶·¨¢¥¤¥´μ ¶μ¸É·μ¥´¨¥ ‚�‘ ¢ μ¡² ¸É¨ ¸ £² ¤±μ°
£· ´¨Í¥°.

‚ · ¡μÉ¥ �. ƒ·¨¸¢ ·¤  [26] · ¸¸³ É·¨¢ ÕÉ¸Ö Ô²²¨¶É¨Î¥¸±¨¥ ±· ¥¢Ò¥ § -
¤ Î¨ ¢ μ¡² ¸É¨ ¸ ´¥£² ¤±μ° £· ´¨Í¥° ¨ § ¤ Î¨ ¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¸³¥-
Ï ´´μ£μ É¨¶ .

�¤´ ±μ ¤²Ö ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤ ´´Ò° ¢μ¶·μ¸ ¨§ÊÎ¥´ ³ ²μ. ‘²μ¦-
´μ¸ÉÓ ¸μ¸Éμ¨É ¢ ¶μ¸É·μ¥´¨¨ μ¡Ð¥£μ ·¥Ï¥´¨Ö ´¥²¨´¥°´μ£μ Ê· ¢´¥´¨Ö ¢ Î ¸É-
´ÒÌ ¶·μ¨§¢μ¤´ÒÌ. ‚ ²ÊÎÏ¥³ ¸²ÊÎ ¥ Ê¤ ¥É¸Ö ´ °É¨ ´¥±μÉμ·Ò¥ Î ¸É´Ò¥ ·¥-
Ï¥´¨Ö [27Ä30]. ‘ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ ³¥Éμ¤Ò ¶μ ¶μ¨¸±Ê Î ¸É´ÒÌ ·¥Ï¥-
´¨° ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨°: £·Ê¶¶μ¢μ°  ´ ²¨§ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°,
μÉ±·ÒÉÒ° ‘μËÊ¸μ³ ‹¨ [31, 32],  ´ ²¨§ �¥´²¥¢¥ [33Ä41], ¶μ¸É·μ¥´¨¥ ¶ ·Ò
‹ ±¸  [38, 42Ä44], ¨¸¶μ²Ó§μ¢ ´¨¥ ³¥Éμ¤  μ¡· É´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö [36, 38,
42, 45Ä48].

�·¨ ¨¸¸²¥¤μ¢ ´¨¨ ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢ ¦-
´ÊÕ ·μ²Ó ¨£· ÕÉ ¶·¥μ¡· §μ¢ ´¨Ö. � ¶·¨³¥·, ¶·¥μ¡· §μ¢ ´¨¥ ŠμÊ² Ä•μ¶Ë 
¶μ§¢μ²Ö¥É ¸¢¥¸É¨ Ê· ¢´¥´¨¥ 	Õ·£¥·¸  ± ²¨´¥°´μ³Ê Ê· ¢´¥´¨Õ É¥¶²μ¶·μ¢μ¤-
´μ¸É¨. “· ¢´¥´¨¥ Šμ·É¥¢¥£  Ä ¤¥ ”·¨§  ¸ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨Ö Œ¨Ê·Ò
³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¶ ·Ò ‹ ±¸ . �¡μ¡Ð¥´¨¥ Š. ƒ ·¤´¥·μ³ ¶·¥μ¡· §μ-
¢ ´¨Ö Œ¨Ê·Ò ¶μ§¢μ²¨²μ ´ °É¨ ¡¥¸±μ´¥Î´μ¥ ±μ²¨Î¥¸É¢μ § ±μ´μ¢ ¸μÌ· ´¥´¨Ö
¤²Ö Ê· ¢´¥´¨Ö Šμ·É¥¢¥£  Ä ¤¥ ”·¨§ . �¥·¥Î¨¸²¥´´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¶μ§¢μ-
²ÖÕÉ ¶·¨ ¨§¢¥¸É´μ³ ·¥Ï¥´¨¨ μ¤´μ£μ ¨§ Ê· ¢´¥´¨° ´ Ìμ¤¨ÉÓ ·¥Ï¥´¨Ö ¤·Ê£¨Ì
Ê· ¢´¥´¨° ¨, ¶μ ¸ÊÐ¥¸É¢Ê, Ö¢²ÖÕÉ¸Ö μÉμ¡· ¦¥´¨Ö³¨ ·¥Ï¥´¨° μ¤´μ£μ Ê· ¢´¥-
´¨Ö ´  ·¥Ï¥´¨¥ ¤·Ê£μ£μ.

‚ · ¡μÉ¥ [49] ¡Ò²μ ¶·¥¤²μ¦¥´μ ¨¸¶μ²Ó§μ¢ ´¨¥ ´¥²¨´¥°´μ£μ ¶·¥μ¡· §μ-
¢ ´¨Ö ‹¥¦ ´¤·  [50] ¶·¨ ¶μ¨¸±¥ ·¥Ï¥´¨° 2D-Ê· ¢´¥´¨Ö div [μ(|∇u|)∇u] = 0
¨§ ¶μ¸É ´μ¢±¨ (B.1). ‚ ·¥§Ê²ÓÉ É¥ ´¥²¨´¥°´μ¥ Ê· ¢´¥´¨¥ div [μ(|∇u|)∇u] = 0
¡Ò²μ ¸¢¥¤¥´μ ± ²¨´¥°´μ³Ê Ê· ¢´¥´¨Õ, ¸¢μ°¸É¢  ±μÉμ·μ£μ ³μ¦´μ ¡Ò²μ ¨¸¸²¥-
¤μ¢ ÉÓ Ìμ·μÏμ · §· ¡μÉ ´´Ò³  ¶¶ · Éμ³ É¥μ·¨¨ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°. �¥Ï¥-
´¨¥ ²¨´¥°´μ£μ Ê· ¢´¥´¨Ö ν ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢
·Ö¤ ¢ μ¸μ¡μ° ÉμÎ±¥ t0:

ν ∼ (t − t0)γ
+∞∑
k=0

bk(μ)(t − t0)k, (B.6)

£¤¥ ±μÔËË¨Í¨¥´ÉÒ bk ·Ö¤  (B.6) § ¢¨¸ÖÉ μÉ ËÊ´±Í¨¨ μ. �μ¸²¥ Éμ£μ ± ±
·¥Ï¥´¨¥ ²¨´¥°´μ£μ Ê· ¢´¥´¨Ö ¶μ¸É·μ¥´μ, ¥£μ ³μ¦´μ μÉμ¡· §¨ÉÓ μ¡· É´μ ¸
¶μ³μÐÓÕ μ¡· É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤·  ¨ ¶μ²ÊÎ¨ÉÓ ·¥Ï¥´¨¥ ¨¸Ìμ¤´μ£μ
´¥²¨´¥°´μ£μ Ê· ¢´¥´¨Ö div [μ(|∇u|)∇u] = 0.

’ ±¨³ μ¡· §μ³, ¤²Ö μÍ¥´±¨  ¸¨³¶ÉμÉ¨±¨ ¶μ¢¥¤¥´¨Ö ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö div [μ(|∇u|)∇u] = 0 ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨ Ë¥··μ³ £´¥É¨± 
´¥μ¡Ìμ¤¨³μ §´ ÉÓ  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨ μ(H)
¶·¨ H → +∞. ‚ · ¡μÉ Ì �. ‘.�±Ê²μ¢  ¶·¨¢¥¤¥´Ò · §²¨Î´Ò¥ ¶μ¤Ìμ¤Ò
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± μÍ¥´±¥  ¸¨³¶ÉμÉ¨±¨ μ(H). ‚ ¤ ´´μ° · ¡μÉ¥ ¡Ò²  · ¸¸³μÉ·¥´   ¸¨³¶ÉμÉ¨± 
‚¥°¸¸  [51, 52]

μ(H) = 1 +
M0

H
− M1

H2
¶·¨ H → +∞, (B.7)

£¤¥ M0, M1 Å ¶μ²μ¦¨É¥²Ó´Ò¥ ±μ´¸É ´ÉÒ. ‚ ¶¶. 1.1Ä1.3 ¤²Ö  ¸¨³¶ÉμÉ¨±¨ (B.7)
´ °¤¥´Ò ±μÔËË¨Í¨¥´ÉÒ bk ·Ö¤  (B.6) ¨ ¶μ¸É·μ¥´Ò ·¥Ï¥´¨Ö ´¥²¨´¥°´μ£μ 2D-
Ê· ¢´¥´¨Ö div [μ(|∇u|)∇u] = 0, ¢Ìμ¤ÖÐ¥£μ ¢ ¶μ¸É ´μ¢±Ê § ¤ Î¨ ³ £´¨Éμ¸É -
É¨±¨ (B.1). ‚ ¶. 1.4 ³¥Éμ¤μ³ ¢Ò¤¥²¥´¨Ö ËÊ´±Í¨¨-μ¸μ¡¥´´μ¸É¨ (B.5) ¶μ¸É·μ¥´ 
±μ´¥Î´μ-· §´μ¸É´ Ö ¸Ì¥³  ¤²Ö ±· ¥¢μ° § ¤ Î¨ ¢ μ¡² ¸É¨ ¸ Ê£²μ³.

‚ ¶. 2.1 ¡Ò²  · ¸¸³μÉ·¥´  2D-§ ¤ Î  ³ £´¨Éμ¸É É¨±¨ ¢ μ¡² ¸É¨, ¸μ¸ÉμÖ-
Ð¥° ¨§ ¤¢ÊÌ ¶μ¤μ¡² ¸É¥°: Ë¥··μ³ £´¥É¨±  ¨ ¢ ±ÊÊ³ . ƒ· ´¨Í  · §¤¥²  ¸·¥¤
Ë¥··μ³ £´¥É¨±/¢ ±ÊÊ³ ¶·¨ ÔÉμ³ ¨³¥²  Ê£²μ¢ÊÕ ÉμÎ±Ê. ‚ ± Î¥¸É¢¥ ËÊ´±-
Í¨¨ ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨ μ(H) ¡Ò²  · ¸¸³μÉ·¥´  ËÊ´±Í¨Ö μ̄(H), ±μ-
Éμ· Ö ¶·¨ H > H0 (H0 � 1) ¨³¥¥É ¢¨¤ μ̄(H) = 1. �·¨ H � H0 ËÊ´±-
Í¨Ö μ̄(H) ¸É·μ¨É¸Ö ®³ ±¸¨³ ²Ó´μ ¡²¨§±μ°¯ ± ËÊ´±Í¨¨ μ(H). � ¸¸³μÉ·¥´¨¥
ËÊ´±Í¨¨ μ̄(H) Ö¢²Ö¥É¸Ö ¢ ¦´Ò³ ¶·¨ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ § ¤ Î¨ ³ £´¨Éμ¸É -
É¨±¨. ’ ± ± ± ³ ´É¨¸¸  Î¨¸²  μ£· ´¨Î¥´ , Éμ ¤²Ö ±μ³¶ÓÕÉ¥·  ¶·¨ ¤μ¸É ÉμÎ´μ
¡μ²ÓÏμ³ §´ Î¥´¨¨ H > H0 � 1 ËÊ´±Í¨Ö μ(H) ¸É ´μ¢¨É¸Ö ®Ô±¢¨¢ ²¥´É-
´μ°¯ ËÊ´±Í¨¨ μ̄(H). ‚ ¶. 2.1 · ¸¸³ É·¨¢ ¥É¸Ö ¤μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò μ¡
μ£· ´¨Î¥´´μ¸É¨ |∇u| ¤²Ö 2D-§ ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ ¸ ËÊ´±Í¨¥° ³ £´¨É´μ°
¶·μ´¨Í ¥³μ¸É¨ μ̄(H).

‚ ¶. 2.2 ¨¸Ìμ¤Ö ¨§ ¨´É¥£· ²Ó´μ° ¶μ¸É ´μ¢±¨ 3D-§ ¤ Î¨ ³ £´¨Éμ¸É É¨±¨
¸É·μ¨É¸Ö ¢¥·Ì´ÖÖ μÍ¥´±  ³μ¤Ê²Ö ³ £´¨É´μ£μ ¶μ²Ö ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ°
ÉμÎ±¨ ¤²Ö μ¡² ¸É¨ ¢ ±ÊÊ³ . �μ²ÊÎ¥´´ Ö μÍ¥´±  ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö ¶μ¸É·μ¥-
´¨Ö  ¤ ¶É¨¢´μ° ¸¥É±¨ ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨ ¶·¨ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨
3D-§ ¤ Î¨ ³ £´¨Éμ¸É É¨±¨.

‚ ¶¶. 3.2Ä3.5 ¶·¨¢¥¤¥´μ Î¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ 3D-· ¸¶·¥¤¥²¥´¨° ³ £-
´¨É´ÒÌ ¶μ²¥° ¤²Ö ¤¥É¥±Éμ·  SPD Ê¸±μ·¨É¥²Ó´μ£μ ±μ³¶²¥±¸  NICA (�ˆŸˆ,
„Ê¡´ ). � ¸¸³μÉ·¥´Ò É·¨ μ¸´μ¢´Ò¥ ±μ´Ë¨£Ê· Í¨¨ ³ £´¨É´μ° ¸¨¸É¥³Ò SPD
NICA: ®Éμ·μ¨¤ ²Ó´ Ö¯, ®´ ¡μ· ± ÉÊÏ¥±¯, ®£¨¡·¨¤´ Ö¯. �μ²ÊÎ¥´Ò ± ·ÉÒ
³ £´¨É´ÒÌ ¶μ²¥°, ¶μ¸É·μ¥´  ± ·É  ¨´É¥£· ²μ¢ ¶μ É· ¥±Éμ·¨Ö³. ‚ ± Î¥¸É¢¥
É¥±ÊÐ¥° · ¡μÎ¥° ±μ´Ë¨£Ê· Í¨¨ ³ £´¨É´μ° ¸¨¸É¥³Ò SPD NICA ¡Ò²  ¢Ò¡· ´ 
®£¨¡·¨¤´ Ö¯ ±μ´Ë¨£Ê· Í¨Ö [53].

� ¡μÉ  ¸μ¸Éμ¨É ¨§ É·¥Ì · §¤¥²μ¢ ¨ ¢¢¥¤¥´¨Ö. ‚ · §¤. 1 · ¸¸³ É·¨¢ ¥É¸Ö
§ ¤ Î  ³ £´¨Éμ¸É É¨±¨ Éμ²Ó±μ ¢ μ¡² ¸É¨ Ë¥··μ³ £´¥É¨± , ¨³¥ÕÐ¥° ´¥£² ¤-
±ÊÕ £· ´¨ÍÊ. ‚ · §¤. 2 § ¤ Î  ³ £´¨Éμ¸É É¨±¨ · ¸¸³ É·¨¢ ¥É¸Ö ¢ μ¡² ¸É¨,
¸μ¤¥·¦ Ð¥° Ë¥··μ³ £´¥É¨±¨ ¨ ¢ ±ÊÊ³, ¶·¨ ÔÉμ³ £· ´¨Í  · §¤¥²  ¸·¥¤ Ë¥·-
·μ³ £´¥É¨±/¢ ±ÊÊ³ Ö¢²Ö¥É¸Ö ´¥£² ¤±μ°. ‚ · §¤. 3 · ¸¸³μÉ·¥´μ Î¨¸²¥´´μ¥ ³μ-
¤¥²¨·μ¢ ´¨¥ ±μ´±·¥É´ÒÌ ³ £´¨É´ÒÌ ¸¨¸É¥³ ´  ¶·¨³¥·¥ ¤¥É¥±Éμ·  SPD ¤²Ö
±μ³¶²¥±¸  NICA.
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1. ‡�„�—� Œ�ƒ�ˆ’�‘’�’ˆŠˆ ‚ ��‹�‘’ˆ ”…���Œ�ƒ�…’ˆŠ�

‚ ÔÉμ³ · §¤¥²¥ · ¸¸³ É·¨¢ ¥É¸Ö § ¤ Î  ³ £´¨Éμ¸É É¨±¨ (B.1) Éμ²Ó±μ ¤²Ö
μ¡² ¸É¨ Ë¥··μ³ £´¥É¨±  Ωf , É. ¥. μ¡² ¸ÉÓ ¢ ±ÊÊ³  Ωv μÉ¸ÊÉ¸É¢Ê¥É. ƒ· ´¨Í  Γ
μ¡² ¸É¨ Ωf ¶·¨ ÔÉμ³ Ö¢²Ö¥É¸Ö ±Ê¸μÎ´μ-£² ¤±μ°, É. ¥. ¨³¥¥É Ê£²μ¢Ò¥ ÉμÎ±¨.

1.1. �μ¸É ´μ¢±  § ¤ Î¨. �·¨ · ¸¸³μÉ·¥´¨¨ § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨
Éμ²Ó±μ ¢ μ¡² ¸É¨ ¦¥²¥§ /Ë¥··μ³ £´¥É¨±  Ωf ¤¨ËË¥·¥´Í¨ ²Ó´ Ö ¶μ¸É ´μ¢± 
(B.1) ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´  ± ±· ¥¢μ° § ¤ Î¥ ¢¨¤ 

div [μ(|∇u(p)|)∇u(p)] = 0, p ∈ Ωf ,

u|Γ = Ψ(p), p ∈ Γ,
(1.1)

£¤¥ μ¡² ¸ÉÓ Ωf ¨³¥¥É ´¥£² ¤±ÊÕ £· ´¨ÍÊ Γ (¸³. ·¨¸. 1). ‚ ¤ ´´μ³ · §¤¥²¥
· ¸¸³ É·¨¢ ¥É¸Ö ¸²ÊÎ °, ±μ£¤  μ¡² ¸ÉÓ Ωf ⊂ R

2. Š ± ¡Ò²μ ¶μ± § ´μ ¢ · -
¡μÉ¥ [49] c ¶μ³μÐÓÕ ´¥²¨´¥°´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤·  [50], Ê· ¢´¥-
´¨¥ (1.1) ³μ¦´μ ¸¢¥¸É¨ ± ²¨´¥°´μ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ ¢Éμ·μ£μ
¶μ·Ö¤± . �·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤·  μ¸´μ¢ ´μ ´  Éμ³, ÎÉμ ´¥±μÉμ· Ö ¶μ¢¥·Ì-
´μ¸ÉÓ u(x, y) § ¤ ¥É¸Ö ´¥ ± ± ³´μ¦¥¸É¢μ ÉμÎ¥± (u, x, y),   ± ± ³´μ¦¥¸É¢μ
± ¸ É¥²Ó´ÒÌ ± ´¥° ¶²μ¸±μ¸É¥°. ’ ±μ¥ μÉμ¡· ¦¥´¨¥ μÉ²¨Î ¥É¸Ö μÉ ¶·μ¸Éμ£μ
¶·¥μ¡· §μ¢ ´¨Ö ±μμ·¤¨´ É É¥³, ÎÉμ μ´μ ¸É ¢¨É ¢ ¸μμÉ¢¥É¸É¢¨¥ ´¥ ÉμÎ±¥ ÉμÎ±Ê,
  Ô²¥³¥´ÉÊ ¶μ¢¥·Ì´μ¸É¨ (x, y, u, ux, uy) Ô²¥³¥´É ¶μ¢¥·Ì´μ¸É¨ (ξ, η, ω, ωξ, ωη).
‘¶· ¢¥¤²¨¢Ò ¸μμÉ´μÏ¥´¨Ö

ω(ξ, η) + u(x, y) = xξ + yη, ξ = ux, η = uy,

x = ωξ, y = ωη, uxx = Jωηη, uxy = −Jωξη, uyy = Jωξξ,
(1.2)

£¤¥ J = uxxuyy −u2
xy = 1/(ωξξωηη − ω2

ξη) Å Ö±μ¡¨ ´ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´-
¤· . ‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥´¨¥ (1.1) ¶·¨´¨³ ¥É ¢¨¤

[1 + ξ2f(τ)]ωηη − 2ξηf(τ)ωξη + [1 + η2f(τ)]ωξξ = 0, (1.3)

£¤¥ f(τ) det= μ′(τ)/μ(τ)τ , τ =
√

ξ2 + η2. ‡ ³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥-
´¨¥ (1.3) Ö¢²Ö¥É¸Ö ²¨´¥°´Ò³ ¢ μÉ²¨Î¨¥ μÉ ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö (1.1). …¸²¨
·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.3) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ

|∇ω(ξ, η)| → 0 ¶·¨ (ξ, η) → ∞, (1.4)

Éμ ·¥Ï¥´¨Ö É¨¶  (1.4) ¶·¨ ¶·¥μ¡· §μ¢ ´¨¨ (1.2) ¡Ê¤ÊÉ ¤ ¢ ÉÓ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö (1.1), μ¡² ¤ ÕÐ¨¥ ¸¢μ°¸É¢μ³

|∇u(x, y)| → ∞ ¶·¨ (x, y) → 0. (1.5)

�μ³¨³μ ·¥Ï¥´¨° É¨¶  (1.5) Ê· ¢´¥´¨¥ (1.1) ³μ¦¥É ¨³¥ÉÓ ·¥Ï¥´¨Ö ¸ μ£· ´¨-
Î¥´´Ò³ |∇u|; ¤²Ö ÔÉμ£μ μ¡² ¸ÉÓ, ¢ ±μÉμ·μ° ¨Ð¥É¸Ö ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.3),
¤μ²¦´  ¡ÒÉÓ μ£· ´¨Î¥´´μ°.
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�·¨ ¶¥·¥Ìμ¤¥ ¢ ¶μ²Ö·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É Ê· ¢´¥´¨¥ (1.3) ¶·¨´¨-
³ ¥É ¢¨¤

vττ + a(τ)
(

1
τ
vτ +

1
τ2

vθθ

)
= 0, (1.6)

£¤¥ a(τ) det= 1 + τ2f(τ), ω(ξ, η) = ω(τ cos θ, τ sin θ) det= v(τ, θ). ˆÐ  ·¥Ï¥-
´¨¥ Ê· ¢´¥´¨Ö (1.6) ¢ Ë ±Éμ·¨§μ¢ ´´μ³ ¢¨¤¥ v ∼ Υ(τ)Θ(θ), ¶μ²ÊÎ¨³ ¤¢ 
Ê· ¢´¥´¨Ö ´  · ¤¨ ²Ó´ÊÕ ¨ Ê£²μ¢ÊÕ ±μ³¶μ´¥´ÉÊ ¸μμÉ¢¥É¸É¢¥´´μ:

Υ′′ + a(τ)
(

1
τ

Υ′ − γ2

τ2
Υ
)

= 0, Θ′′ + γ2Θ = 0, (1.7)

£¤¥ γ = const. ”Ê´±Í¨Ö Θ(θ) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¸Ê¶¥·¶μ§¨Í¨¨ ËÊ´±Í¨°
sin (γθ) ¨ cos (γθ). ”Ê´±Í¨Ö Υ(τ) ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢ ·Ö¤ ¢
μ±·¥¸É´μ¸É¨ μ¸μ¡μ° ÉμÎ±¨:

Υ1(τ) = τν
+∞∑
k=0

akτk,

Υ2(τ) = τ−ν
+∞∑
k=0

bkτk ¨²¨ Υ2(τ) = αΥ1(τ) ln τ + βτν
+∞∑
k=0

ckτk.

(1.8)

�  μ¸´μ¢ ´¨¨ (1.7), (1.8) μ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.6) (¨²¨ (1.3)) ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ Ëμ·³ ²Ó´μ£μ ·Ö¤ 

ω(ξ, η) = v(τ, θ) =
∑

γ

Υγ(τ)Θγ(θ). (1.9)

„ ²¥¥, ¨¸¶μ²Ó§ÊÖ ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤·  (1.2), ·¥Ï¥´¨¥ (1.9) ´¥μ¡Ìμ¤¨³μ
¶¥·¥¢¥¸É¨ ¢ ·¥Ï¥´¨¥ u(x, y) ´¥²¨´¥°´μ£μ Ê· ¢´¥´¨Ö (1.1). �¥±μÉμ·Ò¥ Î ¸É-
´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1) ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¢ Ö¢´μ³ ¢¨¤¥,   É ±¦¥
¨¸¸²¥¤μ¢ ´Ò ¨Ì ¸¢μ°¸É¢ . � ¶·¨³¥·, ¶·¨ γ = 0 ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (1.7)Ä(1.9)
¨ (1.2) ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1) ¶·¨´¨³ ¥É ¢¨¤

u(x, y) = C1 arctg
( y

x

)
+ C2 = C1ϕ + C2, (1.10)

£¤¥ x = r cosϕ, y = r sin ϕ. ‚¨¤´μ, ÎÉμ ¢ Ê£²μ¢μ° ÉμÎ±¥ (´ Î ²μ ±μμ·¤¨´ É)
·¥Ï¥´¨¥ (1.10) ´¥ μ¶·¥¤¥²¥´μ,   §´ Î¥´¨¥ |∇u| = C1/r ´¥μ£· ´¨Î¥´´μ · ¸É¥É
¶·¨ ¶·¨¡²¨¦¥´¨¨ ± ´ Î ²Ê ±μμ·¤¨´ É.

�¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¤·Ê£¨³ §´ Î¥´¨Ö³ γ, ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò
¶·¨ ·¥Ï¥´¨¨ ±· ¥¢ÒÌ § ¤ Î ¢ μ¡² ¸ÉÖÌ ¸ Ê£² ³¨ (´ ¶·¨³¥·, § ¤ Î¨ „¨·¨Ì²¥
¤²Ö ´¥²¨´¥°´μ£μ Ê· ¢´¥´¨Ö (1.1)).
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1.2. �¥Ï¥´¨Ö ¸ μ£· ´¨Î¥´´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨. Šμ´±·¥É´Ò° ¢¨¤ ±μÔË-
Ë¨Í¨¥´Éμ¢ ak, bk ¨²¨ ck ¢ ¢Ò· ¦¥´¨¨ (1.8) § ¢¨¸¨É μÉ ¢¨¤  ËÊ´±Í¨¨ a(τ).
‚ · ¡μÉ Ì [51, 52] ¶·¨ ¡μ²ÓÏ¨Ì ¶μ²ÖÌ (H = |∇u| → +∞) ¤²Ö Ë¥··μ³ £´¥-
É¨±μ¢ Ê± § ´   ¸¨³¶ÉμÉ¨±  ËÊ´±Í¨¨ ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨:

μ(H) > 1, (1.11)

μ(H) = 1 +
M0

H
− M1

H2
, M0 > 0, M1 � 0, (1.12)

£¤¥
H = |∇u| � H0 � 1.

�  ·¨¸. 2 ¶·¥¤¸É ¢²¥´μ ¶μ¢¥¤¥´¨¥ ´ ³ £´¨Î¥´´μ¸É¨ M ¢ § ¢¨¸¨³μ¸É¨ μÉ
¶μ²Ö H ¤²Ö ¢¥Ð¥¸É¢  ¸ ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸ÉÓÕ (1.12). ‚ ± Î¥¸É¢¥ ¶·¨-
³¥·  ¡Ò²¨ ¢§ÖÉÒ §´ Î¥´¨Ö M0 = 0,1, M1 = 0,01. �É³¥É¨³, ÎÉμ ¸ Ë¨§¨Î¥¸±μ°
ÉμÎ±¨ §·¥´¨Ö ¢¥²¨Î¨´  M0 § ¤ ¥É ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ ´ ³ £´¨Î¥´´μ¸É¨,
É ± ± ± M(H) = χ(H)H = (μ(H) − 1)H , £¤¥ χ(H) Å ³ £´¨É´ Ö ¢μ¸¶·¨¨³-
Î¨¢μ¸ÉÓ.

�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ ´ ³ £´¨Î¥´´μ¸É¨ M μÉ ´ ¶·Ö¦¥´´μ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö H

1.2.1. ‘²ÊÎ ° M1 = 0. � °¤¥³ ËÊ´±Í¨Õ Υ(τ) ¸ ËÊ´±Í¨¥° ³ £´¨É´μ°
¶·μ´¨Í ¥³μ¸É¨ (1.12). � Î´¥³ ¸μ ¸²ÊÎ Ö, ±μ£¤  M1 = 0, Éμ£¤ 

a(τ) =
τ

τ + M0
. (1.13)

“· ¢´¥´¨¥ (1.7) ¤²Ö ËÊ´±Í¨¨ Υ(τ) ¶·¨³¥É ¢¨¤

Υ′′ +
1

τ + M0
Υ′ − γ2

τ(τ + M0)
Υ = 0. (1.14)

�μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ (1.14) ³μ¦¥É ¡ÒÉÓ ¶·¨¢¥¤¥´μ ± Ê· ¢´¥´¨Õ É¨¶  Ÿ±μ¡¨
´  ±μ´¥Î´μ³ μÉ·¥§±¥:

σ(τ)u′′ + κ(τ)u′ + λu = 0, (1.15)
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£¤¥
σ(τ) = Aτ2 + Bτ + C, κ(τ) = Dτ + E, λ = const.

“· ¢´¥´¨¥ (1.14) Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ Ê· ¢´¥´¨Ö (1.15) ¶·¨ A = 1,
B = M0, C = 0, D = 1, E = 0, λ = −γ2, É. ¥.

σ(τ) = τ2 + M0τ, κ(τ) = τ, λ = −γ2. (1.16)

Š ± ¨§¢¥¸É´μ, Ê· ¢´¥´¨¥ Ÿ±μ¡¨ (1.15) ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´μ ¢ ¢¨¤¥

d

dτ
ρ(τ)σ(τ)

du

dτ
+ λρu = 0, (1.17)

£¤¥ ËÊ´±Í¨Ö ρ(τ) Ê¤μ¢²¥É¢μ·Ö¥É ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê ¸μμÉ´μÏ¥´¨Õ

[ρ(τ)σ(τ)]′

ρ(τ)
= κ(τ) ¨²¨

d

dτ
ln [ρ(τ)σ(τ)] =

κ(τ)
σ(τ)

. (1.18)

’ ±¨³ μ¡· §μ³, ¤²Ö Ê· ¢´¥´¨Ö (1.14) ËÊ´±Í¨Ö ρ(τ) ³μ¦¥É ¡ÒÉÓ ´ °¤¥´  ¨§
(1.18) ¸ ÊÎ¥Éμ³ (1.16):

ln [ρ(τ)σ(τ)] =
∫

dτ

τ + M0
= ln [τ + M0] + C, ρ(τ) =

C0(τ + M0)
τ(τ + M0)

=
C0

τ
.

(1.19)
’ ± ± ± ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.17) μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ³´μ¦¨É¥²Ö,
Éμ, ´¥ μ£· ´¨Î¨¢ Ö μ¡Ð´μ¸É¨, ¶μ¸ÉμÖ´´ÊÕ ¢¥²¨Î¨´Ê C0 ¢ (1.19) ³μ¦´μ ¶μ-
²μ¦¨ÉÓ · ¢´μ° ¥¤¨´¨Í¥. Š ± ¨§¢¥¸É´μ, ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö Ÿ±μ¡¨ Ö¢²ÖÕÉ¸Ö
¶μ²¨´μ³Ò, ¶μ²ÊÎ ¥³Ò¥ ¶μ ¸²¥¤ÊÕÐ¥° Ëμ·³Ê²¥:

Pn(τ) =
Bn

ρ(τ)
dn

dτn
[ρ(τ)σ(τ)n ], (1.20)

£¤¥ Bn Å ¶μ¸ÉμÖ´´ Ö ¢¥²¨Î¨´ , ±μÉμ· Ö ³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´  ¨§ Ê¸²μ¢¨Ö
´μ·³¨·μ¢±¨ ¶μ²¨´μ³μ¢ ´  μÉ·¥§±¥ [−M0, 0]. �É³¥É¨³, ÎÉμ ¶μ²¨´μ³Ò (1.20)
Ö¢²ÖÕÉ¸Ö μ·Éμ£μ´ ²Ó´Ò³¨ ´  μÉ·¥§±¥ [−M0, 0]. ‚Ò¶¨Ï¥³ ¶¥·¢Ò¥ É·¨ ¶μ²¨-
´μ³  (1.20):

P1(τ) = B1τ,

P2(τ) = B2(6τ2 + 4M0τ ),

P3(τ) = 6B3(10τ3 + 12M0τ
2 + 3M2

0 τ ).

(1.21)

ƒ· Ë¨±¨ ¶μ²¨´μ³μ¢ (1.21) ¨§μ¡· ¦¥´Ò ´  ·¨¸. 3 ¶·¨ M0 = 1.
‡ ³¥É¨³, ÎÉμ ÌμÉÖ ¶μ²¨´μ³Ò μ·Éμ£μ´ ²Ó´Ò ´  μÉ·¥§±¥ [−M0, 0], ¸ Ë¨-

§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¨´É¥·¥¸´Ò ¶μ²¨´μ³Ò ´  ¶μ²Ê¨´É¥·¢ ²¥ [0, +∞), É ±
± ± · ¤¨Ê¸ τ ´¥ ³μ¦¥É ¡ÒÉÓ μÉ·¨Í É¥²Ó´Ò³.
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�¨¸. 3. ƒ· Ë¨±¨ ¶μ²¨´μ³μ¢: ÏÉ·¨Ìμ¢ Ö ±·¨¢ Ö Å P1(τ ); ÏÉ·¨Ì¶Ê´±É¨·´ Ö Å P2(τ );
¸¶²μÏ´ Ö Å P3(τ )

“Î¨ÉÒ¢ Ö ¸μμÉ´μÏ¥´¨Ö (1.16), ³μ¦´μ ´ °É¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö λ ¢
Ê· ¢´¥´¨¨ (1.17) ¶μ ¨§¢¥¸É´μ° Ëμ·³Ê²¥

λn = −nκ′ − n(n − 1)
2

σ′′ = −n− n(n − 1) = −n2 = −γ2,

γn = n.

(1.22)

”μ·³ ²Ó´μ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.6) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¸²¥¤ÊÕ-
Ð¨³ ·Ö¤μ³:

v(τ, θ) =
∑

n

Pn(τ)(an cos (nθ) + bn sin (nθ)). (1.23)

—Éμ¡Ò ¶μ²ÊÎ¨ÉÓ ·¥Ï¥´¨Ö u(x, y) ´¥²¨´¥°´μ£μ Ê· ¢´¥´¨Ö (1.1), ´¥μ¡Ìμ¤¨³μ
¶·¨³¥´¨ÉÓ ± ·¥Ï¥´¨Õ (1.23) μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤· . „²Ö ÔÉμ£μ
´¥μ¡Ìμ¤¨³μ ·¥Ï¨ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨°{

x = ωξ(ξ, η),
y = ωη(ξ, η),

£¤¥ ω(τ cos θ, τ sin θ) = v(τ, θ), (1.24)

μÉ´μ¸¨É¥²Ó´μ ξ = ξ(x, y), η = η(x, y) ¨ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö Ëμ·³Ê²μ°

u(x, y) = x · ξ(x, y) + y · η(x, y) − ω(ξ(x, y), η(x, y)). (1.25)

�  ·¨¸. 4 ¶·¨¢¥¤¥´ £· Ë¨± ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1), ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ·¥Ï¥-
´¨Õ (1.6):

v2(τ, θ) = P2(τ) cos(2θ), (1.26)

¸ ËÊ´±Í¨¥° ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨ (1.12) ¶·¨ M1 = 0. �  ·¨¸. 5 ¶·¨¢¥¤¥´
£· Ë¨± ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1), ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ·¥Ï¥´¨Õ (1.6):

v3(τ, θ) = P3(τ) cos(3θ). (1.27)
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�¨¸. 4. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1), ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ (1.26)

�¨¸. 5. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1), ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ (1.27)

Š ± ¢¨¤´μ, ¶·¨¢¥¤¥´´Ò¥ £· Ë¨±¨ ·¥Ï¥´¨° (·¨¸. 4, 5) μ¡² ¤ ÕÉ μ£· ´¨Î¥´-
´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨. �¤´ ±μ ´  ·¨¸. 5 ¢¨¤´μ, ÎÉμ ·¥Ï¥´¨¥ ´¥ Ö¢²Ö¥É¸Ö ´¥-
¶·¥·Ò¢´Ò³ ¢¤μ²Ó μ¸¨  ¡¸Í¨¸¸ OX . �´ ²μ£¨Î´μ ³μ£ÊÉ ¡ÒÉÓ ¶μ¸É·μ¥´Ò £· -
Ë¨±¨ μ¸É ²Ó´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (1.1), ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥Ï¥´¨Ö³ Ê· ¢-
´¥´¨Ö (1.6) ¢¨¤  (1.23).

1.2.2. ‘²ÊÎ ° M1 
= 0. � ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  M1 
= 0, Éμ£¤  ¢Ò· ¦¥-
´¨¥ (1.13) ¶·¨³¥É ¢¨¤

a(τ) =
τ2 + M1

τ2 + M0τ − M1
. (1.28)
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‡ ³¥É¨³, ÎÉμ ¢ Î ¸É´μ³ ¸²ÊÎ ¥ ¶·¨ M1 = 0 ¢Ò· ¦¥´¨¥ (1.28) ¶¥·¥°¤¥É
¢ (1.13). “· ¢´¥´¨¥ (1.7) ¸ ÊÎ¥Éμ³ (1.28) ¶¥·¥°¤¥É ¢

Υ′′ +
τ2 + M1

τ(τ2 + M0τ − M1)
Υ′ − γ2(τ2 + M1)

τ2(τ2 + M0τ − M1)
Υ = 0. (1.29)

�¥Ï¥´¨¥ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ·Ö¤ 

Υ(τ) = τν
+∞∑
k=0

akτk. (1.30)

„¨ËË¥·¥´Í¨·ÊÖ ·Ö¤ (1.30) ¨ ¶μ¤¸É ¢²ÖÖ ¢ Ê· ¢´¥´¨¥ (1.29), ¶μ²ÊÎ¨³

τ2(τ2 + M0τ − M1)

[
ν(ν − 1)τν−2

+∞∑
k=0

akτk + 2ντν−1
+∞∑
k=1

akkτk−1+

+ τν
+∞∑
k=2

akk(k − 1)τk−2

]
+τ(r2 + M1)

[
ντν−1

+∞∑
k=0

akτk + τν
+∞∑
k=1

akkτk−1

]
−

− γ2(τ2 + M1)τν
+∞∑
k=0

akτk = 0. (1.31)

�·¨· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨ μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ ¶μ τ , ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö ´  ±μÔËË¨Í¨¥´ÉÒ ak. � ¶·¨³¥·, ¤²Ö τν ¶μ²ÊÎ¨³

−ν(ν − 1)a0M1 + νa0M1 − γ2a0M1 = 0. (1.32)

’ ± ± ± a0 
= 0, M1 
= 0, ¨§ (1.32) ¶μ²ÊÎ ¥³

ν2 − 2ν + γ2 = 0, D = 4(1 − γ2) � 0, ¥¸²¨ |γ| � 1,

ν1,2 = 1 ±
√

1 − γ2.
(1.33)

„²Ö ±μÔËË¨Í¨¥´Éμ¢ ¶·¨ τν+1 ¶μ²ÊÎ¨³

−ν(ν − 1)M1a1 + ν(ν − 1)M0a0 − 2νM1a1 + νM1a1 + M1a1 − γ2M1a1 = 0,

−M1a1(ν2 + γ2 − 1) + ν(ν − 1)M0a0 = 0.
(1.34)

‘ ÊÎ¥Éμ³ (1.33) ¢Ò· ¦¥´¨¥ (1.34) ¤ ¸É §´ Î¥´¨¥ ±μÔËË¨Í¨¥´É  a1 Î¥·¥§ a0:

a1 = a0
M0

M1

ν(ν − 1)
2ν − 1

. (1.35)
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�´ ²μ£¨Î´Ò³ μ¡· §μ³ ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ ¶·¨ τν+2 ¸ ÊÎ¥Éμ³ (1.33) ¶μ²ÊÎ ¥³

a0[ν(ν − 1) + ν − γ2] + a1M0[ν(ν − 1) + 2ν] +

+ a2M1[−ν(ν − 1) − 4ν − 2 + ν + 2 − γ2] = 0,

a0(ν2 − γ2) + a1M0ν(ν + 1) − (ν2 + 2ν + γ2)a2M1 = 0, (1.36)

a2 =
a0(ν2 − γ2) + a1M0ν(ν + 1)

4νM1
.

‚Ò· ¦¥´¨¥ (1.36) ¤²Ö ±μÔËË¨Í¨¥´É  a2 ¸ ÊÎ¥Éμ³ ¢Ò· ¦¥´¨Ö (1.35) ¤²Ö
±μÔËË¨Í¨¥´É  a1 ³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´μ Éμ²Ó±μ Î¥·¥§ ±μÔËË¨Í¨¥´É a0 ¢ ¢¨¤¥

a2 =
a0(ν2 − γ2)

4νM1
+

a0M
2
0

4νM2
1

ν2(ν2 − 1)
2ν − 1

=

= a0
(ν2 − γ2)(2ν − 1)M1 + M2

0 ν2(ν2 − 1)
4νM2

1 (2ν − 1)
. (1.37)

� °¤¥³ μ¡Ð¨° ¢¨¤ ¢Ò· ¦¥´¨Ö ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ´μ³¥·  k ±μÔËË¨Í¨¥´-
É  ak. „²Ö ´ Î ²  ¶¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨¥ (1.31) ¢ ¢¨¤¥

τ2(τ2 + M0τ − M1)×

×
[
ν(ν − 1)τν−2

+∞∑
k=0

akτk + 2ντν−1
+∞∑
k=1

akkτk−1 + τν
+∞∑
k=2

akk(k − 1)τk−2

]
+

+ τ(τ2 + M1)

[
ντν−1

+∞∑
k=0

akτk + τν
+∞∑
k=1

akkτk−1

]
−

− γ2(τ2 + M1)τν
+∞∑
k=0

akτk = 0,

(1.38)+∞∑
k=0

τk{ν(ν − 1)ak(τ2 + M0τ − M1) + 2νak+1(k + 1)(τ3 + M0τ
2 − M1τ )+

+ ak+2(k + 2)(k + 1)(τ4 + M0τ
3 − M1τ

2) + νak(τ2 + M1)+

+ak+1(k + 1)(τ3 + M1τ ) − γ2ak(τ2 + M1)} = 0.

‚Ò· ¦¥´¨¥ ¢ Ë¨£Ê·´ÒÌ ¸±μ¡± Ì (1.38) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

τ4[ak+2(k + 2)(k + 1)] + τ3[2ν(k + 1)ak+1 + ak+2(k + 2)(k + 1)M0+

+ak+1(k + 1)]+ τ2[ν(ν − 1)ak +2νak+1(k + 1)M0−M1ak+2(k + 2)(k + 1)+

+ νak − γ2ak] + τ [ν(ν − 1)akM0 − 2νak+1(k + 1)M1 + ak+1(k + 1)M1]−
− ν(ν − 1)akM1 + νakM1 − γ2akM1 = 0. (1.39)
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�·¨· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨ μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ ¶μ τ ¢ ¢Ò· ¦¥-
´¨¨ (1.38), ¸ ÊÎ¥Éμ³ (1.39) ¶μ²ÊÎ¨³

ak+2(k + 2)(k + 1)+2ν(k + 2)ak+2+ak+3(k + 3)(k + 2)M0+ak+2(k + 2)+

+ν(ν − 1)ak+2+2νak+3(k + 3)M0−M1ak+4(k + 4)(k + 3)+νak+2−γ2ak+2+
+ ν(ν − 1)ak+3M0 − 2νak+4(k + 4)M1 + ak+4(k + 4)M1−

− ν(ν − 1)ak+4M1 + νak+4M1 − γ2ak+4M1 = 0. (1.40)

„¥² Ö Ô²¥³¥´É ·´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¢ (1.40), ¸ ÊÎ¥Éμ³ (1.33) ¶μ²ÊÎ¨³
¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ±μÔËË¨Í¨¥´É ³¨ ak+4 ¨ ak+2, ak+3:

ak+4M1[−(k + 4)(k + 3) − 2ν(k + 4) + (k + 4) − ν(ν − 1) + ν − γ2]+
+ ak+3M0[(k + 3)(k + 2) + 2ν(k + 3) + ν(ν − 1)]+

+ ak+2[(k + 2)(k + 1) + 2ν(k + 2) + (k + 2) + ν(ν − 1) + ν − γ2] = 0,

− ak+4M1(k + 4)(k + 2 + 2ν) + ak+3M0[(k + 3)(k + 2 + 2ν)+

+ ν(ν − 1)] + ak+2[(k + 2)(k + 2ν + 2) + ν2 − γ2] = 0,

¨²¨

ak+4 =
ak+3M0[(k + 3)(k + 2 + 2ν) + ν(ν − 1)]

M1(k + 4)(k + 2 + 2ν)
+

+
ak+2[(k + 2)(k + 2ν + 2) + ν2 − γ2]

M1(k + 4)(k + 2 + 2ν)
,

¨²¨

ak+2 =
ak+1M0[(k + 1)(k + 2ν) + ν(ν − 1)]

M1(k + 2)(k + 2ν)
+

ak[k(k + 2ν) + ν2 − γ2]
M1(k + 2)(k + 2ν)

.

(1.41)
�μ¸É·μ¨³ £· Ë¨±¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1), ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ (1.30), ¸

±μÔËË¨Í¨¥´É ³¨ (1.41), ÊÎ¨ÉÒ¢ Ö Ê¸²μ¢¨Ö ¤²Ö §´ Î¥´¨° ν (1.33). �  ·¨¸. 6
¶·¨¢¥¤¥´ £· Ë¨± ËÊ´±Í¨¨ ·¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° §´ Î¥´¨Ö³

γ = 0,9, ν1 = 1 +
√

1 − γ2 ≈ 1,436, M0 = 1, M1 = 0,01,

v(τ, θ) = τν1

+∞∑
k=0

akτk cos (ν1θ).
(1.42)

�  ·¨¸. 6 ¢ ´ Î ²¥ ±μμ·¤¨´ É ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1) Ö¢²Ö¥É¸Ö £² ¤±¨³ ¨
μ¡² ¤ ¥É μ£· ´¨Î¥´´Ò³¨ ¶¥·¢Ò³¨ ¶·μ¨§¢μ¤´Ò³¨. �£· ´¨Î¥´´μ¸ÉÓ ¶¥·¢ÒÌ
¶·μ¨§¢μ¤´ÒÌ ¨ ´¥¶·¥·Ò¢´μ¸ÉÓ ·¥Ï¥´¨Ö ¢ ´ Î ²¥ ±μμ·¤¨´ É ¸²¥¤Ê¥É ¨§ ¶·¥-
μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤·  (1.24), (1.25) ¨ Ê¸²μ¢¨Ö ν1 > 1. �·¨ · ¸¸³μÉ·¥´¨¨
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�¨¸. 6. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1), ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ (1.42)

¢Éμ·μ£μ ±μ·´Ö ν2 Ì · ±É¥·¨¸É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö (1.33) ¶μ²ÊÎ ¥³ §´ Î¥´¨¥
³¥´ÓÏ¥ ¥¤¨´¨ÍÒ:

γ = 0,9, ν2 = 1 −
√

1 − γ2 ≈ 0,564. (1.43)

’ ± ± ± ¶·¨ ¶·¥μ¡· §μ¢ ´¨¨ ‹¥¦ ´¤·  (1.24), (1.25) ¤¨ËË¥·¥´Í¨·Ê¥É¸Ö
ËÊ´±Í¨Ö v(τ, θ), ±μÉμ· Ö ¢ μ±·¥¸É´μ¸É¨ ´ Î ²  ±μμ·¤¨´ É v(τ, θ) ∼ τν2 ,
£¤¥ ¢ ¸¨²Ê (1.43) ν2 < 1, ÉμÎ± , ¢ ±μÉμ·μ° ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1) ¡Ê-
¤¥É ¨³¥ÉÓ μ£· ´¨Î¥´´Ò¥ ¶·μ¨§¢μ¤´Ò¥, ¶¥·¥°¤¥É ´  ¡¥¸±μ´¥Î´μ¸ÉÓ. �μÔÉμ³Ê
Ê¸²μ¢¨Ö (1.42) ¤ ÕÉ £² ¤±μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1) ¢ ´ Î ²¥ ±μμ·¤¨´ É,  
Ê¸²μ¢¨¥ (1.43) Å ¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥.

1.2.3. ‡ ³¥Î ´¨¥. �É³¥É¨³, ÎÉμ ¢ ¸²ÊÎ ¥, ±μ£¤  M1 = 0, ·¥Ï¥´¨¥ (1.30)
¤μ²¦´μ ¶¥·¥Ìμ¤¨ÉÓ ¢ ·¥Ï¥´¨Ö ¢¨¤  (1.21). �·μ¢¥·¨³ ÔÉμÉ Ë ±É ´¥¶μ¸·¥¤-
¸É¢¥´´μ. ‚Ò· ¦¥´¨¥ (1.34) ¶·¨ M1 = 0 ¶¥·¥°¤¥É ¢ Ê¸²μ¢¨¥

ν(ν − 1) = 0 ⇒ ν1 = 0, ν2 = 1. (1.44)

‘ ÊÎ¥Éμ³ (1.44) ¢Ò· ¦¥´¨¥ (1.31) ¶·¨³¥É ¢¨¤

(τ + M0)

[
2ν

+∞∑
k=1

akkτk +
+∞∑
k=2

akk(k − 1)τk

]
+ ν

+∞∑
k=0

akτk+1+

+
+∞∑
k=1

akkτk+1 − γ2
+∞∑
k=0

akτk+1 = 0,
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¨²¨

+∞∑
k=0

τk{(τ2 + M0τ )2νak+1(k + 1) + (τ2 + M0τ )ak+2(k + 2)(k + 1)τ+

+νakτ + ak+1(k + 1)τ2 − γ2akτ} = 0. (1.45)

‚Ò· ¦¥´¨¥ ¢ Ë¨£Ê·´ÒÌ ¸±μ¡± Ì (1.45) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ± ±

τ3ak+2(k + 2)(k + 1) + τ2[ak+1(k + 1) + 2νak+1(k + 1)+

+ M0ak+2(k + 2)(k + 1)] + τ [νak − γ2ak + 2νak+1(k + 1)M0]. (1.46)

�μ¤¸É ¢²ÖÖ (1.46) ¢ (1.45) ¨ ¶·¨· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨ μ¤¨´ ±μ¢ÒÌ
¸É¥¶¥´ÖÌ ¶μ r, ¶μ²ÊÎ¨³

ak+2(k + 2)(k + 1) + ak+2(k + 2) + 2νak+2(k + 2)+

+ M0ak+3(k + 3)(k + 2) + νak+2 − γ2ak+2 + 2νak+3(k + 3)M0 = 0,

¨²¨

ak+2[(k + 2)(k + 1) + (k + 2) + 2ν(k + 2) + ν − γ2]+
+ ak+3M0[(k + 3)(k + 2) + 2ν(k + 3)] = 0,

ak+2[(k + 2)(k + 2 + 2ν) + ν − γ2] + ak+3M0(k + 3)(k + 2 + 2ν) = 0.

„¥² Ö § ³¥´Ê k + 2 → k, ¶μ²ÊÎ¨³

ak[k(k + 2ν) + ν − γ2] + ak+1M0(k + 1)(k + 2ν) = 0,

ak+1 = −ak
k(k + 2ν) + ν − γ2

M0(k + 1)(k + 2ν)
.

(1.47)

� ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥ (1.47) ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ ak ¶·¨ · §²¨Î´ÒÌ §´ Î¥-
´¨ÖÌ ν1,2 (1.44). �·¨ v = ν1 = 0 ¢Ò· ¦¥´¨¥ (1.47) ¶·¨´¨³ ¥É ¢¨¤

ak[k2 − γ2] + ak+1M0(k + 1)k = 0,

k = 0: − γ2a0 = 0 ⇒ a0 = 0,

k = 1: a2 = −a1
1 − γ2

2M0
,

k = 2: a3 = −a2
4 − γ2

6M0
= a1

1 − γ2

2M0

4 − γ2

6M0
,

k = 3: a4 = −a3
9 − γ2

12M0
= −a1

1 − γ2

2M0

4 − γ2

6M0

9 − γ2

12M0
,

. . .
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k = n: an+1 = −an
n2 − γ2

n(n + 1)M0
=

= (−1)na1
1 − γ2

2M0

4 − γ2

6M0

9 − γ2

12M0
. . .

n2 − γ2

n(n + 1)M0
. (1.48)

…¸²¨ γ = 1, Éμ ¨§ (1.48) ¸²¥¤Ê¥É, ÎÉμ a1 
= 0, a2 = a3 = . . . = 0. ‚ ÔÉμ³
¸²ÊÎ ¥ ·¥Ï¥´¨¥ (1.30) ¶·¨´¨³ ¥É ¢¨¤

Υ(τ) = a1τ ¶·¨ ν = ν1 = 0 ¨ γ = 1. (1.49)

�μ²ÊÎ¥´´μ¥ ·¥Ï¥´¨¥ (1.49) ¸μ¢¶ ¤ ¥É ¸ ·¥Ï¥´¨¥³ P1(τ) = B1τ ¨§ (1.21)
¶·¨ B1 = a1. „²Ö γ = 2 ¨§ (1.48) ¶μ²ÊÎ ¥³ a1 
= 0, a2 = a13/(2M0), a3 =
a4 = . . . = 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥ (1.30) ¨³¥¥É ¢¨¤

Υ(τ) =
a1

2M0
(3τ2 + 2M0τ ) ¶·¨ ν = ν1 = 0 ¨ γ = 2. (1.50)

�¥Ï¥´¨¥ (1.50) ¸μ¢¶ ¤ ¥É ¸μ ¢Éμ·Ò³ ·¥Ï¥´¨¥³ ¨§ (1.21) P2(τ) = B2(6τ2+
4M0τ) ¶·¨ B2 = a1/(4M0). �´ ²μ£¨Î´Ò¥ ¸μ¢¶ ¤¥´¨Ö ·¥Ï¥´¨° (1.30) ¨ (1.21)
¸¶· ¢¥¤²¨¢Ò ¤²Ö μ¸É ²Ó´ÒÌ Í¥²ÒÌ §´ Î¥´¨° γ ¶·¨ ν = ν1 = 0.

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  v = ν2 = 1. ’μ£¤  ¢Ò· ¦¥´¨¥ ¤²Ö ±μÔËË¨-
Í¨¥´Éμ¢ (1.47) ¶·¨³¥É ¢¨¤

ak+1 = −ak
k(k + 2) + 1 − γ2

M0(k + 1)(k + 2)
. (1.51)

‚Ò· ¦¥´¨¥ (1.51) ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ k ¤ ¥É ¸μμÉ´μÏ¥´¨Ö

k = 0: a1 = −a0
1 − γ2

2M0
,

k = 1: a2 = −a1
4 − γ2

6M0
= a0

1 − γ2

2M0

4 − γ2

6M0
,

. . . (1.52)

k = n: an+1 = −an
n(n + 2) + 1 − γ2

M0(n + 1)(n + 2)
=

= (−1)n+1a0
1 − γ2

2M0

4 − γ2

6M0
. . .

n(n + 2) + 1 − γ2

M0(n + 1)(n + 2)
.

Š ± ¨ · ´¥¥, · ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥ (1.52) ¤²Ö · §²¨Î´ÒÌ Í¥²ÒÌ §´ Î¥-
´¨° γ. �·¨ γ = 1 ¨§ (1.52) ¸²¥¤Ê¥É, ÎÉμ a0 
= 0, a1 = a2 = . . . = 0, É. ¥.
¨§ (1.30) ¶μ²ÊÎ ¥³

Υ(τ) = a0τ ¶·¨ ν = ν1 = 1 ¨ γ = 1. (1.53)
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�¥Ï¥´¨¥ (1.53) ¸μ¢¶ ¤ ¥É ¸ ¶¥·¢Ò³ ·¥Ï¥´¨¥³ ¨§ (1.21) ¶·¨ B1 = a1.
‚ ¸²ÊÎ ¥, ±μ£¤  γ = 2, ¨§ (1.52) ¶μ²ÊÎ ¥³ Ê¸²μ¢¨Ö ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ a0 
= 0,
a1 = a03/(2M0), a2 = a3 = . . . = 0, É. ¥. ·¥Ï¥´¨¥ (1.30) ¨³¥¥É ¢¨¤

Υ(τ) = τa0

(
1 +

3
2M0

τ

)
=

a0

2M0
(3τ2 + 2M0τ ) ¶·¨ ν = ν1 = 1 ¨ γ = 1.

(1.54)
�¥Ï¥´¨¥ (1.54) ¸μ¢¶ ¤ ¥É ¸μ ¢Éμ·Ò³ ·¥Ï¥´¨¥³ ¨§ (1.21) ¶·¨ B2 = a0/(4M0).
�´ ²μ£¨Î´Ò¥ ¸μ¢¶ ¤¥´¨Ö ·¥Ï¥´¨° (1.30) ¨ (1.21) ¨³¥ÕÉ ³¥¸Éμ ¨ ¤²Ö μ¸É ²Ó-
´ÒÌ Í¥²ÒÌ §´ Î¥´¨° γ.

’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³, ÎÉμ ¶·¨ μ¡μ¨Ì §´ Î¥´¨ÖÌ ν1,2 ¨ γ = n ·¥-
Ï¥´¨¥ (1.30) ¸ ±μÔËË¨Í¨¥´É ³¨ (1.41) ¶·¨ M1 = 0 ¶¥·¥Ìμ¤¨É ¢ ·¥Ï¥´¨¥
(1.21)/(1.20).

1.3. �¥Ï¥´¨Ö ¸ ´¥μ£· ´¨Î¥´´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨. 1.3.1. ‘²ÊÎ ° M1 = 0.
‘ ÉμÎ±¨ §·¥´¨Ö · ¸¸³μÉ·¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (1.1), μ¡² ¤ ÕÐ¨Ì ´¥μ£· -
´¨Î¥´´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨ (¢ ¤ ´´μ³ ¸²ÊÎ ¥ Å
´ Î ²μ ±μμ·¤¨´ É), ´¥μ¡Ìμ¤¨³μ ¸¤¥² ÉÓ ¶·¥μ¡· §μ¢ ´¨¥ ±μμ·¤¨´ É ¢ Ê· ¢´¥-
´¨¨ (1.14) ¢¨¤  t = 1/τ . �μ²ÊÎ¨³

T ′′ +
1 + 2M0t

t(1 + M0t)
T ′ − γ2

t2(1 + M0t)
T = 0, (1.55)

£¤¥ T (t) = Υ(1/t). �μ¸É·μ¨³ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.55) ¢ μ±·¥¸É´μ¸É¨ μ¸μ¡μ°
ÉμÎ±¨ t = 0. �¥Ï¥´¨¥ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ·Ö¤ 

T (t) = tν
+∞∑
k=0

aktk. (1.56)

„¨ËË¥·¥´Í¨·ÊÖ ·Ö¤ (1.56) ¨ ¶μ¤¸É ¢²ÖÖ ¢ Ê· ¢´¥´¨¥ (1.55), ¶μ²ÊÎ¨³

(t2 + M0t
3)

[
ν(ν − 1)tν−2

+∞∑
k=0

aktk + 2νtν−1
+∞∑
k=1

akktk−1+

+tν
+∞∑
k=2

akk(k − 1)tk−2

]
+ (t + 2M0t

2)

[
νtν−1

+∞∑
k=0

aktk + tν
+∞∑
k=1

akktk−1

]
−

− γ2tν
+∞∑
k=0

aktk = 0. (1.57)

�·¨· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨ μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ ¶μ t, ³μ¦´μ ¶μ-
²ÊÎ¨ÉÓ ·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ ak. � ¶·¨³¥·, ¤²Ö tν

¶μ²ÊÎ¨³
ν(ν − 1)a0 + νa0 − γ2a0 = 0. (1.58)
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’ ± ± ± a0 
= 0, ¨§ (1.58) ¶μ²ÊÎ ¥³

ν2 = γ2, ν = ±|γ|. (1.59)

„²Ö ±μÔËË¨Í¨¥´Éμ¢ ¶·¨ tν+1 ¶μ²ÊÎ¨³

a1[ν2 + 2ν + 1 − γ2] + a0M0ν(ν + 1) = 0. (1.60)

‘ ÊÎ¥Éμ³ (1.59) ¢Ò· ¦¥´¨¥ (1.60) ¤ ¸É §´ Î¥´¨¥ ±μÔËË¨Í¨¥´É  a1

Î¥·¥§ a0:

a1 = −a0M0
ν(ν + 1)
2ν + 1

. (1.61)

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ ¶·¨ tν+2 ¸ ÊÎ¥Éμ³ (1.59) ¶μ-
²ÊÎ ¥³

a2[ν2 + 4ν + 4 − γ2] + a1M0[ν2 + 3ν + 2] = 0,

a2 = −a1M0
ν2 + 3ν + 2

4(ν + 1)
= −a1M0

(ν + 1)(ν + 2)
4(ν + 1)

= −a1M0
(ν + 2)

4
.

(1.62)

“· ¢´¥´¨¥ (1.62) ¤²Ö ±μÔËË¨Í¨¥´É  a2 ¸ ÊÎ¥Éμ³ ¢Ò· ¦¥´¨Ö (1.61) ¤²Ö
±μÔËË¨Í¨¥´É  a1 ³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´μ Éμ²Ó±μ Î¥·¥§ ±μÔËË¨Í¨¥´É a0 ¢ ¢¨¤¥

a2 = a0M
2
0

ν(ν + 1)
2ν + 1

(ν + 2)
4

. (1.63)

� °¤¥³ μ¡Ð¨° ¢¨¤ ¢Ò· ¦¥´¨Ö ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ´μ³¥·  k ±μÔËË¨Í¨-
¥´É  ak. „²Ö ´ Î ²  ¶¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨¥ (1.57) ¢ ¢¨¤¥

+∞∑
k=0

tk{ν(ν − 1)ak + ν(ν − 1)M0t + νak + 2M0νakt − γ2ak +

+ 2νak+1(k + 1)t +2νM0ak+1(k + 1)t2 + ak+1(k + 1)t + 2M0ak+1(k + 1)t2+

+ ak+2(k + 2)(k + 1)t2+ak+2(k + 2)(k + 1)M0t
3} = 0. (1.64)

‚Ò· ¦¥´¨¥ ¢ Ë¨£Ê·´ÒÌ ¸±μ¡± Ì (1.64) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

t3M0ak+2(k + 2)(k + 1) + t2[2M0ak+1(k + 1) + ak+2(k + 2)(k + 1)+
+ 2νM0ak+1(k + 1)] + t[ν(ν − 1)Aak + 2M0νak + 2νak+1(k + 1)+

+ak+1(k + 1)] + [ν(ν − 1)ak + νak − γ2ak] = 0. (1.65)

�·¨· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨ μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ ¶μ t, ¢ ¢Ò· ¦¥´¨¨
(1.64) ¸ ÊÎ¥Éμ³ (1.65) ¶μ²ÊÎ¨³

M0ak+2(k + 2)(k + 1) + 2M0ak+2(k + 2) + ak+3(k + 3)(k + 2)+
+ 2νM0ak+2(k + 2) + ν(ν − 1)M0ak+2 + 2Aνak+2 + 2νak+3(k + 3)+

+ ak+3(k + 3) + ν(ν − 1)ak+3 + νak+3 − γ2ak+3 = 0. (1.66)
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„¥² Ö Ô²¥³¥´É ·´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¢ (1.66), ¸ ÊÎ¥Éμ³ (1.59) ¶μ²ÊÎ¨³
¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ±μÔËË¨Í¨¥´É ³¨ ak+3 ¨ ak+2:

ak+3(M0, ν) = −M0ak+2(M0, ν)
(k + 2)(k + 2ν + 3) + ν(ν + 1)

(k + 3)(k + 2ν + 3)
,

¨²¨

ak+3(M0, ν) = −M0ak+2(M0, ν)
(k + ν + 2)(k + ν + 3)
(k + 3)(k + 2ν + 3)

, (1.67)

¨²¨

ak+2(M0, ν) = −M0ak+1(M0, ν)
(k + ν + 1)(k + ν + 2)
(k + 2)(k + 2ν + 2)

.

‚Ò· ¦¥´¨¥ (1.67) § ¤ ¥É ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ±μÔËË¨Í¨¥´-
É ³¨ ·Ö¤  (1.56). —Éμ¡Ò ¶μ²ÊÎ¨ÉÓ μ¡Ð¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ±μÔËË¨Í¨¥´É  ak,
¢Ò¶¨Ï¥³ ¶μ Ëμ·³Ê²¥ (1.57) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Ëμ·³Ê² (1.61) ¨ (1.63) ±μÔË-
Ë¨Í¨¥´ÉÒ a3, a4, a5. �μ²ÊÎ¨³

a3 = −M0a2
(ν + 2)(ν + 3)

3(2ν + 3)
= −a0M

3
0

ν(ν + 1)(ν + 2)2(ν + 3)
3 · 4(2ν + 1)(2ν + 3)

=

= −a0M
3
0

ν(ν + 1)2(ν + 2)2(ν + 3)
2 · 3(2ν + 1)(2ν + 2)(2ν + 3)

, (1.68)

a4 = −M0a3
(ν + 3)(ν + 4)

4(2ν + 4)
=

= a0M
4
0

ν(ν + 1)2(ν + 2)2(ν + 3)2(ν + 4)
2 · 3 · 4(2ν + 1)(2ν + 2)(2ν + 3)(2ν + 4)

, (1.69)

a5 = −M0a4
(ν + 4)(ν + 5)

5(2ν + 5)
=

= −a0M
5
0

ν(ν + 1)2(ν + 2)2(ν + 3)2(ν + 4)2(ν + 5)
2 · 3 · 4 · 5(2ν + 1)(2ν + 2)(2ν + 3)(2ν + 4)(2ν + 5)

. (1.70)

�´ ²¨§¨·ÊÖ ¢Ò· ¦¥´¨Ö (1.68)Ä(1.70), ¶·¨Ìμ¤¨³ ± μ¡Ð¥° Ëμ·³Ê²¥ ¤²Ö
±μÔËË¨Í¨¥´É  ak:

ak = (−1)ka0M
k
0

2ν2(ν + 1)2(ν + 2)2(ν + 3)2(ν + 4)2 . . . (ν + k)2

k!2ν(2ν + 1)(2ν + 2)(2ν + 3)(2ν + 4) . . . (2ν + k)(ν + k)
,

ak = a0

(−1)kMk
0 2(ν)2k+1

k!(2ν)k+1(ν + k)
,

(1.71)
£¤¥ ¨¸¶μ²Ó§Ê¥É¸Ö μ¡μ§´ Î¥´¨¥ (ν)k+1 = ν(ν + 1) . . . (ν + k), ±μÉμ·μ¥, ± ± ¨§-
¢¥¸É´μ, ¸¢Ö§ ´μ ¸ £ ³³ -ËÊ´±Í¨¥° ¸μμÉ´μÏ¥´¨¥³

(ν)k =
Γ(ν + k)

Γ(ν)
.
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’ ± ± ± ¶μ¸ÉμÖ´´ Ö a0 ¶·μ¨§¢μ²Ó´ , ¤²Ö Ê¤μ¡¸É¢  ¢Ò¡¥·¥³ ¥¥ · ¢´μ° 1/2,
¢ ÔÉμ³ ¸²ÊÎ ¥ μ±μ´Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ±μÔËË¨Í¨¥´É  ak ¶·¨³¥É ¢¨¤

ak(M0, ν) =
(−1)kMk

0 (ν)2k+1

k!(2ν)k+1(ν + k)
. (1.72)

�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ (1.72) ¢ ·Ö¤ (1.56), ¶μ²ÊÎ¨³ ·¥Ï¥´¨Ö Ê· ¢´¥-
´¨Ö (1.55) ¢ ¢¨¤¥

T
(M0)
1,2 (t) = t±|γ|

+∞∑
k=0

(−1)kMk
0 (γ)2k+1

k!(2γ)k+1(γ + k)
tk. (1.73)

�É³¥É¨³, ÎÉμ ¥¸²¨ |γ| 
= 0, Éμ μ¤´μ ¨§ ·¥Ï¥´¨° T
(M0)
1,2 (t) ¨³¥¥É ¢ ÉμÎ±¥

t = 0 ´μ²Ó ¶μ·Ö¤±  |γ|,   ¢Éμ·μ¥ ·¥Ï¥´¨¥ ¨³¥¥É ¶μ²Õ¸ Éμ£μ ¦¥ ¶μ·Ö¤±  ¢ Éμ°
¦¥ ÉμÎ±¥. …¸²¨ |γ| = 0, Éμ ¶μ²ÊÎ ¥É¸Ö ¢Ò·μ¦¤¥´´Ò° ¸²ÊÎ °, ±μÉμ·Ò° ¡Ò²
· §μ¡· ´ · ´¥¥ ¢ · ¡μÉ¥ [49].

� ¸¸³μÉ·¨³ ¢μ¶·μ¸ μ ¸Ìμ¤¨³μ¸É¨ ·Ö¤  (1.73). ˆ¸¸²¥¤Ê¥³ ´   ¡¸μ²ÕÉ´ÊÕ
¸Ìμ¤¨³μ¸ÉÓ, ¨¸¶μ²Ó§ÊÖ ¶·¨§´ ± ¤'�² ³¡¥·  ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨ γ:

lim
k→+∞

∣∣∣∣uk+1

uk

∣∣∣∣ =

= lim
k→+∞

|M0|k+1(γ)2k+1(γ + k + 1)2|t|(2γ)k+1(γ + k)k!
(k + 1)!(2γ)k+1(2γ + k + 1)(γ + k + 1)(γ)2k+1|M0|k

=

= lim
k→+∞

|M0||t|(γ + k)(γ + k + 1)2

(k + 1)(2γ + k + 1)(γ + k + 1)
=

= lim
k→+∞

|M0||t|
(γ
k

+ 1
)(

1 +
γ + 1

k

)2

(
1 +

1
k

)(
1 +

2γ + 1
k

)(
1 +

γ + 1
k

) = lim
k→+∞

|M0||t| = |M0||t| < 1.

’ ±¨³ μ¡· §μ³, μ¡² ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ ·Ö¤  (1.73) ¨³¥¥É ¢¨¤

|t| <
1

|M0|
. (1.74)

’ ± ± ± ¢¥²¨Î¨´  t Ö¢²Ö¥É¸Ö · ¤¨Ê¸μ³-¢¥±Éμ·μ³, Éμ Ê¸²μ¢¨¥ (1.74) ³μ¦´μ
¶¥·¥¶¨¸ ÉÓ ± ±

0 � t <
1

|M0|
. (1.75)

’ ±¨³ μ¡· §μ³, ³ ±¸¨³ ²Ó´ Ö ´ ³ £´¨Î¥´´μ¸ÉÓ M0 μ¶·¥¤¥²Ö¥É · ¤¨Ê¸
¸Ìμ¤¨³μ¸É¨ ·Ö¤  (1.73). �  ·¨¸. 7 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ·¥Ï¥´¨Ö (1.73) ¤²Ö
· §²¨Î´ÒÌ §´ Î¥´¨° γ, ¨³¥ÕÐ¥£μ ´μ²Ó ¢ ÉμÎ±¥ t = 0.
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�¨¸. 7. ƒ· Ë¨± ËÊ´±Í¨° T (t)

�¨¸. 8. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1) ¶·¨ γ = 3

�¨¸. 9. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.1) ¶·¨ γ = 0,5
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�μ¸É·μ¨³ £· Ë¨± Î ¸É´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1), ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ
ËÊ´±Í¨¨

v(τ, θ) = T
(M0)
1,2

(
1
τ

)
cos (γθ). (1.76)

�·¨³¥´ÖÖ ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤·  (1.24), (1.25) ± ËÊ´±Í¨¨ (1.76), ¶μ-
²ÊÎ¨³ Î ¸É´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1.1). �  ·¨¸. 8 ¶·¨¢¥¤¥´ £· Ë¨± ËÊ´±Í¨¨,
¸μμÉ¢¥É¸É¢ÊÕÐ¨° γ = 3,   ´  ·¨¸. 9 Å γ = 1/2.

1.3.2. ‘²ÊÎ ° M1 
= 0. �Ê¸ÉÓ ¢¥²¨Î¨´  M1 ¢ ËÊ´±Í¨¨ ³ £´¨É´μ° ¶·μ-
´¨Í ¥³μ¸É¨ (1.12) É ±¦¥ μÉ²¨Î´  μÉ ´Ê²Ö. “· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ T (t)
¶·¨³¥É ¢¨¤

T ′′ +
1 + 2M0t + 3M1t

2

t(1 + M0t − M1t2)
T ′ − γ2(1 + M1t

2)
t2(1 + M0t − M1t2)

T = 0. (1.77)

‡ ³¥É¨³, ÎÉμ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.77) ¤μ²¦´μ ¶¥·¥Ìμ¤¨ÉÓ ¢ (1.73) ¶·¨
M1 = 0. 	Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ (1.77) ¢ ¢¨¤¥

T (M0,M1)(t) = tν
+∞∑
k=0

bk(M0, M1, ν)tk. (1.78)

�·μ¨§¢μ¤Ö ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ (1.78) ¨ ¶μ¤¸É ¢²ÖÖ ·¥§Ê²ÓÉ É ¢ (1.77), ¶μ-
²ÊÎ¨³

+∞∑
k=0

tk+ν{ν(ν − 1)bktk + ν(ν − 1)M0bktk+1 + 2νbk+1(k + 1)tk+1+

+ bk+2(k + 2)(k + 1)tk+2 + 2M0νbk+1(k + 1)tk+2+

+ M0bk+2(k + 2)(k + 1)tk+3 − M1ν(ν − 1)bktk+2 − 2M1νbk+1(k + 1)tk+3−
− M1bk+2(k + 2)(k + 1)tk+4 + νbktk + bk+1(k + 1)tk+1+

+ 2M0νbktk+1 + 2M0bk+1(k + 1)tk+2 − 3M1νbktk+2−
− 3M1bk+1(k + 1)tk+3 − γ2bktk − γ2M1bktk+2} = 0. (1.79)

�·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨Ö ¢ Ë¨£Ê·´ÒÌ ¸±μ¡± Ì (1.79), ¶μ²ÊÎ¨³

+∞∑
k=0

tk+ν{bk(ν2 − γ2) + t[bkν(ν − 1)M0 + 2ν(k + 1)bk+1 + (k + 1)bk+1 +

+ 2M0νbk] + t2[bk+2(k + 2)(k + 1) + 2M0ν(k + 1)bk+1 − M1ν(ν − 1)bk +

+ 2M0(k + 1)bk+1 − 3M1νbk − γ2M1bk] + t3[M0bk+2(k + 2)(k + 1)−
− 2M1νbk+1(k + 1) − 3M1(k + 1)bk+1] − t4M1(k + 2)(k + 1)bk+2} = 0.

(1.80)
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�·¨· ¢´Ö¥³ ±μÔËË¨Í¨¥´ÉÒ ¶·¨ tν ¢ ¢Ò· ¦¥´¨¨ (1.80), ¶μ²ÊÎ¨³

b0(ν2 − γ2) = 0, b0 
= 0 ⇒ ν = ±|γ|. (1.81)

‘¤¥² ¥³  ´ ²μ£¨Î´μ¥ ¤¥°¸É¢¨¥ ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ Ê tν+1 ¨ tν+2, ÊÎ¨ÉÒ-
¢ Ö (1.81):

tν+1: b0ν(ν − 1)M0 + 2νb1 + b1 + 2M0νb0 = 0,

b0M0[ν(ν − 1) + 2ν] + b1(2ν + 1) = 0, (1.82)

b1 = −b0M0
ν(ν + 1)
2ν + 1

,

tν+2: b1M0[ν(ν − 1) + 4ν + 2] − b0M1[ν(ν − 1) + 3ν + γ2] + b24(ν + 1) = 0,

b2 =
−b1M0(ν + 1)(ν + 2) + b02M1ν(ν + 1)

4(ν + 1)
, (1.83)

b2 =
−b1M0(ν + 2) + b02M1ν

4
.

�μ¤¸É ¢¨³ ¢Ò· ¦¥´¨¥ ¤²Ö ±μÔËË¨Í¨¥´É  b1 (1.82) ¢ (1.83), ¶μ²ÊÎ¨³

b2 = b0M
2
0

ν(ν + 1)(ν + 2)
4(2ν + 1)

+
b0M1ν

2
= b0ν

M2
0 (ν + 1)(ν + 2) + 2M1(2ν + 1)

4(2ν + 1)
.

(1.84)
�μ²ÊÎ¨³ ¨§ (1.80) ·¥±Ê··¥´É´ÊÕ Ëμ·³Ê²Ê ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ´μ³¥·  k:

bk+4(ν2 − γ2)+bk+3ν(ν − 1)M0+2ν(k + 4)bk+4+(k + 4)bk+4+2M0νbk+3 +
+bk+4(k + 4)(k + 3)+2M0ν(k + 3)bk+3−M1ν(ν − 1)bk+2+2M0(k + 3)bk+3−

− 3M1νbk+2 − γ2M1bk+2 + M0bk+3(k + 3)(k + 2) − 2M1νbk+2(k + 2)−
− 3M1(k + 2)bk+2 − M1(k + 2)(k + 1)bk+2 = 0,

¨²¨

bk+3M0[ν(ν − 1) + 2ν + 2ν(k + 3) + 2(k + 3) + (k + 3)(k + 2)]+
+ bk+4[2ν(k + 4) + (k + 4) + (k + 4)(k + 3)]+

+bk+2M1[−ν(ν − 1) − 3ν − γ2 − 2ν(k + 2) − 3(k + 2) − (k + 2)(k + 1)] = 0,

¨²¨, § ³¥´ÖÖ k → k − 2, ¶μ²ÊÎ¨³

bk+2 =
−bk+1M0(ν + k + 1)(ν + k + 2)

(k + 2)(2ν + k + 2)
+

bkM1[(ν + k + 1)2 + ν2 − 1]
(k + 2)(2ν + k + 2)

.

(1.85)
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�μ ·¥±Ê··¥´É´μ° Ëμ·³Ê²¥ (1.85) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Ëμ·³Ê² (1.82) ¨ (1.84)
³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ ·Ö¤ , É¥³ ¸ ³Ò³ μ¶·¥¤¥²¨ÉÓ ·¥Ï¥´¨¥
Ê· ¢´¥´¨Ö (1.77). ŠμÔËË¨Í¨¥´ÉÒ (1.85) § ¢¨¸ÖÉ μÉ ¶ · ³¥É·μ¢ M0 ¨ M1, ¢
μÉ²¨Î¨¥ μÉ ±μÔËË¨Í¨¥´Éμ¢ (1.72), ±μÉμ·Ò¥ § ¢¨¸ÖÉ Éμ²Ó±μ μÉ M0. ‡ ³¥É¨³,
ÎÉμ ¶·¨ M1 = 0 ±μÔËË¨Í¨¥´ÉÒ (1.85) ¶¥·¥Ìμ¤ÖÉ ¢ ±μÔËË¨Í¨¥´ÉÒ (1.72):

bk(M0, M1, ν)|M1=0 = ak(M0, ν).

�  ·¨¸. 10 ¶·¨¢¥¤¥´μ ¸· ¢´¥´¨¥ £· Ë¨±μ¢ ·¥Ï¥´¨Ö (1.78) ¨ ·¥Ï¥´¨Ö (1.73)
¤²Ö §´ Î¥´¨° γ = 3, M0 = 0,1, M1 = 0,01.

�¨¸. 10. ‘· ¢´¥´¨¥ ¤¢ÊÌ ·¥Ï¥´¨°

� ¸¸³μÉ·¨³ ¢μ¶·μ¸ μ ¸Ìμ¤¨³μ¸É¨ ·Ö¤  (1.78). ˆ¸¸²¥¤Ê¥³ ´   ¡¸μ²ÕÉ´ÊÕ
¸Ìμ¤¨³μ¸ÉÓ, ¨¸¶μ²Ó§ÊÖ ¶·¨§´ ± ¤'�² ³¡¥·  ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨ ν:

q = |t| lim
k→+∞

∣∣∣∣bk+2

bk+1

∣∣∣∣ = |M0||t| + |M1|
1
|t| lim

k→+∞

∣∣∣∣ bk

bk+1

∣∣∣∣ (1.86)

…¸²¨ ·Ö¤ (1.78) ¸Ìμ¤¨É¸Ö, Éμ

|t| lim
k→+∞

∣∣∣∣bk+1

bk

∣∣∣∣ = q < 1 ⇒ 1
|t| lim

k→+∞

∣∣∣∣ bk

bk+1

∣∣∣∣ =
1
q

> 1,

μÉ±Ê¤ 

q = |M0||t| + |M1|
1
q

< 1. (1.87)

�¥Ï Ö Ê· ¢´¥´¨¥ q2 − |M0||t|q − |M1| = 0 ¨ ÊÎ¨ÉÒ¢ Ö (1.87), ¶μ²ÊÎ ¥³

q1,2 =
1
2
(|M0||t| ±

√
|M0|2|t|2 + 4|M1|) < 1,

±
√
|M0|2|t|2 + 4|M1| < 2 − |M0||t|,

|M0|2|t|2 + 4|M1| < 4 − 4|M0||t| + |M0|2|t|2, |M1| < 1 − |M0||t|,
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É ±¨³ μ¡· §μ³, μ¡² ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ ·Ö¤  (1.78) ¨³¥¥É ¢¨¤

|t| <
1 − |M1|
|M0|

. (1.88)

‡ ³¥É¨³, ÎÉμ ¢Ò· ¦¥´¨¥ (1.88) ¶·¨´¨³ ¥É ¢¨¤ (1.74) ¶·¨ M1 = 0.
1.4. Š· ¥¢ Ö § ¤ Î  ¤²Ö ´¥²¨´¥°´μ£μ Ê· ¢´¥´¨Ö Ô²²¨¶É¨Î¥¸±μ£μ É¨¶ .

� ¸¸³μÉ·¨³ ±· ¥¢ÊÕ § ¤ ÎÊ (1.89) ¢ μ¡² ¸É¨ ¸ Ê£²μ³ (·¨¸. 11):

�¨¸. 11. �¡² ¸ÉÓ ¸ Ê£²μ³

div [μ(|∇u|)∇u] = 0, p ∈ Ω, (1.89)

u|Γ = Ψ(p), p ∈ Γ, (1.90)

Ψ(p) =

{
0, p ∈ Γ1,

g(p), p ∈ Γ2,
(1.91)

£¤¥ Γ = Γ1 ∪ Γ2 ∪ Γ3 ¨ Ψ ∈ C(1)(Γ). ”Ê´±-
Í¨Ö μ ¢ Ê· ¢´¥´¨¨ (1.89) Ê¤μ¢²¥É¢μ·Ö¥É
Ê¸²μ¢¨Ö³ (1.12) ¨ a(τ) > 0, É ± ÎÉμ Ê· ¢-
´¥´¨¥ (1.89) Ö¢²Ö¥É¸Ö Ô²²¨¶É¨Î¥¸±¨³. �Ê¸ÉÓ
ËÊ´±Í¨Ö u(p) Å ·¥Ï¥´¨¥ (1.89)Ä(1.91).
�Í¥´¨³ |∇u| ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ Q (´ -
Î ²μ ±μμ·¤¨´ É). 	Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ
ËÊ´±Í¨Ö u(p) Ê¤μ¢²¥É¢μ·Ö¥É ¸²¥¤ÊÕÐ¨³
Ê¸²μ¢¨Ö³:

∃δ > 0:

∀p ∈ Sδ(Q) ∩ Ω : J(p) = uxx(p)uyy(p) − u2
xy(p) 
= 0,

∀p1, p2 ∈ Sδ(Q) ∩ (Ω ∪ Γ), p1 
= p2: ∇u(p1) 
= ∇u(p2).
ux(0, y), uy(x, 0) Å ³μ´μÉμ´´Ò¥ ËÊ´±Í¨¨

¶·¨ x ∈ Γ1, y ∈ Γ2, |x| < δ, |y| < δ.

(1.92)

‡ ³¥É¨³, ÎÉμ É ±μ¥ ·¥Ï¥´¨¥ ¸ÊÐ¥¸É¢Ê¥É (¸³. ¶. 1.3).
1.4.1. �Í¥´±  |∇u| ¤²Ö ±· ¥¢μ° § ¤ Î¨. ‘ ¶·¨³¥´¥´¨¥³ ¶·¥μ¡· §μ¢ ´¨Ö

‹¥¦ ´¤·  ¤²Ö ËÊ´±Í¨¨ u(p) ¢ μ¡² ¸É¨ p ∈ Sδ(Q) ∩ (Ω ∪ Γ) ®£· ´¨Í  Γ1¯
(ωη = 0, ωξ > 0, ξ = 0) ¡Ê¤¥É ¶·¥μ¡· §μ¢ ´  ¢ ®£· ´¨ÍÊ Γ̃1¯,   ®£· ´¨Í  Γ2¯
(ωξ = 0, ωη < 0, η = 0) Å ¢ ®£· ´¨ÍÊ Γ̃2¯. ‡´ ±¨ η = uy(x, 0) ¤²Ö ®£· -
´¨ÍÒ Γ1¯ ¨ ξ = ux(0, y) ¤²Ö ®£· ´¨ÍÒ Γ2¯ ´¥¨§¢¥¸É´Ò. „ ²¥¥ · ¸¸³μÉ·¨³
¸²ÊÎ °, ±μ£¤  η < 0 ¨ ξ > 0 ¤²Ö £· ´¨Í Γ̃1 ¨ Γ̃2 ¸μμÉ¢¥É¸É¢¥´´μ. �·¨³¥-
´ÖÖ ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤· , ¶μ²ÊÎ¨³ μ¡² ¸ÉÓ Ω̃1 ¨²¨ Ω̃2, ¨§μ¡· ¦¥´´ÊÕ
´  ·¨¸. 12. ‘´ Î ²  · ¸¸³μÉ·¨³ μ¡² ¸ÉÓ Ω̃2. ‡ ³¥´ÖÖ ¶¥·¥³¥´´Ò¥ τ = 1/t
(¸³. ¶. 1.3), ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥° ±· ¥¢μ° § ¤ Î¥ (·¨¸. 13):

Lāw(p) = 0, p ∈ Ω̃, w|Γ = Ψ̃(p), p ∈ Γ̃, (1.93)
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�¨¸. 12. �¡² ¸É¨ Ω̃1 ¨ Ω̃2 �¨¸. 13. �¡² ¸ÉÓ Ω̃

£¤¥

Lā =
∂2

∂t2
+

1
t
(2 − ā(t))

∂

∂t
+

ā(t)
t2

∂2

∂θ2
, ā(t) = a

(
1
τ

)
. (1.94)

�μ¸±μ²Ó±Ê ωη = 0 ´  Γ̃1, ω|Γ̃1
= 0 ¨  ´ ²μ£¨Î´μ ω|Γ̃2

= 0. ’μ£¤  ¨³¥¥³

Ψ̃(p) =

{
0, p ∈ Γ̃1 ∪ Γ̃2,

g̃(p), p ∈ Γ̃3,
(1.95)

£¤¥ Γ̃ = Γ̃1 ∪ Γ̃2 ∪ Γ̃3 ¨ Ψ̃ ∈ C(1)(Γ̃). ”Ê´±Í¨Ö Ψ̃ μ¶·¥¤¥²¥´  ËÊ´±Í¨¥° u(p)
¨§ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤· . � ¸¸³μÉ·¨³ ·¥Ï¥´¨Ö (1.93)Ä(1.95), μ¡² ¤ Õ-
Ð¨¥ μ£· ´¨Î¥´´Ò³ £· ¤¨¥´Éμ³. �·¨³¥´ÖÖ ± (1.93)Ä(1.95) ³¥Éμ¤ · §¤¥²¥´¨Ö
¶¥·¥³¥´´ÒÌ w(p) = T (t)Θ(θ), ¶μ²ÊÎ¨³

T ′′ +
2 − ā(t)

t
T ′ − λ2 ā(t)

t2
T = 0, T (0) = 0,

Θ′′ + λ2Θ = 0, Θ
(

3π

2

)
= Θ(2π) = 0.

(1.96)

‚ ·¥§Ê²ÓÉ É¥

Θk(θ) = sin
(

λk

(
θ − 3π

2

))
, λk = 2k, k = 1, . . ., (1.97)

T
(1)
k (t) = t|λk|

+∞∑
s=0

as(λk)ts,

T
(2)
k (t) = AT

(1)
k (t) ln t + t−|λk|

+∞∑
s=0

ds(λk)ts.

(1.98)
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”Ê´±Í¨¨ T
(2)
k (t) ¨¸Î¥§´ÊÉ ¶·¨ · §²μ¦¥´¨¨ ¢ ·Ö¤ (1.93)Ä(1.95), ¸²¥¤μ¢ -

É¥²Ó´μ,

w̄(t, θ) =
∑

k

C̄kT
(1)
k (t)Θk(θ). (1.99)

„²Ö ËÊ´±Í¨¨ v(τ, θ) ¶·¨ τ > τ0 (£¤¥ 1/τ0 = t0) ¶μ²ÊÎ ¥³

v(τ, θ) =
+∞∑
k=1

C̄kTk

(
1
τ

)
Θk(θ). (1.100)

�Í¥´¨³ |∇u|. „²Ö ËÊ´±Í¨¨ v ¶·¨ τ > τ0

v(τ, ϕ) = Θ1(θ)
C̄1

τ |λ1|
a0(λ1) + O

(
1

τ |λ1|+1

)
, (1.101)

Éμ£¤ 

lim
τ→∞

τ |λ1|+1|∇τv| = |λ1||C̄1a0(λ1)| = const. (1.102)

’ ± ± ± τ = |∇ru| ¨ r =
√

x2 + y2 = |∇τv| ≡ |∇τω|, ¶μ²ÊÎ¨³

|∇ru| ∼ r−1/(1+|λ1|) ¶·¨ r → 0. (1.103)

�μ¸±μ²Ó±Ê λ1 = 2, Éμ ¸±μ·μ¸ÉÓ ·μ¸É  £· ¤¨¥´É  ¤²Ö (1.89)Ä(1.91) ¢
μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨ r−1/3, É. ¥. É ± Ö ¦¥, ± ± ¨ ¤²Ö  ´ ²μ£¨Î´μ° ±· ¥-
¢μ° § ¤ Î¨ ¸ Ê· ¢´¥´¨¥³ ‹ ¶² ¸  [12, 23]. ‚ ¸²ÊÎ ¥, ±μ£¤  · ¸¸³ É·¨¢ ¥É¸Ö
μ¡² ¸ÉÓ Ω̃1 ¢³¥¸Éμ μ¡² ¸É¨ Ω̃2 (¸³. ·¨¸. 11), ¶·¥μ¡· §μ¢ ´¨¥ Ö¢²Ö¥É¸Ö ´¥μ¤´μ-
§´ Î´Ò³. ‘²ÊÎ °, ±μ£¤  η > 0 ¨ ξ < 0 ¤²Ö £· ´¨ÍÒ Γ̃1 ¨ Γ̃2 ¸μμÉ¢¥É¸É¢¥´´μ,
 ´ ²μ£¨Î¥´ ¶·¥¤Ò¤ÊÐ¥³Ê, ¨ ¸¶· ¢¥¤²¨¢  É  ¦¥ μÍ¥´±  ¤²Ö |∇u|. ‚ μ¸É ²Ó´ÒÌ
¸²ÊÎ ÖÌ, ±μ£¤ 

� η < 0 ¤²Ö Γ1, ξ < 0 ¤²Ö Γ2,
� η > 0 ¤²Ö Γ1, ξ > 0 ¤²Ö Γ2,

¶·¥μ¡· §μ¢ ´¨¥ É ±¦¥ Ö¢²Ö¥É¸Ö ´¥μ¤´μ§´ Î´Ò³.

1.4.2. —¨¸²¥´´Ò°  ²£μ·¨É³ ¤²Ö ±· ¥¢μ° § ¤ Î¨. �μ¸É·μ¨³ Î¨¸²¥´´Ò°
³¥Éμ¤ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ (1.89)Ä(1.91) ¶μ  ´ ²μ£¨¨ ¸ · ¡μÉμ° [49] ¤²Ö Ê· ¢-
´¥´¨Ö ‹ ¶² ¸ . �μ¸É·μ¨³ ±μ´¥Î´μ-· §´μ¸É´ÊÕ ¸Ì¥³Ê ¤²Ö μ±·¥¸É´μ¸É¨ Ê£²μ¢μ°
ÉμÎ±¨ Ω̃Q.

�·μ¨´É¥£·¨·Ê¥³ Ê· ¢´¥´¨Ö (1.89) ¶μ μ¡Ñ¥³Ê v0 (·¨¸. 14), ¶μ²ÊÎ¨³∫
v0

div [μ(|∇u|)∇u] dx dy =
∮
γ

μ
∂u

∂y
dx − μ

∂u

∂x
dy = 0, (1.104)
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�¨¸. 14. Šμ´¥Î´μ-· §´μ¸É´ Ö ¸Ì¥³ 

£¤¥ γ Å £· ´¨Í  μ¡² ¸É¨ v0 ¨ γ =
4⋃

m=1
γm. � ¸¸³μÉ·¨³  ¶¶·μ±¸¨³ Í¨Õ ¤²Ö∫

γ1

μ(∂u/∂y) dx. �¶¶·μ±¸¨³ Í¨¨ ¤²Ö μ¸É ²Ó´ÒÌ ±μ´ÉÊ·μ¢  ´ ²μ£¨Î´Ò. ”Ê´±-

Í¨Ö P (r, ϕ) Å ·¥§Ê²ÓÉ É ¶·¨³¥´¥´¨Ö ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤·  ± ËÊ´±Í¨¨

T
(1)
1 (1/τ)Θ1(θ). �Ê¸ÉÓ Gα = ∂P/∂xα, α = 1, 2. ”Ê´±Í¨Ö Gα ¢´μ¸¨É μ¸´μ¢-

´μ° ¢±² ¤ ¢ |∇u| (1.89)Ä(1.91) ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨, ¶μÔÉμ³Ê ¡Ê¤¥³
¨¸¶μ²Ó§μ¢ ÉÓ ¶·¨¡²¨¦¥´¨¥

∂u(p)
∂xα

≈ C1Gα(p), α = 1, 2, p ∈ Ω̃Q, (1.105)

£¤¥ C1 = const. ‘·¥¤´¨¥ §´ Î¥´¨Ö Gα ¢ÒÎ¨¸²¨³ ± ±

Gβ
α =

1
Δsβ

∫
Δsβ

Gα dxβ , α = 1, 2, β = 1, 2, (1.106)

£¤¥ Δsβ Å ¸¥£³¥´É, ¶ · ²²¥²Ó´Ò° X- ¨²¨ Y -μ¸¨ ¤²Ö β = 1 ¨²¨ β = 2
¸μμÉ¢¥É¸É¢¥´´μ. �Í¥´¨³ ËÊ´±Í¨Õ μ(|∇u|), Ö¢²ÖÕÐÊÕ¸Ö ±Ê¸μÎ´μ-¶μ¸ÉμÖ´´μ°
´  ¸¥£³¥´É Ì si, i = 1, . . . , 4 (¸³. ·¨¸. 14), ¨ · ¢´μ° μi, i = 1, . . . , 4, ¸μμÉ¢¥É-
¸É¢¥´´μ:

∫
γ1

μ
∂u

∂y
dx ≈ μ1

xm∫
xm−hx

m/2

∂u

∂y
dx + μ2

xm+hx
m+1/2∫

xm

∂u

∂y
dx. (1.107)
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� ¸¸³μÉ·¨³ Éμ²Ó±μ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¨§ (1.107) (¢Éμ·μ¥ · ¸¸³ É·¨¢ ¥É¸Ö
 ´ ²μ£¨Î´μ):

xm∫
xm−hx

m/2

∂u

∂y
dx ≈ C1

xm∫
xm−hx

m/2

G2 dx = Δs1G
1
2C1, Δs1 =

hx
m

2
,

u(xm, yn) − u(xm, yn−1) =

yn∫
yn−1

∂u

∂y
(xm, y) dy ≈ C1

yn∫
yn−1

G2 dy = C1Δs2G
2
2,

(1.108)
£¤¥ Δs2 = hy

n. ’ ±¨³ μ¡· §μ³,

C1 ≈ 1
G2

2

um,n − um,n−1

hy
n

. (1.109)

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³

μ1

xm∫
xm−hx

m/2

∂u

∂y
dx ≈ μ1

G1
2

G2
2

hx
m

2
um,n − um,n−1

hy
n

= g1(um,n − um,n−1),

μ2

xm+hx
m+1/2∫

xm

∂u

∂y
dx ≈ g2(um,n − um,n−1), (1.110)

∫
γ1

μ
∂u

∂y
dx ≈ g(−)

x (um,n − um,n−1), £¤¥ g(−)
x = g1 + g2.

�μ¤μ¡´Ò¥ ¢Ò· ¦¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¤²Ö μ¸É ²Ó´ÒÌ ±μ´ÉÊ·μ¢. ‘²¥-
¤μ¢ É¥²Ó´μ, (1.104) ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

um,n =
g
(−)
x um,n−1 + g

(+)
x um,n+1 + g

(+)
y um+1,n + g

(−)
y um−1,n

g
(−)
x + g

(+)
x + g

(−)
y + g

(+)
y

. (1.111)

�·¨³¥´¨³ Î¨¸²¥´´Ò° ³¥Éμ¤ (1.111) ± ·¥Ï¥´¨Õ ±· ¥¢μ° § ¤ Î¨ (1.89)Ä
(1.91). ‚ ± Î¥¸É¢¥ ËÊ´±Í¨¨ μ ¢μ§Ó³¥³ ¢Ò· ¦¥´¨¥ (1.12),   w̄(t, θ) =
T

(1)
1 (t)Θ1(θ) + T

(1)
2 (t)Θ2(θ). �  ·¨¸. 15, 16 ¶·¥¤¸É ¢²¥´Ò ¸· ¢´¨É¥²Ó´Ò¥ ·¥-

§Ê²ÓÉ ÉÒ · ¸Î¥É  μÉ´μ¸¨É¥²Ó´ÒÌ ¶μ£·¥Ï´μ¸É¥°. �  ·¨¸. 15 ¶·¨¢¥¤¥´μ · ¸-
¶·¥¤¥²¥´¨¥ μÉ´μ¸¨É¥²Ó´μ° ¶μ£·¥Ï´μ¸É¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥Éμ¤  (1.110).
�  ·¨¸. 16 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ μÉ´μ¸¨É¥²Ó´μ° ¶μ£·¥Ï´μ¸É¨ ¡¥§ ÊÎ¥É  Ì -
· ±É¥·  ¶μ¢¥¤¥´¨Ö ·¥Ï¥´¨Ö ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨:

g1 = μ1
hx

m

2hy
n
, g2 = μ2

hx
m+1

2hy
n

,

g(−)
x = g1 + g2 =

1
2hy

n
(μ1h

x
m + μ2h

x
m+1).

(1.112)



392 �…�…�Þ‹Šˆ� …. …. ˆ „�.

�¨¸. 15. �É´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ ¤²Ö
(1.111), (1.110)

�¨¸. 16. �É´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ ¤²Ö
(1.111), (1.112)

Š ± ¢¨¤´μ ¨§ ·¨¸. 15, 16, μÉ´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ ¨³¥¥É ³ ±¸¨³ ²Ó-
´μ¥ §´ Î¥´¨¥ ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨. ˆ¸¶μ²Ó§μ¢ ´¨¥ ³¥Éμ¤  (1.110)
¢³¥¸Éμ (1.112) Ê³¥´ÓÏ ¥É μÉ´μ¸¨É¥²Ó´ÊÕ ¶μ£·¥Ï´μ¸ÉÓ ´  ¶μ·Ö¤μ±.

2. ‡�„�—� Œ�ƒ�ˆ’�‘’�’ˆŠˆ
‚ ��‹�‘’ˆ ”…���Œ�ƒ�…’ˆŠ� ˆ ‚�Š““Œ�

‚ · §¤. 1 ¡Ò²  · ¸¸³μÉ·¥´  § ¤ Î  ³ £´¨Éμ¸É É¨±¨ Éμ²Ó±μ ¤²Ö μ¡² ¸É¨
Ë¥··μ³ £´¥É¨±  Ωf , É. ¥. μ¡² ¸ÉÓ ¢ ±ÊÊ³  Ωv μÉ¸ÊÉ¸É¢μ¢ ² . ‚ ÔÉμ³ · §¤¥²¥
§ ¤ Î  ³ £´¨Éμ¸É É¨±¨ · ¸¸³ É·¨¢ ¥É¸Ö ¢ μ¡² ¸É¨ Ωf ∪ Ωv ¸ ´¥£² ¤±μ° £· -
´¨Í¥° Γ · §¤¥²  ¸·¥¤ Ë¥··μ³ £´¥É¨±/¢ ±ÊÊ³.

2.1. Š· ¥¢ Ö § ¤ Î  ¤²Ö ®±¢ §¨²¨´¥°´μ£μ¯ ¸²ÊÎ Ö. � ¸¸³μÉ·¨³ Î ¸É´Ò°
¸²ÊÎ ° ±· ¥¢μ° § ¤ Î¨ (B.1), £¤¥ ËÊ´±Í¨Ö μ(H) § ³¥´¥´  ËÊ´±Í¨¥° μ̄(H),
Ê¤μ¢²¥É¢μ·ÖÕÐ¥° Ê¸²μ¢¨Ö³

μ̄(H) ∈ C(1)[0, +∞), (2.1)

∃H0 > 0 ∀H ′ � H0: μ̄(H ′) = 1, (2.2)

£¤¥ H0 ®¤μ¸É ÉμÎ´μ ¢¥²¨±μ¯,   ¢ ®Ê£²μ¢μ° ÉμÎ±¥¯ Q ËÊ´±Í¨Ö μ̄ μ¶·¥¤¥-
²¥´  μ¤´μ§´ Î´μ. “¸²μ¢¨¥ (B.2) ¤²Ö ËÊ´±Í¨¨ μ̄(H) ¢Ò¶μ²´¥´μ. � ¸¸³μÉ·¨³
±· ¥¢ÊÕ § ¤ ÎÊ (B.1) ¸ ËÊ´±Í¨¥° ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨ μ̄(H) ¢ μ¡² -
¸É¨ Ω = Ω1 ∪ Ω2, ¨§μ¡· ¦¥´´μ° ´  ·¨¸. 17. ‚¢¥¤¥³ ¶μ²Ö·´ÊÕ ¸¨¸É¥³Ê ±μ-
μ·¤¨´ É (r, ϕ) ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ Q. “£μ² ϕ μÉ¸Î¨ÉÒ¢ ¥É¸Ö μÉ μ¸¨ OX .
�¡² ¸ÉÓ Ω1 = {(r, ϕ): 0 < r < r0 |ϕ| < π/4} ¸μμÉ¢¥É¸É¢Ê¥É μ¡² ¸É¨ ¢ ±ÊÊ³ ;
Ω2 = {(r, ϕ): 0 < r < r0 |ϕ| > π/4} ¸μμÉ¢¥É¸É¢Ê¥É μ¡² ¸É¨ Ë¥··μ³ £´¥É¨± ;
£· ´¨Í  · §¤¥²  ¸·¥¤ Γ = Γ′ ∪ Γ′′, £¤¥

Γ′ = {(r, ϕ): 0 � r � r0, ϕ = π/4},
Γ′′ = {(r, ϕ): 0 � r � r0, ϕ = −π/4}
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�¨¸. 17. �¡² ¸ÉÓ ±· ¥¢μ° § ¤ Î¨

¨

Γ1 = {(r, ϕ): r = r0, |ϕ| < π/4},
Γ2 = {(r, ϕ): r = r0, |ϕ| > π/4}.

�É´μ¸¨É¥²Ó´μ ·¥Ï¥´¨Ö u(p) =

{
u1(p), p ∈ Ω1,

u2(p), p ∈ Ω2,
¶·¥¤¶μ² £ ¥³ ¢Ò¶μ²´¥´´Ò³

Ê¸²μ¢¨¥
∃C0 > 0 ∀p ∈ Ω ∪ Γ ∪ Γ1 ∪ Γ2: |u(p)| < C0. (2.3)

‚ ·¥§Ê²ÓÉ É¥ ±· ¥¢ Ö § ¤ Î  (B.1) ¶·¨³¥É ¢¨¤

div [μ̄(|∇u2(p)|)∇u2(p)] = 0, p ∈ Ω2,

Δu1(p) = 0, p ∈ Ω1, u1|Γ− = u2|Γ+ ,

μ̄(|∇u2(p)|) ∂u2

∂n

∣∣∣∣
Γ+

=
∂u1

∂n

∣∣∣∣
Γ−

,

u1|Γ1 = Ψ1, u2|Γ2 = Ψ2,

(2.4)

£¤¥ Ψ1, Ψ2 Å ´¥±μÉμ·Ò¥ ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨. ‚ ¶μ¸É ´μ¢±¥ (2.4) ¶·¥¤¶μ² -
£ ¥É¸Ö, ÎÉμ ¢ ³ ²μ° μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨ μÉ¸ÊÉ¸É¢ÊÕÉ ¨¸ÉμÎ´¨±¨ Éμ± ,
É. ¥. ³ £´¨É´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ¸μ²¥´μ¨¤ ²Ó´Ò³: Hi = −∇ui, i = 1, 2.

‘Ëμ·³Ê²¨·Ê¥³ ¸²¥¤ÊÕÐÊÕ É¥μ·¥³Ê ¤²Ö § ¤ Î¨ (2.4).

’¥μ·¥³ 

∃K > 0 ∀δ > 0 0 < ρ(p, Q) < δ: |∇u(p)| < K, (2.5)

£¤¥ ρ(p, Q) Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ÉμÎ± ³¨ p ¨ Q,   ¶μ¤ μ£· ´¨Î¥´´μ¸ÉÓÕ
´  Γ ¶μ´¨³ ¥É¸Ö μ£· ´¨Î¥´´μ¸ÉÓ ´  Γ+ ¨ ´  Γ−.
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„²Ö ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò · ¸¸³μÉ·¨³ ¢¸¶μ³μ£ É¥²Ó´ÊÕ § ¤ ÎÊ
(¸³. ·¨¸. 17)

div [q∇v(p)] = 0, p ∈ Ω
v|Γ− = vΓ+

q2
∂v

∂n

∣∣∣∣
Γ+

= q1
∂v

∂n

∣∣∣∣
Γ−

v|Γ1 = Ψ1, v|Γ2 = Ψ2

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

, £¤¥ q =

{
q1, p ∈ Ω1,

q2, p ∈ Ω2,
(2.6)

£¤¥ q1 ¨ q2 Å ¶μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò, Ψi ∈ C(1)(Γi), i = 1, 2.
ˆ¸¸²¥¤Ê¥³, ¶·¨ ± ±¨Ì Ê¸²μ¢¨ÖÌ |∇v| ¡Ê¤¥É μ£· ´¨Î¥´. ”Ê´±Í¨Õ v ¡Ê¤¥³

¸Î¨É ÉÓ μ£· ´¨Î¥´´μ° ¢ μ¡² ¸É¨ Ω. �¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ (2.6) ¡Ê¤¥³
¨¸± ÉÓ ³¥Éμ¤μ³ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ: v ∼ R(r) ·Φ(ϕ). ‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³

Φ′′ + λ2Φ = 0, r2R′′ + rR′ − λ2R = 0. (2.7)

’ ±¨³ μ¡· §μ³, ¤²Ö R(r), ¢ ¸¨²Ê μ£· ´¨Î¥´´μ¸É¨ ¢ ´Ê²¥ v(p), ¶μ²ÊÎ¨³ ·¥Ï¥-
´¨¥ R(r) ∼ rλ,   ¤²Ö Φ(ϕ) Å ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨, ±μÉμ·Ò¥ · ¸¶ ¤ ÕÉ¸Ö ´ 
¤¢¥ £·Ê¶¶Ò:

Å ¸¨³³¥É·¨Î´Ò¥ μÉ´μ¸¨É¥²Ó´μ ϕ = 0;
Å  ´É¨¸¨³³¥É·¨Î´Ò¥ μÉ´μ¸¨É¥²Ó´μ ϕ = 0.
‚ ¶¥·¢μ³ ¸²ÊÎ ¥ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¶·¨³ÊÉ ¢¨¤

Φ(1)
λ (ϕ) =

{
cos (λϕ), |ϕ| < π/4,
aλ cos (λ(π − ϕ)), |ϕ| > π/4.

(2.8)

�μ¸ÉμÖ´´ Ö aλ μ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸μμÉ´μÏ¥´¨Ö ´  £· ´¨Í¥ ¤²Ö ´μ·³ ²Ó´ÒÌ
¶·μ¨§¢μ¤´ÒÌ:

aλ = −
[
q1 sin

(
λ

π

4

)]/[
q2 sin

(
λ

3π

4

)]
, (2.9)

  ¤²Ö μ¶·¥¤¥²¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° λ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¸μμÉ´μÏ¥´¨¥³ ´¥-
¶·¥·Ò¢´μ¸É¨ ¤²Ö ·¥Ï¥´¨Ö v(r, ϕ) ´  £· ´¨Í¥ · §¤¥² 

−q1

q2
=

cos
(

λ
π

4

)

cos
(

λ
3π

4

) sin
(

λ
3π

4

)

sin
(

λ
π

4

) . (2.10)

’ ±¨³ μ¡· §μ³, ¨²¨ tg
(
λ

π

4

)
= 0, ¨ Éμ£¤  λ = 4n, ¨²¨ λ = ±λ1 ± 4n, £¤¥

λ1 Å ´ ¨³¥´ÓÏ¨° ±μ·¥´Ó Ê· ¢´¥´¨Ö

−q1

q2
=
[
3 − tg2

(
λ

π

4

)]/[
1 − 3 tg2

(
λ

π

4

)]
. (2.11)
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�´ ²μ£¨Î´Ò¥ Ëμ·³Ê²Ò ¸¶· ¢¥¤²¨¢Ò ¨ ¤²Ö ±² ¸¸  ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¸ ´¥-
Î¥É´μ° ¸¨³³¥É·¨¥°. �¸μ¡¥´´μ¸ÉÓ ¢ ·¥Ï¥´¨¥ ¡Ê¤¥É ¢´μ¸¨ÉÓ Î²¥´ ·Ö¤ 
rλ1Φλ1(ϕ) ¶·¨ λ1 < 1. ˆ§ (2.11) ¸²¥¤Ê¥É

λ1 = 1 ⇔ q1 = q2. (2.12)

ˆ§ (2.12) ¢ÒÉ¥± ¥É, ÎÉμ ¥¸²¨ q1 = q2, Éμ |∇v(p)| ¡Ê¤¥É μ£· ´¨Î¥´. �¥·¥°¤¥³
± ¤μ± § É¥²Ó¸É¢Ê É¥μ·¥³Ò.

„μ± § É¥²Ó¸É¢μ. �·μ¢¥¤¥³ ¤μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò ³¥Éμ¤μ³ μÉ ¶·μÉ¨¢-

´μ£μ. �¡μ§´ Î¨³
◦
Sδ(Q) ¶·μ±μ²μÉÊÕ δ-μ±·¥¸É´μ¸ÉÓ ÉμÎ±¨ Q. ‚

◦
Sδ(Q) ∩ Ω2

ËÊ´±Í¨Ö |∇u(p)| Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³μ°. ‘²¥¤μ¢ É¥²Ó´μ,
ËÊ´±Í¨Ö μ̄(|∇u(p)|) ∈ C(1)(Sδ(Q) ∩ Ω2), É ± ± ± μ̄(H) ∈ C(1)[0, +∞).
� ¢ ¸ ³μ° ÉμÎ±¥ Q ËÊ´±Í¨Ö μ̄ μ¶·¥¤¥²¥´  μ¤´μ§´ Î´μ ¶μ Ê¸²μ¢¨Õ É¥μ·¥³Ò.
‡´ Î¨É, ËÊ´±Í¨Ö μ̄ ± ± ËÊ´±Í¨Ö ±μμ·¤¨´ ÉÒ p Ö¢²Ö¥É¸Ö ¶μ ±· °´¥° ³¥·¥ ´¥-
¶·¥·Ò¢´μ°, É. ¥. μ̄(|∇u(p)|) ∈ C(Sδ(Q) ∩ (Ω2 ∪ Γ±)). ˆ§ Éμ£μ, ÎÉμ ¢¥²¨Î¨´ 
|∇u(p)| ´¥μ£· ´¨Î¥´  ¨ μ̄ ´¥¶·¥·Ò¢´ , ¸²¥¤Ê¥É, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É δ0: 0 < δ0 < δ
É ±μ¥, ÎÉμ ¢ Sδ0(Q) ∩ Ω2 §´ Î¥´¨¥ |∇u(p)| � H0 ¨ ¢Ò¶μ²´¥´μ · ¢¥´¸É¢μ

μ̄(H) = 1. (2.13)

�Ê¸ÉÓ u(r, ϕ) Å ·¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ (2.4), Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ (2.13), Éμ£¤ 
´  Γ μ´μ ¤μ²¦´μ Ê¤μ¢²¥É¢μ·ÖÉÓ Ê¸²μ¢¨Ö³

∂u

∂ϕ
(δ0, ϕ)

∣∣∣∣
ϕ=π/4+0

=
∂u

∂ϕ
(δ0, ϕ)

∣∣∣∣
ϕ=π/4−0

, (2.14)

  ¢ ¸¨²Ê ´¥¶·¥·Ò¢´μ¸É¨ u(δ0, ϕ) ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö

u(δ0, ϕ)
∣∣∣
ϕ=π/4+0

= u(δ0, ϕ)
∣∣∣
ϕ=π/4−0

= u(δ0, 0). (2.15)

ˆ§ (2.14) ¨ (2.15) ¸²¥¤Ê¥É, ÎÉμ

∃ ∂u

∂ϕ
(δ0, 0) =

∂u

∂ϕ
(δ0, ϕ)

∣∣∣∣
ϕ=π/4+0

=
∂u

∂ϕ
(δ0, ϕ)

∣∣∣∣
ϕ=π/4−0

.

’ ±¨³ μ¡· §μ³, ¶μ²μ¦¨¢

Ψ̄i(ϕ) = ui(δ0, ϕ), i = 1, 2, Ψ̄ =

{
Ψ̄1, Γ̄1,

Ψ̄2, Γ̄2,
(2.16)

£¤¥

Γ̄1 = {(r, ϕ): r = δ0, |ϕ| < π/4},
Γ̄2 = {(r, ϕ): r = δ0, |ϕ| > π/4},
Γ̄ = {(r, ϕ): r = δ0, 0 < ϕ � 2π},
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¶μ²ÊÎ ¥³ ¢ Sδ0(Q) (δ0-μ±·¥¸É´μ¸É¨ ÉμÎ±¨ Q) ±· ¥¢ÊÕ § ¤ ÎÊ

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δu1(p) = 0, p ∈ Ω1 ∩ Sδ0(Q),
Δu2(p) = 0, p ∈ Ω2 ∩ Sδ0(Q),
∂u2

∂n

∣∣∣∣
Γ̄+

=
∂u1

∂n

∣∣∣∣
Γ̄−

,

u1|Γ̄− = u2|Γ̄+
, u|Γ̄ = Ψ̄,

(2.17)

£¤¥ Ψ̄ ∈ C(1)(Γ̄). ˆ§ (2.12) ¸²¥¤Ê¥É, ÎÉμ (2.17) ´¥ ¨³¥¥É μ¸μ¡¥´´μ¸É¥°. ‘²¥¤μ-
¢ É¥²Ó´μ, ¶μ²ÊÎ ¥³ ¶·μÉ¨¢μ·¥Î¨¥, ±μÉμ·μ¥ ¨ ¤μ± §Ò¢ ¥É É¥μ·¥³Ê.

’ ±¨³ μ¡· §μ³, ¨§ É¥μ·¥³Ò ¸²¥¤Ê¥É μ£· ´¨Î¥´´μ¸ÉÓ ³ £´¨É´μ£μ ¶μ²Ö ¢
μ±·¥¸É´μ¸É¨ ®Ê£²μ¢μ° ÉμÎ±¨¯ Éμ£¤ , ±μ£¤  ËÊ´±Í¨Ö ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨
Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Ö³ (2.1) ¨ (2.2).

‡ ³¥Î ´¨¥. „μ¶Ê¸É¨³, ÎÉμ ±· ¥¢ Ö § ¤ Î  (B.1) ¨³¥¥É ´¥μ£· ´¨Î¥´-
´Ò° |∇u|, Éμ£¤  ¶·¨ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ Q ËÊ´±Í¨Ö ³ £-
´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨ μ(|∇u|) ¡Ê¤¥É ¸É·¥³¨ÉÓ¸Ö ± ¥¤¨´¨Í¥. ’ ± ± ± · §³¥·
³ ´É¨¸¸Ò Î¨¸²  μ£· ´¨Î¥´, ¢ ´¥±μÉμ·μ° ³ ²μ° μ±·¥¸É´μ¸É¨ ÉμÎ±¨ Q ËÊ´±-
Í¨Ö μ(|∇u|) ¡Ê¤¥É · ¢´  1. ’ ±¨³ μ¡· §μ³, ¢μ§´¨±´¥É ±· ¥¢ Ö § ¤ Î  (2.4) ¸
ËÊ´±Í¨¥° ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨ μ̄(H), ±μÉμ· Ö ¶μ É¥μ·¥³¥ ¨³¥¥É μ£· -
´¨Î¥´´Ò° |∇u|, ¢ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¶·μÉ¨¢μ·¥Î¨¥.

‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì ´¥ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ·¥Ï¥-
´¨¥ ¸ ´¥μ£· ´¨Î¥´´μ · ¸ÉÊÐ¨³ |∇u|, ³Ò ¡Ê¤¥³ ¶μ²ÊÎ ÉÓ ·¥Ï¥´¨¥ ¤·Ê£μ°
±· ¥¢μ° § ¤ Î¨,   ¨³¥´´μ § ¤ Î¨ (2.4) ¸ μ̄(H), ¨³¥ÕÐ¥° μ£· ´¨Î¥´´Ò° |∇u|.
�¤´ ±μ ·¥Ï¥´¨¥ § ¤ Î¨ (2.4) ¸ μ̄(H) ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥ ¸μ¢¶ ¤ ¥É ¸ ·¥Ï¥´¨¥³
¨¸Ìμ¤´μ° § ¤ Î¨ (B.1) ¸ μ(H).

2.2. ˆ´É¥£· ²Ó´ Ö ¶μ¸É ´μ¢±  § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨. �μ²ÊÎ¨³ ¢¥·Ì-
´ÕÕ μÍ¥´±Ê ·μ¸É  ³ £´¨É´μ£μ ¶μ²Ö ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨ ¤²Ö 3D-
§ ¤ Î¨ ³ £´¨Éμ¸É É¨±¨. ‘μ£² ¸´μ ¨´É¥£· ²Ó´μ° ¶μ¸É ´μ¢±¥ § ¤ Î¨ ³ £´¨Éμ-
¸É É¨±¨ [3] ³ £´¨É´μ¥ ¶μ²¥ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ± ±

H(s) = HC(s) −∇s

∫
Ωf

(M(p),∇P Ψ(s, p)) dυp, (2.18)

£¤¥ HC Å ¶μ²¥, ¸μ§¤ ¢ ¥³μ¥ ¨¸ÉμÎ´¨± ³¨ Éμ± ; M Å ´ ³ £´¨Î¥´´μ¸ÉÓ Ë¥·-
·μ³ £´¥É¨± , ËÊ´±Í¨Ö Ψ(s, p) · ¢´  1/(4πrsp) ¨²¨ 1/(2π) ln rsp ¤²Ö É·¥Ì³¥·-
´μ£μ ¨ ¤¢ÊÌ³¥·´μ£μ ¶·μ¸É· ´¸É¢  ¸μμÉ¢¥É¸É¢¥´´μ; Ωf Å μ¡² ¸ÉÓ ¶·μ¸É· ´-
¸É¢ , § ´ÖÉ Ö Ë¥··μ³ £´¥É¨±μ³. � ³ £´¨Î¥´´μ¸ÉÓ μ¶·¥¤¥²Ö¥É¸Ö ± ± M =
μ0χ(H)H = μ0(μ(H) − 1)H, £¤¥ μ0 Å ±μ´¸É ´É , χ(H) Å ³ £´¨É´ Ö ¢μ¸-
¶·¨¨³Î¨¢μ¸ÉÓ,   μ(H) Å ³ £´¨É´ Ö ¶·μ´¨Í ¥³μ¸ÉÓ Ë¥··μ³ £´¥É¨± .
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�μ± ¦¥³, ÎÉμ ³ £´¨É´μ¥ ¶μ²¥ ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨ ¢ μ¡² ¸É¨
¢ ±ÊÊ³  Ê¤μ¢²¥É¢μ·Ö¥É ´¥· ¢¥´¸É¢Ê (2.19).

’¥μ·¥³ . „²Ö ¨´É¥£· ²Ó´μ° ¶μ¸É ´μ¢±¨ § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ ¸  ¸¨³-
¶ÉμÉ¨±μ° ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨ (B.9) ¢ μ¡² ¸É¨ ¢ ±ÊÊ³  ¸¶· ¢¥¤²¨¢ 
μÍ¥´± 

H(s) � C0 ln
1
rs

+ w(s), s ∈ Ωv, (2.19)

£¤¥ C0 Å ±μ´¸É ´É ; w(s) Å μ£· ´¨Î¥´´ Ö ËÊ´±Í¨Ö ¨ rs Å · ¸¸ÉμÖ´¨¥ ¤μ
Ê£²μ¢μ° ÉμÎ±¨.

„μ± § É¥²Ó¸É¢μ. ˆ§  ¸¨³¶ÉμÉ¨±¨ ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸É¨ (B.9) ¢ μ¡² -
¸É¨ ¡μ²ÓÏ¨Ì ¶μ²¥° (H → ∞) ¸²¥¤Ê¥É, ÎÉμ M = |M| μ£· ´¨Î¥´  ±μ´¸É ´-
Éμ° M0. „²Ö ¸²ÊÎ Ö É·¥Ì³¥·´μ£μ ¶·μ¸É· ´¸É¢  ¨§ (2.18) ¶μ²ÊÎ ¥³ H(s) =
HC(s) − ∇s

∫
Ωf

(M(p), rsp/r3
sp) dυp. �¥·¢μ¥ ¸² £ ¥³μ¥ μ£· ´¨Î¥´μ, ¶μÔÉμ³Ê

¶·μ¢¥¤¥³ μÍ¥´±Ê ³μ¤Ê²Ö ¢Éμ·μ£μ ¸² £ ¥³μ£μ

∣∣∣∣∣∣∣∇s

∫
Ωf

(
M(p),

rsp

r3
sp

)
dυp

∣∣∣∣∣∣∣ �
∣∣∣∣∣∣∣
∫
Ωf

∂

∂xs

M (x)(p)x + M (y)(p)y + M (z)(p)z
x2 + y2 + z2 dυp

∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣
∫
Ωf

∂

∂ys

M (x)(p)x + M (y)(p)y + M (z)(p)z
x2 + y2 + z2 dυp

∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣
∫
Ωf

∂

∂zs

M (x)(p)x + M (y)(p)y + M (z)(p)z
x2 + y2 + z2 dυp

∣∣∣∣∣∣∣ �

� 6M0

∣∣∣∣∣∣∣
∫
Ωf

xy + yz + zx

r5
sp

dυp

∣∣∣∣∣∣∣ � 6M0

∫
Ωf

1
r3
sp

dυp, (2.20)

£¤¥ x̄ = xp − xs, ȳ = yp − ys ¨ z = zp − zs. ‚ÒÎ¨¸²¨³ ¨´É¥£· ²

∫
Ωf

1
r3
sp

dυp =
∫
vδ

1
r3
sp

dυp +
∫

Ωf\vδ

1
r3
sp

dυp, (2.21)
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�¨¸. 18. Šμ´¨Î¥¸±¨° μ¡Ñ¥³

£¤¥ vδ = Ωf ∩ Sδ(Q) Å ±μ´¨Î¥¸±¨° μ¡Ñ¥³ vδ (·¨¸. 18). � ¸¸³μÉ·¨³ ¨´É¥£· ²
¢ μ¡Ñ¥³¥ vδ:

∫
Ωf

1
r3
sp

dυp =

ω0∫
0

dϕp

ϑ0∫
0

sin θ0 dθ0

δ∫
0

r2
pdrp

r3
sp

=

=

ω0∫
0

dϕp

ϑ0∫
0

sin θ0 dθ0

δ∫
0

r2
pdrp

r2
p + r2

s − 2rprs cos γsp
=

=

ω0∫
0

dϕp

ϑ0∫
0

sin θ0 dθ0

⎛
⎜⎝

1∫
0

t2dt

1 + t2 − 2t cosϕsp
+

δ/rs∫
1

t2dt

1 + t2 − 2t cosϕsp

⎞
⎟⎠ ,

(2.22)

£¤¥ t = rp/rs ¨ cos γsp = sin θp sin θs cos (ϕp − ϕs) + cos θp cos θs. ˆ¸¶μ²Ó§ÊÖ
¢Ò· ¦¥´¨¥ ¤²Ö ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨

1√
1 + t2 − 2t cosϕsp

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

+∞∑
m=0

Pm(cosϕsp)tm, |t| < 1,

+∞∑
m=0

Pm(cosϕsp)t−m−1, |t| < 1,

(2.23)
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¨§ (2.22) ¶μ²ÊÎ ¥³

∫
Ωf

1
r3
sp

dυp =

ϕ0∫
0

dϕp

θ0∫
0

sin θp dθp

( 1∫
0

t2 dt
+∞∑

m,n,k=0

PmPnPktm+n+k+

+

δ/rs∫
1

t2 dt

+∞∑
m,n,k=0

PmPnPkt−(m+n+k+3)

)
=

=

ϕ0∫
0

dϕp

θ0∫
0

sin θp dθp

(
+∞∑

m,n,k=0

PmPnPk
tm+n+k+3

m + n + k + 3

∣∣∣∣
1

0

+

+
+∞∑

m+n+k �=0

PmPnPk
t−(m+n+k)

−(m + n + k)

∣∣∣∣
δ/rs

1

)
+

ϕ0∫
0

dϕp

θ0∫
0

sin θp dθpP
2
0 ln t|δ/rs

1 =

= ω0 ln
δ

rs
+

+∞∑
m,n,k=0

αm,n,k

m + n + k + 3
+

+∞∑
m+n+k �=0

αm,n,k

m + n + k

(
1 −

(rs

δ

)m+n+k
)

,

(2.24)∫
Ωf

1
r3
sp

dυp = C1 ln
1
rs

+ w1(s),

£¤¥ αm,n,k =
ϕ0∫
0

dϕp

θ0∫
0

sin θ0Pm(cos γsp)Pn(cos γsp)Pk(cos γsp) dθp; C1 Å ±μ´-

¸É ´É ,   w1(s) Å μ£· ´¨Î¥´´ Ö ËÊ´±Í¨Ö. �μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ (2.24)
¤μ± §Ò¢ ¥É É¥μ·¥³Ê.

‡ ³¥Î ´¨¥. �Í¥´±  ·μ¸É  ³ £´¨É´μ£μ ¶μ²Ö (2.19) ¶μ²ÊÎ¥´  ¤²Ö ¶·μ¨§-
¢μ²Ó´μ° £¥μ³¥É·¨¨ ¸¨¸É¥³Ò. ‡ ¤ ¢ Ö ±μ´¸É ´ÉÒ δ, θ0 ¨ ϕ0, ³μ¦´μ μ¶·¥¤¥²¨ÉÓ
²Õ¡ÊÕ ¶·μ¸É· ´¸É¢¥´´ÊÕ ±μ´Ë¨£Ê· Í¨Õ.

2.3. Œ¥Éμ¤ ¸£ÊÐ¥´¨Ö ¸¥É±¨ ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨. ˆ¸Ìμ¤Ö ¨§
μÍ¥´±¨ ·μ¸É  ³ £´¨É´μ£μ ¶μ²Ö (2.19) ¶μ¸É·μ¨³ ³¥Éμ¤ ¸£ÊÐ¥´¨Ö ¸¥É±¨, ÊÎ¨-
ÉÒ¢ ÕÐ¨° Ì · ±É¥· ¶μ¢¥¤¥´¨Ö ¶μ²Ö ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢ÒÌ ÉμÎ¥±. � ¸¸Éμ-
Ö´¨¥ Δli ³¥¦¤Ê Ê§² ³¨ ¸¥É±¨ ¡Ê¤¥³ ¢Ò¡¨· ÉÓ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò · §-
´¨Í  ¢¥²¨Î¨´ ¶μ²Ö ¢ ¸μ¸¥¤´¨Ì Ê§² Ì ´¥ ¶·¥¢ÒÏ ²  ¶μ¸ÉμÖ´´ÊÕ ¢¥²¨Î¨´Ê
Δh = H0/(C1N), £¤¥ H0 Å μÍ¥´μÎ´μ¥ ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ ³ £´¨É´μ£μ
¶μ²Ö; C1 Å ±μ´¸É ´É ; N Å ±μ²¨Î¥¸É¢μ Ê§²μ¢  ¤ ¶É¨¢´μ° ¸¥É±¨ ¢ · ¸¸³ -
É·¨¢ ¥³μ° μ¡² ¸É¨ ¢ ²¨´¥°´μ³ ¨§³¥·¥´¨¨ (·¨¸. 19).

� ¸¸³μÉ·¨³ ¶·μ¸É¥°ÏÊÕ ³μ¤¥²Ó ±μ´Ê¸μμ¡· §´μ£μ ³ £´¨É  (·¨¸. 20) ¨ ³μ-
¤¥²Ó ³ £´¨É´μ£μ ¤¥É¥±Éμ·  ¸μ²¥´μ¨¤ ²Ó´μ£μ É¨¶  (·¨¸. 21). �  ·¨¸. 20, 21
(¨ ´  μ¸É ²Ó´ÒÌ ·¨¸Ê´± Ì ¸ ³ £´¨É´Ò³¨ ¸¨¸É¥³ ³¨) ¸¢¥É²μ-¸¥·Ò° Í¢¥É ¸μμÉ-
¢¥É¸É¢Ê¥É μ¡² ¸É¨ ¦¥²¥§ /Ë¥··μ³ £´¥É¨± , É¥³´μ-¸¥·Ò° Å μ¡³μÉ± ³ ¸ Éμ±μ³.
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�¨¸. 19. ‘μ§¤ ´¨¥  ¤ ¶É¨¢´μ° ¸¥É±¨

Š· ¥¢ Ö § ¤ Î , ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶μ¸É ´μ¢±¥ § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ μÉ-
´μ¸¨É¥²Ó´μ ¸± ²Ö·´ÒÌ ¶μÉ¥´Í¨ ²μ¢, ¡Ò²  ·¥Ï¥´  ¤²Ö μ¡¥¨Ì ³μ¤¥²¥°
(¸³. ·¨¸. 20, 21). �ËË¥±É¨¢´μ¸ÉÓ ³¥Éμ¤  ¸£ÊÐ¥´¨Ö ¸¥É±¨ μÍ¥´¨¢ ¥É¸Ö ¸²¥-
¤ÊÕÐ¨³ μ¡· §μ³: ·¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ ´ Ìμ¤¨É¸Ö ´   ¤ ¶É¨¢´μ° ¸¥É±¥ c
§ ¤ ´´Ò³ ±μ²¨Î¥¸É¢μ³ Ê§²μ¢,   É ±¦¥ ´  · ¢´μ³¥·´μ° ¸¥É±¥ ¸ É¥³ ¦¥ ±μ²¨Î¥-
¸É¢μ³ Ê§²μ¢, § É¥³ · ¢´μ³¥·´ Ö ¸¥É±  ¸£ÊÐ ¥É¸Ö, É. ¥. Ê¢¥²¨Î¨¢ ¥É¸Ö ±μ²¨Î¥-
¸É¢μ Ê§²μ¢ ¤μ É¥Ì ¶μ·, ¶μ±  ·¥§Ê²ÓÉ É ´¥ ¸· ¢´¨É¸Ö ¸ ·¥§Ê²ÓÉ Éμ³, ¶μ²ÊÎ¥´´Ò³
´   ¤ ¶É¨¢´μ° ¸¥É±¥. ’ ±¨³ μ¡· §μ³, ¡Ê¤¥É ¨§¢¥¸É´μ, ± ± ³´μ£μ Ê§²μ¢ ¤μ²¦´ 

�¨¸. 20. Œ £´¨É ±μ´Ê¸μμ¡· §´μ£μ É¨¶ 
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�¨¸. 21. Œ £´¨É ¸μ²¥´μ¨¤ ²Ó´μ£μ É¨¶ 

¸μ¤¥·¦ ÉÓ · ¢´μ³¥·´ Ö ¸¥É± , ÎÉμ¡Ò μ¡¥¸¶¥Î¨ÉÓ ·¥§Ê²ÓÉ É, ¶μ²ÊÎ¥´´Ò° ´ 
 ¤ ¶É¨¢´μ° ¸¥É±¥.

2.3.1. Šμ´Ê¸μμ¡· §´ Ö ³μ¤¥²Ó ³ £´¨É . Œμ¤¥²Ó ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μ´Ê-
¸μμ¡· §´Ò° Ë¥··μ³ £´¥É¨±, ¶μ³¥Ð¥´´Ò° ³¥¦¤Ê ¤¢Ê³Ö ¨¤¥´É¨Î´Ò³¨ ± ÉÊÏ-
± ³¨ ¸ Éμ±μ³ (¸³. ·¨¸. 20). �¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ ¶μ²ÊÎ¥´μ ´  · ¢´μ³¥·-

�¨¸. 22. � ¸¶·¥¤¥²¥´¨¥ By − Bcoils ¢¤μ²Ó ¶·Ö³μ°, ¶μ²ÊÎ¥´´μ¥ ´  · §²¨Î´ÒÌ ¸¥É± Ì
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´ÒÌ ¸¥É± Ì É¨¶  (30k)×(30k)×(30k), £¤¥ k = 1, 2, 3, 4, ¨ ´   ¤ ¶É¨¢´μ° ¸¥É±¥
30×30×30, £¤¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Ê§² ³¨ μ¶·¥¤¥²Ö¥É¸Ö ´  μ¸´μ¢¥ ³¥Éμ¤  ¸£Ê-
Ð¥´¨Ö ¸¥É±¨ ¶·¨ ¶·¨¡²¨¦¥´¨¨ ± Ê£²μ¢μ° ÉμÎ±¥. Šμ²¨Î¥¸É¢μ Ê§²μ¢  ¤ ¶É¨¢´μ°
¸¥É±¨ É ±μ¥ ¦¥, ± ± ¨ ´  · ¢´μ³¥·´μ° ¸¥É±¥ ¢ ¸²ÊÎ ¥ k = 1, ¨§³¥´¥´μ Éμ²Ó±μ
· ¸¶μ²μ¦¥´¨¥ Ê§²μ¢. �  ·¨¸. 22 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ By − Bcoils Å ¶μ²¥
´ ³ £´¨Î¥´´μ£μ Ë¥··μ³ £´¥É¨±  ¡¥§ ¢±² ¤  μÉ ± ÉÊÏ¥±, ¶μ¸Î¨É ´´μ¥ ¢¤μ²Ó
x-´ ¶· ¢²¥´´μ° ¶·Ö³μ°, ±μÉμ· Ö ´ Î¨´ ¥É¸Ö ¢ ÉμÎ±¥ x = −2 ³³, y = 0,1 ³³,
z = 0 ³³ ¨ § ± ´Î¨¢ ¥É¸Ö ¢ ÉμÎ±¥ x = 2 ³³, y = 0,1 ³³, z = 0 ³³. ˆ§ ·¨¸. 22
¢¨¤´μ, ÎÉμ  ¤ ¶É¨¢´ Ö ¸¥É±  ¸ 30 Ê§² ³¨ ¢ ²¨´¥°´μ³ ¨§³¥·¥´¨¨ ¤ ¥É ¸Ìμ¦¨°
·¥§Ê²ÓÉ É, ÎÉμ ¨ · ¢´μ³¥·´ Ö ¸¥É±  ¸ 120 Ê§² ³¨. �·¥¤²μ¦¥´´Ò° ³¥Éμ¤ ¤ ¥É
·¥§Ê²ÓÉ É, ¸· ¢´¨³Ò° ¶μ ÉμÎ´μ¸É¨ ¸ ·¥§Ê²ÓÉ Éμ³, ¶μ²ÊÎ¥´´Ò³ ´  · ¢´μ³¥·-
´μ° ¸¥É±¥, ¸ ±μ²¨Î¥¸É¢μ³ Ê§²μ¢ ¢ 3Ä4 · §  ¡μ²ÓÏ¨³ ¢¤μ²Ó ± ¦¤μ° μ¸¨.

2.3.2. Œμ¤¥²Ó ³ £´¨É  ¸μ²¥´μ¨¤ ²Ó´μ£μ É¨¶ . ‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¨³³¥-
É·¨¨ ¡Ò²  · ¸¸Î¨É ´  1/24 Î ¸ÉÓ ³μ¤¥²¨ (·¨¸. 21, 23). Œμ¤¥²Ó ¨³¥¥É ¸²¥¤ÊÕ-
Ð¨¥ ¶ · ³¥É·Ò: ¶²μÉ´μ¸ÉÓ Éμ±  J = 9,956410099·106 A/³2, ¶²μÐ ¤Ó ¶μ¶¥·¥Î-
´μ£μ ¸¥Î¥´¨Ö ± ÉÊÏ¥± S = 0,04× 4,7 ³, ¶μ²´Ò° Éμ± I = 1,871805098 · 106 A.
� · ³¥É·Ò ¡Ò²¨ ¶μ¤μ¡· ´Ò ¨§ ¸μμ¡· ¦¥´¨Ö ³ ±¸¨³¨§ Í¨¨ μ¡² ¸É¨ μ¤´μ·μ¤-
´μ¸É¨ ¶μ²Ö ¢´ÊÉ·¨ ¤¥É¥±Éμ·  [55]. � ¸¶·¥¤¥²¥´¨¥ ³ £´¨É´μ£μ ¶μ²Ö ´  ¶μ¢¥·Ì-
´μ¸É¨ Ë¥··μ³ £´¥É¨±  ¶μ± § ´μ ´  ·¨¸. 24. Š ± ¨ μ¦¨¤ ²μ¸Ó, ´ ¡²Õ¤ ¥É¸Ö
·μ¸É ¶μ²Ö ¢ μ¡² ¸ÉÖÌ, ¸μ¤¥·¦ Ð¨Ì ·¥¡·  Ë¥··μ³ £´¥É¨± . ‚ ¤ ´´ÒÌ μ¡² ¸ÉÖÌ
¶·¨³¥´Ö¥É¸Ö ³¥Éμ¤ ¸£ÊÐ¥´¨Ö ¸¥É±¨. Œ £´¨É´μ¥ ¶μ²¥ · ¸¸Î¨ÉÒ¢ ¥É¸Ö ¢¤μ²Ó ²¨-

�¨¸. 23. 1/24 ³μ¤¥²¨ ³ £´¨É  ¸μ²¥´μ¨¤ ²Ó´μ£μ É¨¶  ¸μ ¸£¥´¥·¨·μ¢ ´´μ° ¸¥É±μ°
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�¨¸. 24. � ¸¶·¥¤¥²¥´¨¥ Bmod ´  ¶μ¢¥·Ì´μ¸É¨ Ë¥··μ³ £´¥É¨± 

´¨¨, ¨§μ¡· ¦¥´´μ° ´  ·¨¸. 25 (²¨´¨Ö ¶·μÌμ¤¨É ¢ μ¡² ¸É¨ ¢ ±ÊÊ³ ). �  ·¨¸. 26
¶·¨¢¥¤¥´μ · ¸¶·¥¤¥²¥´¨¥ ³ £´¨É´μ£μ ¶μ²Ö ¢¤μ²Ó ÔÉμ° ²¨´¨¨. ‘¶²μÏ´ Ö ²¨-
´¨Ö ¶μ± §Ò¢ ¥É · ¸¶·¥¤¥²¥´¨¥ ¶μ²Ö, ¶μ²ÊÎ¥´´μ¥ ¶·¨ · ¸Î¥É Ì ´   ¤ ¶É¨¢´μ°
¸¥É±¥. ˜É·¨Ìμ¢ Ö ²¨´¨Ö ¶μ± §Ò¢ ¥É · ¸¶·¥¤¥²¥´¨¥ ¶μ²Ö, · ¸¸Î¨É ´´μ¥ ´ 
· ¢´μ³¥·´μ° ¸¥É±¥, ±μÉμ· Ö ¸μ¤¥·¦¨É ¸Éμ²Ó±μ ¦¥ Ê§²μ¢, ¸±μ²Ó±μ  ¤ ¶É¨¢´ Ö
¸¥É± . �·¨ · ¸Î¥É Ì ´  É ±μ° ¸¥É±¥ ·μ¸É  ³ £´¨É´μ£μ ¶μ²Ö ¢ μ±·¥¸É´μ¸É¨ Ê£² 
¶· ±É¨Î¥¸±¨ ´¥ ´ ¡²Õ¤ ¥É¸Ö. � ¢´μ³¥·´Ò¥ ¸¥É±¨ ¸ Ê¢¥²¨Î¥´´Ò³ ±μ²¨Î¥¸É¢μ³
Ê§²μ¢ ¢ 2 ¨ ¡μ²¥¥ · § ¶μ± §Ò¢ ÕÉ ´ ²¨Î¨¥ ¶¨±  ¢ · ¸¶·¥¤¥²¥´¨¨ ³ £´¨É´μ£μ
¶μ²Ö. ‘¥É±  ¸ Ê¢¥²¨Î¥´´Ò³ ±μ²¨Î¥¸É¢μ³ Ê§²μ¢ ¢ 8 · § ¢ ²¨´¥°´μ³ ¨§³¥·¥´¨¨
¤ ¥É ·¥§Ê²ÓÉ É, ¸· ¢´¨³Ò° ¸ ·¥§Ê²ÓÉ Éμ³, ¶μ²ÊÎ¥´´Ò³ ´   ¤ ¶É¨¢´μ° ¸¥É±¥.
�  ·¨¸. 27 ¨§μ¡· ¦¥´Ò · ¸¸³μÉ·¥´´Ò¥ ¸¥É±¨.

�¨¸. 25. ‹¨´¨Ö, ¢¤μ²Ó ±μÉμ·μ° · ¸¸Î¨ÉÒ¢ ¥É¸Ö ¶μ²¥
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�¨¸. 26. � ¸¶·¥¤¥²¥´¨¥ Bmod ¢¤μ²Ó ¶·Ö³μ°, ¶μ²ÊÎ¥´´μ¥ ´  · §²¨Î´ÒÌ ¸¥É± Ì

�¨¸. 27. ‚¨¤Ò ¸¥É±¨ ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨:  )  ¤ ¶É¨¢´ Ö ¸¥É± ; ¡) · ¢´μ³¥·´ Ö
¸¥É±  ¸ É ±¨³ ¦¥ ±μ²¨Î¥¸É¢μ³ Ê§²μ¢, ± ± ¨ ¢  ¤ ¶É¨¢´μ° ¸¥É±¥; ¢) · ¢´μ³¥·´ Ö ¸¥É± ,
¤ ÕÐ Ö É ±μ° ¦¥ ·¥§Ê²ÓÉ É, ÎÉμ ¨  ¤ ¶É¨¢´ Ö ¸¥É± , ¨§μ¡· ¦¥´´ Ö ´  ·¨¸.  



Œ�„…‹ˆ��‚��ˆ… Œ�ƒ�ˆ’�›• ‘ˆ‘’…Œ ‚ �	‹�‘’ˆ ‘ “ƒ‹�Œ 405

3. —ˆ‘‹…���… Œ�„…‹ˆ��‚��ˆ… Œ�ƒ�ˆ’�›• ‘ˆ‘’…Œ

‚ ¤ ´´μ³ · §¤¥²¥ ¶·¨¢μ¤ÖÉ¸Ö ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö ³ £-
´¨É´μ° ¸¨¸É¥³Ò ¤¥É¥±Éμ·  SPD ¶·μ¥±É  NICA (�ˆŸˆ, „Ê¡´ ),   É ±¦¥ ¶·μ-
£· ³³´Ò¥  ²£μ·¨É³Ò ¢ÒÎ¨¸²¥´¨° ´  ³ ¸¸¨¢´μ-¶ · ²²¥²Ó´μ°  ·Ì¨É¥±ÉÊ·¥ £· -
Ë¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ·μ¢ (GPU), ¶μ§¢μ²ÖÕÐ¨¥ ´  ¶μ·Ö¤±¨ Ê¸±μ·¨ÉÓ ¶·μÍ¥¸¸
μ¶É¨³¨§ Í¨¨ ¶ · ³¥É·μ¢ ³ £´¨É´μ° ¸¨¸É¥³Ò.

3.1. � · ²²¥²Ó´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ´  GPU. �·¨ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ § -
¤ Î¨ ³ £´¨Éμ¸É É¨±¨ ± ± ¢ ¤¨ËË¥·¥´Í¨ ²Ó´μ° (B.1), É ± ¨ ¢ ¨´É¥£· ²Ó´μ°
¶μ¸É ´μ¢±¥ (2.18) É·¥¡Ê¥É¸Ö ´ Ìμ¦¤¥´¨¥ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö μÉ
μ¡³μÉμ± ¸ Éμ±μ³ Hc(p), p ∈ Γ3. ‚ ¤¨ËË¥·¥´Í¨ ²Ó´μ° ¶μ¸É ´μ¢±¥ (B.1) ¶μ-
³¨³μ ´ Ìμ¦¤¥´¨Ö ¶μ²Ö Hc(p) É·¥¡Ê¥É¸Ö ¢ÒÎ¨¸²¨ÉÓ ¨´É¥£· ²Ò ¶μ É· ¥±Éμ·¨Ö³
¢¨¤ 

p∫
q

Hc dl, p ∈ Γ. (3.1)

Šμ²¨Î¥¸É¢μ ¨´É¥£· ²μ¢ (3.1) · ¢´μ ±μ²¨Î¥¸É¢Ê Ê§²μ¢ ¸¥É±¨ ´  ¶μ¢¥·Ì´μ-
¸É¨ Γ μ¡² ¸É¨ Ë¥··μ³ £´¥É¨±  Ωf . �μ²¥ Hc(p) ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ § ±μ´Ê 	¨μÄ
‘ ¢ · Ä‹ ¶² ¸  (B.1):

Hc(p) =
1
4π

∫
Ωc

[
J(s),∇s

1
rps

]
dωs, (3.2)

£¤¥ Ωc Å μ¡² ¸ÉÓ μ¡³μÉ±¨ ¸ Éμ±μ³. …¸²¨ μ¡² ¸ÉÓ Ωc ¨³¥¥É ¸²μ¦´ÊÕ £¥μ-
³¥É·¨Î¥¸±ÊÕ ±μ´Ë¨£Ê· Í¨Õ, Éμ ¢ÒÎ¨¸²¥´¨¥ ¨´É¥£· ²μ¢ (3.2) ³μ¦¥É § ´¨³ ÉÓ
¸ÊÐ¥¸É¢¥´´μ¥ ¢·¥³Ö. �  ·¨¸. 28 ¶·¨¢¥¤¥´  ³ £´¨É´ Ö ¸¨¸É¥³  ¸ ¡μ²ÓÏ¨³
±μ²¨Î¥¸É¢μ³ Ê£²μ¢ÒÌ Ô²¥³¥´Éμ¢ μ¡³μÉ±¨ (·¨¸. 29).

�¨¸. 28. ‘²μ¦´ Ö £¥μ³¥É·¨Ö μ¡³μÉ±¨
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�¨¸. 29. “£²μ¢μ° Ô²¥³¥´É μ¡³μÉ±¨

’·¥Ì³¥·´Ò° ¨´É¥£· ² (3.2) ¤²Ö Ê£²μ¢ÒÌ Ô²¥³¥´Éμ¢ Éμ±μ¢μ° μ¡³μÉ±¨
(¸³. ·¨¸. 29) ¸¢μ¤¨É¸Ö ± μ¤´μ³¥·´Ò³ ¨´É¥£· ² ³ ¢¨¤  [57]

Hr(p) =
J

4π

2∑
j=1

2∑
k=1

(−1)j+kHcr(Rj , Zk, ϕPC, θ),

Ht(p) =
J

4π

2∑
j=1

2∑
k=1

(−1)j+kHct(Rj , Zk, ϕPC, θ),

Hz(p) =
J

4π

2∑
j=1

2∑
k=1

(−1)j+kHcz(Rj , Zk, ϕPC, θ),

(3.3)

£¤¥ ËÊ´±Í¨¨ Hc ¨³¥ÕÉ ¢¨¤

Hcr(Rj , Zk, ϕPC, θ) =

=

θ−ϕPC∫
−ϕPC

cos (ψ)
√

R2
PC − 2RPCRj cos (ψ) + R2

j + Z2
k dψ +

+

θ−ϕPC∫
−ϕPC

RPC cos2 (ψ) ln
(
(Rj − RPC cos (ψ))+

+
√

R2
PC − 2RPCRj cos (ψ) + R2

j + Z2
k

)
dψ,
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Hct(Rj , Zk, ϕPC, θ) =

=

θ−ϕPC∫
−ϕPC

sin (ψ)
√

R2
PC − 2RPCRj cos (ψ) + R2

j + Z2
k dψ +

+

θ−ϕPC∫
−ϕPC

RPC cos (ψ) sin (ψ) ln
(
(Rj − RPC cos (ψ))+

+
√

R2
PC − 2RPCRj cos (ψ) + R2

j + Z2
k

)
dψ, (3.4)

Hcz(Rj , Zk, ϕPC, θ) =

θ−ϕPC∫
−ϕPC

−Zk ln
[
(Rj − RPC cos (ψ))+

+
√

R2
PC − 2RPCRj cos (ψ) + R2

j + Z2
k

]
dψ +

+

θ−ϕPC∫
−ϕPC

−RPC cos (ψ) ln
(
−Zk +

√
R2

PC − 2RPCRj cos (ψ) + R2
j + Z2

k

)
dψ +

+

θ−ϕPC∫
−ϕPC

RPC sin (ψ) arctg

⎛
⎝ Zk(Rj−RPC cos (ψ))

RPC sin (ψ)
√

R2
PC−2RPCRj cos (ψ)+R2

j + Z2
k

⎞
⎠dψ,

R1 = RC − a, Z1 = ZPC + b, R2 = RC + a, Z2 = ZPC − b.

„²Ö ±μ´Ë¨£Ê· Í¨¨ μ¡³μÉ±¨, ¨§μ¡· ¦¥´´μ° ´  ·¨¸. 28, ¢·¥³Ö ¢ÒÎ¨¸²¥-
´¨Ö ¶μ²Ö Hc(p) ¶μ Ëμ·³Ê² ³ (3.3), (3.4) § ´¨³ ¥É 98% μÉ ¶μ²´μ£μ ¢·¥-
³¥´¨ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ° ¶μ¸É ´μ¢±¨ § ¤ Î¨ ³ £´¨Éμ-
¸É É¨±¨ (B.1).

�²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ¶μ²Ö Hc(p) ¨ ¨´É¥£· ²μ¢ ¶μ É· ¥±Éμ·¨Ö³ (3.1)
³μ¦´μ ÔËË¥±É¨¢´μ · ¸¶ · ²²¥²¨ÉÓ ´   ·Ì¨É¥±ÉÊ·¥ £· Ë¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ·μ¢
GPU [4, 5]. Š ¦¤ Ö ¢ÒÎ¨¸²¨É¥²Ó´ Ö ´¨ÉÓ (thread) ¸ ´μ³¥·μ³ ®id¯ ´  GPU
³μ¦¥É ¢ÒÎ¨¸²ÖÉÓ ¶μ²¥ Hc(p) ¢ ¸¢μ¥° ÉμÎ±¥ p:

id = threadIdx.x + blockIdx.x * blockDim.x

�´ ²μ£¨Î´Ò°  ²£μ·¨É³ ¶μ¤Ìμ¤¨É ¨ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢ (3.1), É. ¥.
± ¦¤ Ö ´¨ÉÓ ´  GPU ¢ÒÎ¨¸²Ö¥É ¸¢μ° ¨´É¥£· ² ¶μ É· ¥±Éμ·¨¨. ‚ É ¡²¨Í¥ ¶·¨-
¢¥¤¥´Ò ¤ ´´Ò¥ ¶μ ÔËË¥±É¨¢´μ¸É¨ · ¸¶ · ²²¥²¨¢ ´¨Ö Ê± § ´´μ£μ  ²£μ·¨É³ 
´  GPU.

‚¨¤¥μ± ·É  �¤¨´ ·´ Ö ÉμÎ´μ¸ÉÓ „¢μ°´ Ö ÉμÎ´μ¸ÉÓ

Tesla C 1060 × 113 × 17
Geforce 460 GTX × 140 × 22
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‚ÒÎ¨¸²¥´¨Ö ¶·μ¨§¢μ¤¨²¨¸Ó ¤²Ö μ¤¨´ ·´μ° (
oat) ¨ ¤¢μ°´μ° (double) ÉμÎ-
´μ¸É¨ ´  ¤¢ÊÌ ¢¨¤¥μ± ·É Ì: Tesla C 1060 ¨ Geforce 460 GTX. ‚ μ¤¨´ ·´μ°
ÉμÎ´μ¸É¨ (
oat) ´  Geforce 460 GTX ¢·¥³Ö ¢ÒÎ¨¸²¥´¨° ¢ 140 · § ³¥´ÓÏ¥
¢·¥³¥´¨ ¢ÒÎ¨¸²¥´¨° ´  Í¥´É· ²Ó´μ³ ¶·μÍ¥¸¸μ·¥ CPU.

�·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ³¥Éμ¤  ±μ´¥Î´ÒÌ · §´μ¸É¥°, ´ ¶·¨³¥·, ¢ 2D-¶μ¸É -
´μ¢±¥ μÉ´μ¸¨É¥²Ó´μ ¢¥±Éμ·´μ£μ ¶μÉ¥´Í¨ ² :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂x

(
1
μ

∂u

∂x

)
+

∂

∂y

(
1
μ

∂u

∂y

)
= −μ0Jz,

u|Γ+ = u|Γ− ,

1
μ

∂u

∂n

∣∣∣∣
Γ+

=
∂u

∂n

∣∣∣∣
Γ−

,

u|Γ0 = u0,

(3.5)

³μ¦´μ É ±¦¥ ¶·μ¨§¢¥¸É¨ · ¸¶ · ²²¥²¨¢ ´¨¥ ³¥Éμ¤  ¤¢ÊÌ¸ÉÊ¶¥´Î Éμ° ·¥² ±-
¸ Í¨¨ [3]:

u
k+1/2
i,j =

α1u
k
i+1,j + α2u

k
i,j+1 + α3u

k+1
i−1,j + α4u

k+1
i,j−1 + Fi,j

(α1 + α2 + α3 + α4)
,

uk+1
j = (1 − ω)uk

j + ωu
k+1/2
j , vk+1

j = (1 − η)vk
j + ηv

k+1/2
j ,

vj =
1
μj

, j = 1, 2, 3, 4,

Fi,j = −μ0

2
(j1hx

i+1h
y
j + j2h

x
i+1h

y
j+1 + j3h

x
i hy

j+1 + j4h
x
i hy

j ), (3.6)

α1 =
ν1h

y
j + ν2h

y
j+1

hx
i+1

, α2 =
ν3h

x
i + ν2h

x
i+1

hy
j+1

,

α3 =
ν4h

y
j + ν3h

y
j+1

hx
i

, α4 =
ν4h

x
i + ν1h

x
i+1

hy
j

,

£¤¥ ω ¨ η Ö¢²ÖÕÉ¸Ö ¶ · ³¥É· ³¨ ·¥² ±¸ Í¨¨. ‘¥ÉμÎ´ Ö ËÊ´±Í¨Ö Fi,j ¸μμÉ-
¢¥É¸É¢Ê¥É ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö ¨§ ¶μ¸É ´μ¢±¨ (3.5). „²Ö · ¸¶ · ²²¥²¨¢ -
´¨Ö ·¥² ±¸ Í¨¨ (3.6) ³μ¦´μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ³¥Éμ¤μ³ ®Red&Black¯ (·¨¸. 30).
‚ ÔÉμ³ ¸²ÊÎ ¥ Ëμ·³Ê²  (3.6) § ³¥´Ö¥É¸Ö ´  Ëμ·³Ê²Ê

u
k+1/2
i,j =

α1u
k
i+1,j + α2u

k
i,j+1 + α3u

k
i−1,j + α4u

k
i,j−1 + Fi,j

(α1 + α2 + α3 + α4)
. (3.7)

‘´ Î ²  ¶μ Ëμ·³Ê²¥ (3.7) ¶·μ¨¸Ìμ¤¨É ¶ · ²²¥²Ó´μ¥ ¢ÒÎ¨¸²¥´¨¥ u
k+1/2
i,j ¢μ

¢¸¥Ì ®Î¥·´ÒÌ¯ Ê§² Ì,   ¶μÉμ³ ¶ · ²²¥²Ó´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¢μ ¢¸¥Ì ®±· ¸´ÒÌ¯



Œ�„…‹ˆ��‚��ˆ… Œ�ƒ�ˆ’�›• ‘ˆ‘’…Œ ‚ �	‹�‘’ˆ ‘ “ƒ‹�Œ 409

�¨¸. 30. � ¸¶ · ²²¥²¨¢ ´¨¥ ³¥Éμ¤μ³ ®Red&Black¯

Ê§² Ì. Šμ´¥Î´μ, ¸±μ·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ ³¥Éμ¤  (3.7) ´¨¦¥, Î¥³ ³¥Éμ¤  ·¥² ±-
¸ Í¨¨ (3.6). �¤´ ±μ ¢ ³¥Éμ¤¥ (3.7) ¥¸ÉÓ ¢μ§³μ¦´μ¸ÉÓ ¶ · ²²¥²Ó´ÒÌ · ¸Î¥Éμ¢
´  GPU. Š ¦¤Ò° ¢ÒÎ¨¸²¨É¥²Ó´Ò° ¶μÉμ± ´  GPU ¡Ê¤¥É ¶·μ¨§¢μ¤¨ÉÓ · ¸Î¥É
¶μ Ëμ·³Ê²¥ (3.7) ¤²Ö ¸¢μ¥£μ Ê§²  ¸¥É±¨ (i, j).

�·¨ ¢ÒÎ¨¸²¥´¨¨ ´  GPU Tesla C 1060 ¢ ¤¢μ°´μ° ÉμÎ´μ¸É¨ (double) ¶ -
· ²²¥²Ó´Ò°  ²£μ·¨É³ (3.7) ¤ ¥É Ê¸±μ·¥´¨¥ ¶·¨¡²¨§¨É¥²Ó´μ ¢ 21 · § ´  ¸¥É±¥
1024× 1024. ‘Ìμ¤¨³μ¸ÉÓ  ²£μ·¨É³  (3.7) ¢ 3 · §  ³¥¤²¥´´¥¥, Î¥³  ²£μ·¨É-
³  (3.6). ‚ ·¥§Ê²ÓÉ É¥ ¸Ê³³ ·´μ¥ Ê¸±μ·¥´¨¥ ¶ · ²²¥²Ó´μ£μ  ²£μ·¨É³  (3.7)
¶μ ¸· ¢´¥´¨Õ ¸ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³  ²£μ·¨É³μ³ (3.6) ³μ¦´μ μÍ¥´¨ÉÓ ¢ 7 · §.

3.2. Œμ¤¥²¨·μ¢ ´¨¥ ³ £´¨É´μ° ¸¨¸É¥³Ò SPD NICA. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö
 ±É¨¢´μ ¢¥¤¥É¸Ö · §· ¡μÉ±  ¤¥É¥±Éμ·  ¸¶¨´μ¢μ° Ë¨§¨±¨ (SPD) ¤²Ö ¶·μ¥±É 
NICA [56]. ‚Ò¡μ· ¶μ¤Ìμ¤ÖÐ¥° ±μ´Ë¨£Ê· Í¨¨ ¤¥É¥±Éμ·  É·¥¡Ê¥É ÊÎ¥É  ³´μ-
¦¥¸É¢  É¥Ì´¨Î¥¸±¨Ì ¶ · ³¥É·μ¢. ‚ ¤ ´´μ³ ¶Ê´±É¥ ¶·¨¢μ¤¨É¸Ö Î¨¸²¥´´μ¥ ³μ-
¤¥²¨·μ¢ ´¨¥ É·¥Ì ¶¥·¢μ´ Î ²Ó´ÒÌ ¢ ·¨ ´Éμ¢ ±μ´Ë¨£Ê· Í¨° ³ £´¨É´μ° ¸¨-
¸É¥³Ò ¤¥É¥±Éμ·  SPD (·¨¸. 31). ‚¸¥ É·¨ ±μ´Ë¨£Ê· Í¨¨ Ê¸²μ¢´μ ¸μ¸ÉμÖÉ ¨§
É·¥Ì ¸¥±Í¨°: ¤¢ÊÌ ¡μ±μ¢ÒÌ (®backward¯ ¨ ®forward¯) ¨ μ¤´μ° Í¥´É· ²Ó´μ°
(®central¯).

�  ·¨¸. 31,   ¶·¨¢¥¤¥´  ±μ´Ë¨£Ê· Í¨Ö ³ £´¨É´μ° ¸¨¸É¥³Ò, ¸μ¸ÉμÖÐ¥° ¨§
Î¥ÉÒ·¥Ì ± ÉÊÏ¥±, ±μÉμ·Ò¥ ¶μ ¸¢μ¨³ £¥μ³¥É·¨Î¥¸±¨³ ¶ · ³¥É· ³ ¡²¨§±¨ ±
± ÉÊÏ± ³ ƒ¥²Ó³£μ²ÓÍ . ‚ ± ¦¤μ° ¡μ±μ¢μ° ¸¥±Í¨¨ ´ Ìμ¤ÖÉ¸Ö ¶μ ¤¢¥ ± ÉÊÏ±¨.
‚ Í¥´É· ²Ó´μ° ¸¥±Í¨¨ ± ÉÊÏ±¨ μÉ¸ÊÉ¸É¢ÊÕÉ.

�  ·¨¸. 31, ¡ ¨§μ¡· ¦¥´  ®Éμ·μ¨¤ ²Ó´ Ö¯ ±μ´Ë¨£Ê· Í¨Ö ³ £´¨É´μ° ¸¨-
¸É¥³Ò. ‚ ¡μ±μ¢ÒÌ ¸¥±Í¨ÖÌ ´ Ìμ¤ÖÉ¸Ö μ¤¨´ ±μ¢Ò¥ Éμ·μ¨¤ ²Ó´Ò¥ ¸¨¸É¥³Ò
μ¡³μÉμ±. ‚ Í¥´É· ²Ó´μ° ¸¥±Í¨¨ Éμ·μ¨¤ ²Ó´ Ö ¸¨¸É¥³  μ¡³μÉμ± ´ Î¨´ ¥É¸Ö ¸
¡μ²ÓÏ¥£μ ¢´ÊÉ·¥´´¥£μ · ¤¨Ê¸ , É¥³ ¸ ³Ò³ ¨³¥¥É¸Ö ¡μ²ÓÏ¥ ¸¢μ¡μ¤´μ£μ ³¥¸É 
¤²Ö ¢¥·Ï¨´´ÒÌ ¤¥É¥±Éμ·μ¢.
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�¨¸. 31. � ¸¸³ É·¨¢ ¥³Ò¥ ³μ¤¥²¨:  ) ± ÉÊÏ¥Î´Ò° É¨¶; ¡) Éμ·μ¨¤ ²Ó´Ò° É¨¶;
¢) ¸³¥Ï ´´Ò° (£¨¡·¨¤: ± ÉÊÏ±¨ + Éμ·μ¨¤) É¨¶

�  ·¨¸. 31, ¢ ¶μ± § ´  ®£¨¡·¨¤´ Ö¯ ±μ´Ë¨£Ê· Í¨Ö, ¸μ¸ÉμÖÐ Ö ¢ Í¥´É· ²Ó-
´μ° ¸¥±Í¨¨ ¨§ Éμ·μ¨¤ ²Ó´μ° ¸¨¸É¥³Ò μ¡³μÉμ±,   ¢ ¡μ±μ¢ÒÌ ¸¥±Í¨ÖÌ Å ¨§
± ÉÊÏ¥± É¨¶  ± ÉÊÏ¥± ƒ¥²Ó³£μ²ÓÍ .

„²Ö ± ¦¤μ° ¨§ É·¥Ì ³μ¤¥²¥° (¸³. ·¨¸. 31) ¶μ²ÊÎ¥´Ò · ¸¶·¥¤¥²¥´¨Ö ³ £-
´¨É´ÒÌ ¶μ²¥° ¨ ¶·μ¢¥¤¥´ ¨Ì  ´ ²¨§. � ¸Î¥ÉÒ ¢Ò¶μ²´¥´Ò (¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
¶·μ£· ³³´μ£μ μ¡¥¸¶¥Î¥´¨Ö Opera3D/TOSCA) ³¥Éμ¤μ³ ±μ´¥Î´ÒÌ Ô²¥³¥´Éμ¢
´  É¥É· Ô¤· ²Ó´μ° ¸¥É±¥, ¸¶¥Í¨ ²Ó´μ ¸£¥´¥·¨·μ¢ ´´μ° ¸ ÊÎ¥Éμ³ ¸É·Ê±ÉÊ·´ÒÌ
μ¸μ¡¥´´μ¸É¥° ³μ¤¥²¥°. „ ²¥¥ · ¸¸³μÉ·¨³ ¢¸¥ É·¨ ³μ¤¥²¨ ¶μ μÉ¤¥²Ó´μ¸É¨.

3.3. Œμ¤¥²Ó ± ÉÊÏ¥Î´μ£μ É¨¶ . � ¸¸³μÉ·¨³ ³μ¤¥²Ó, ¨§μ¡· ¦¥´´ÊÕ ´ 
·¨¸. 31,   ¢ ¤¢ÊÌ ±μ´Ë¨£Ê· Í¨ÖÌ. ‚ ¶¥·¢μ° ±μ´Ë¨£Ê· Í¨¨ ¡Ê¤ÊÉ ¢±²ÕÎ¥´Ò
Éμ²Ó±μ ¤¢¥ μ¡³μÉ±¨, É. ¥. ¶μ μ¤´μ° μ¡³μÉ±¥ ¨§ ± ¦¤μ° ¡μ±μ¢μ° ¸¥±Í¨¨. ‚μ
¢Éμ·μ° ±μ´Ë¨£Ê· Í¨¨ ¡Ê¤ÊÉ ¢±²ÕÎ¥´Ò ¢¸¥ Î¥ÉÒ·¥ μ¡³μÉ±¨.

3.3.1. „¢¥ μ¡³μÉ±¨ ¸ Éμ±μ³. �  ·¨¸. 32 ¨§μ¡· ¦¥´Ò £¥μ³¥É·¨Î¥¸±¨¥
· §³¥·Ò ³μ¤¥²¨ ± ÉÊÏ¥Î´μ£μ É¨¶  ¸ ¤¢Ê³Ö μ¡³μÉ± ³¨. ‚¸¥ · §³¥·Ò §¤¥¸Ó ¨
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�¨¸. 32. ƒ¥μ³¥É·¨Î¥¸±¨¥ ¶ · ³¥É·Ò ³μ¤¥²¨ ± ÉÊÏ¥Î´μ£μ É¨¶  ¸ ¤¢Ê³Ö μ¡³μÉ± ³¨.
 ) ƒ¥μ³¥É·¨Ö ³μ¤¥²¨; ¡) · §³¥·Ò ³μ¤¥²¨

¤ ²¥¥ Ê± § ´Ò ¢ ³¨²²¨³¥É· Ì. 	Ò²¨ · ¸¸³μÉ·¥´Ò ¤¢¥ ±μ´Ë¨£Ê· Í¨¨ ¤ ´´μ°
³ £´¨É´μ° ¸¨¸É¥³Ò: ±μ£¤  Éμ±¨ ¢ μ¡³μÉ± Ì É¥±ÊÉ ¢ μ¤´μ³ ´ ¶· ¢²¥´¨¨ ¨
±μ£¤  Å ¢ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ´ ¶· ¢²¥´¨ÖÌ. �μ¶¥·¥Î´μ¥ ¸¥Î¥´¨¥ μ¡³μÉ±¨
S = 180 × 30 ³³, ¶μ²´Ò° Éμ± ¢ μ¡³μÉ± Ì I = 286,2 ±�, ¶μ²¥ ¢ Í¥´É·¥
Bcenter = 0,159 ’². �  ·¨¸. 33 ¨§μ¡· ¦¥´μ · ¸¶·¥¤¥²¥´¨¥ ³μ¤Ê²Ö ³ £´¨É-
´μ£μ ¶μ²Ö ¢ ¶²μ¸±μ¸É¨ ROZ: ·¨¸. a Å ¤²Ö ¸μ´ ¶· ¢²¥´´ÒÌ Éμ±μ¢, ·¨¸. ¡ Å
¤²Ö ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ Éμ±μ¢. ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ ¶μ²¥ ´¥ ¶·¥¢ÒÏ ¥É 1 ’².
�  ·¨¸. 33, ¡ ¶·¥¤¥² Ï± ²Ò ¶μ²Ö ¢Ò¸É ¢²¥´ ´  ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ 0,1 ’².
‚ ¡¥²μ° μ¡² ¸É¨ ¢¡²¨§¨ μ¡³μÉ±¨ ³μ¤Ê²Ó ¶μ²Ö ¶·¥¢ÒÏ ¥É §´ Î¥´¨¥ 0,1 ’²
(¸³. ·¨¸. 33, ¡). �  ·¨¸. 34 ¨§μ¡· ¦¥´μ · ¸¶·¥¤¥²¥´¨¥ ¶μ²Ö ¢¤μ²Ó μ¸¨ OZ ¤²Ö
· §´ÒÌ · ¤¨Ê¸μ¢.
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�¨¸. 33. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ ¶²μ¸±μ¸É¨ ROZ:  ) Éμ±¨ ¸μ´ ¶· ¢²¥´Ò; ¡) Éμ±¨ ¶·μÉ¨-
¢μ´ ¶· ¢²¥´Ò

�¨¸. 34. � ¸¶·¥¤¥²¥´¨¥ |B| ¢¤μ²Ó μ¸¨ OZ:  ) Éμ±¨ ¸μ´ ¶· ¢²¥´Ò; ¡) Éμ±¨ ¶·μÉ¨¢μ´ -
¶· ¢²¥´Ò

3.3.2. —¥ÉÒ·¥ μ¡³μÉ±¨ ¸ Éμ±μ³. �  ·¨¸. 31,   ¨§μ¡· ¦¥´ ± ÉÊÏ¥Î´Ò°
É¨¶ ³μ¤¥²¨ ¸ Î¥ÉÒ·Ó³Ö μ¡³μÉ± ³¨. �  ·¨¸. 35 ¶·¨¢¥¤¥´Ò · §³¥·Ò ³μ¤¥²¨.
	Ò²¨ · ¸¸³μÉ·¥´Ò ¤¢¥ ±μ´Ë¨£Ê· Í¨¨ ¤ ´´μ° ³ £´¨É´μ° ¸¨¸É¥³Ò: ±μ£¤  Éμ±¨

�¨¸. 35. ƒ¥μ³¥É·¨Ö ³μ¤¥²¨ ± ÉÊÏ¥Î´μ£μ É¨¶  ¸ Î¥ÉÒ·Ó³Ö μ¡³μÉ± ³¨
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�¨¸. 36. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ ¶²μ¸±μ¸É¨ ROZ:  ) Éμ±¨ ¸μ´ ¶· ¢²¥´Ò; ¡) Éμ±¨ ¶·μÉ¨-
¢μ´ ¶· ¢²¥´Ò

�¨¸. 37. � ¸¶·¥¤¥²¥´¨¥ |B| ¢¤μ²Ó μ¸¨ OZ:  ) Éμ±¨ ¸μ´ ¶· ¢²¥´Ò; ¡) Éμ±¨ ¶·μÉ¨¢μ´ -
¶· ¢²¥´Ò

¢ ²¥¢ÒÌ ¤¢ÊÌ μ¡³μÉ± Ì ¨ ¶· ¢ÒÌ ¤¢ÊÌ É¥±ÊÉ ¢ μ¤´μ³ ´ ¶· ¢²¥´¨¨ ¨ ±μ£¤  Å
¢ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ.

�  ·¨¸. 36 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ ³μ¤Ê²Ö ³ £´¨É´μ£μ ¶μ²Ö ¢ ¶²μ¸±μ¸-
É¨ ROZ. �  ·¨¸. 37 ¶·¨¢¥¤¥´μ · ¸¶·¥¤¥²¥´¨¥ ³μ¤Ê²Ö ³ £´¨É´μ£μ ¶μ²Ö ¢¤μ²Ó
μ¸¨ OZ ¤²Ö · §´ÒÌ · ¤¨Ê¸μ¢.

3.4. Œμ¤¥²Ó Éμ·μ¨¤ ²Ó´μ£μ É¨¶ . 	Ò²¨ · ¸¸³μÉ·¥´Ò ¸²¥¤ÊÕÐ¨¥ ¢ ·¨-
 ´ÉÒ ³μ¤¥²¥° Éμ·μ¨¤ ²Ó´μ£μ É¨¶  (¸³. ·¨¸. 31, ¡):

Å ³μ¤¥²Ó ®T1¯ (Éμ²Ó±μ μ¡³μÉ±¨, μ¤¨´ ±μ¢Ò¥ Éμ±¨)

� ³μ¤¥²Ó ®T1-A¯ (¶μ¶¥·¥Î´μ¥ ¸¥Î¥´¨¥ μ¡³μÉ±¨ 200 × 60 ³³);

� ³μ¤¥²Ó ®T1-B¯ (¶μ¶¥·¥Î´μ¥ ¸¥Î¥´¨¥ μ¡³μÉ±¨ 20 × 20 ³³);

Å ³μ¤¥²Ó ®T2¯ (Éμ²Ó±μ μ¡³μÉ±¨, · §²¨Î´Ò¥ Éμ±¨);

Å ³μ¤¥²Ó ®T3¯ (μ¡³μÉ±¨+ ¦¥²¥§μ, · §²¨Î´Ò¥ Éμ±¨).

� ¸¸³μÉ·¨³ ¶μ¸²¥¤μ¢ É¥²Ó´μ ± ¦¤Ò° ¢ ·¨ ´É.
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3.4.1. ‚ ·¨ ´ÉÒ ³μ¤¥²¥° ®T1-�¯ ¨ ®T1-‚¯. �  ·¨¸. 38 ¨§μ¡· ¦¥´  £¥μ-
³¥É·¨Ö ³μ¤¥²¥° ®’1-A¯ (·¨¸. 38,  ) ¨ ®’1-‚¯ (·¨¸. 38, ¡). ‘¥Î¥´¨¥ μ¡³μÉ±¨
20×20 ³³ Ê¸²μ¢´μ ¸μμÉ¢¥É¸É¢Ê¥É μ¡³μÉ±¥, · ¡μÉ ÕÐ¥° ¢ ·¥¦¨³¥ ¸¢¥·Ì¶·μ¢μ-
¤¨³μ¸É¨ (¸³. ·¨¸. 38, ¡). �  ·¨¸. 39 Ê± § ´Ò £¥μ³¥É·¨Î¥¸±¨¥ · §³¥·Ò ³μ¤¥²¥°.
‚ μ¡¥¨Ì ³μ¤¥²ÖÌ ®’1-A¯ ¨ ®’1-‚¯ μ¡³μÉ±  ¸μ¸Éμ¨É ¨§ É·¥Ì ¸¥±Í¨°. ‚ ± -
¦¤μ° ¸¥±Í¨¨ ¨³¥ÕÉ¸Ö ¢μ¸¥³Ó μ¡³μÉμ±, μ¡· §ÊÕÐ¨Ì Éμ·μ¨¤ ²Ó´ÊÕ ±μ´Ë¨£Ê· -
Í¨Õ. ‚ ¡μ±μ¢ÒÌ ¸¥±Í¨ÖÌ μ¡³μÉ±¨ ¨³¥ÕÉ μ¤¨´ ±μ¢ÊÕ £¥μ³¥É·¨Õ (¸³. ·¨¸. 39).
‘Ê³³ ·´Ò° Éμ± ( ³¶¥·-¢¨É±¨), ¶·μÉ¥± ÕÐ¨° ¢ ± ¦¤μ° μ¡³μÉ±¥, μ¤¨´ ±μ-

�¨¸. 38. ƒ¥μ³¥É·¨Ö ³μ¤¥²¥° ®’1-�¯ ¨ ®’1-‚¯:  ) ®T1-A¯, ¸¥Î¥´¨¥ μ¡³μÉμ±
200 × 60 ³³; ¡) ®T1-B¯, ¸¥Î¥´¨¥ μ¡³μÉμ± 20 × 20 ³³
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�¨¸. 39. ƒ¥μ³¥É·¨Ö ³μ¤¥²¥° ®’1-�¯ ¨ ®’1-‚¯:  ) ®T1-A¯, ¸¥Î¥´¨¥ μ¡³μÉμ±
200 × 60 ³³; ¡) ®T1-B¯, ¸¥Î¥´¨¥ μ¡³μÉμ± 20 × 20 ³³

¢Ò° ¨ · ¢¥´ I = 228 ±�. � §´ Ö ¶²μÐ ¤Ó ¸¥Î¥´¨Ö μ¡³μÉ±¨ ¤²Ö ¢ ·¨ ´Éμ¢
®’1-A¯ ¨ ®’1-‚¯ ¶·¨¢μ¤¨É ± · §´Ò³ ¶²μÉ´μ¸ÉÖ³ Éμ±  JA = 19 �/³³2 ¨
JB = 570 �/³³2 ¸μμÉ¢¥É¸É¢¥´´μ.

�  ·¨¸. 40Ä43 ¶·¨¢¥¤¥´Ò · ¸¶·¥¤¥²¥´¨Ö |B| ¢ · §²¨Î´ÒÌ μ¡² ¸ÉÖÌ Ω.
�  ·¨¸. 44 ¨§μ¡· ¦¥´μ · ¸¶·¥¤¥²¥´¨¥ |B| ¢¤μ²Ó · ¤¨Ê¸  ¤²Ö ¤¢ÊÌ §´ Î¥´¨°
z = 1700 ³³ ¨ z = 0 ³³.

3.4.2. ‚ ·¨ ´É ³μ¤¥²¨ ®T2¯. �  ·¨¸. 45 ¨§μ¡· ¦¥´  ³μ¤¥²Ó ®’2¯, ±μÉμ-
· Ö μÉ²¨Î ¥É¸Ö μÉ ³μ¤¥²¨ ®’1-�¯ Éμ²Ó±μ §´ Î¥´¨¥³ Éμ±  ¢ ¡μ±μ¢ÒÌ μ¡³μÉ± Ì
(®Forward coils¯ ¨ ®Backward coils¯). ‚ ·¥§Ê²ÓÉ É¥ ¶²μÉ´μ¸ÉÓ Éμ±  ¢ Í¥´É· ²Ó-
´μ° μ¡³μÉ±¥ JC = 19 �/³³2 ( ³¶¥·-¢¨É±¨ IC = JC ·S = 228 ±�),   ¢ ¡μ±μ¢ÒÌ
μ¡³μÉ± Ì JB/F = 14 �/³³2 ( ³¶¥·-¢¨É±¨ IB/F = JB/F · S = 168 ±�).
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�¨¸. 40. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 3000, ϕ = π/8,
0 � z � 3000}:  ) ³μ¤¥²Ó ®’1-A¯, ¸¥Î¥´¨¥ μ¡³μÉμ± 200 × 60 ³³; ¡) ³μ¤¥²Ó ®’1-‚¯,
¸¥Î¥´¨¥ μ¡³μÉμ± 20 × 20 ³³

�¨¸. 41. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 3000, ϕ = 0, 0 � z �
3000}:  ) ³μ¤¥²Ó ®’1-A¯, ¸¥Î¥´¨¥ μ¡³μÉμ± 200 × 60 ³³; ¡) ³μ¤¥²Ó ®’1-‚¯, ¸¥Î¥´¨¥
μ¡³μÉμ± 20 × 20 ³³
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�¨¸. 42. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 3000, 0 � ϕ � π/4,
z = 0}:  ) ³μ¤¥²Ó ®’1-A¯, ¸¥Î¥´¨¥ μ¡³μÉμ± 200 × 60 ³³; ¡) ³μ¤¥²Ó ®’1-‚¯, ¸¥Î¥´¨¥
μ¡³μÉμ± 20 × 20 ³³

�¨¸. 43. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 2000, 0 � ϕ � π/4,
z = 1700}:  ) ³μ¤¥²Ó ®’1-A¯, ¸¥Î¥´¨¥ μ¡³μÉμ± 200 × 60 ³³; ¡) ³μ¤¥²Ó ®’1-‚¯,
¸¥Î¥´¨¥ μ¡³μÉμ± 20 × 20 ³³
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�¨¸. 44. � ¸¶·¥¤¥²¥´¨¥ |B| ¢¤μ²Ó · ¤¨Ê¸  ¶·¨ z = 0 ³³ ¨ z = 1700 ³³, ϕ = π/8,
B(ϕ) = |B|:  ) ³μ¤¥²Ó ®’1-A¯, ¸¥Î¥´¨¥ μ¡³μÉμ± 200 × 60 ³³; ¡) ³μ¤¥²Ó ®’1-‚¯,
¸¥Î¥´¨¥ μ¡³μÉμ± 20 × 20 ³³

�¨¸. 45. ƒ¥μ³¥É·¨Ö ³μ¤¥²¨ ®’2¯

�  ·¨¸. 46Ä49 ¶·¨¢¥¤¥´Ò · ¸¶·¥¤¥²¥´¨Ö ³μ¤Ê²Ö ³ £´¨É´μ£μ ¶μ²Ö |B| ¢
· §²¨Î´ÒÌ μ¡² ¸ÉÖÌ Ω. �  ·¨¸. 50 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ |B| ¢¤μ²Ó · ¤¨Ê¸ 
¶·¨ ϕ = π/8 ¤²Ö ¤¢ÊÌ ¶·μ¤μ²Ó´ÒÌ ¶μ²μ¦¥´¨° z = 1700 ³³ ¨ z = 0 ³³.

3.4.3. ‚ ·¨ ´É ³μ¤¥²¨ ®T3¯. „μ¡ ¢²¥´¨¥ ± ³μ¤¥²¨ ®’2¯ Ë¥··μ³ £´¨É-
´μ°/¦¥²¥§´μ° Î ¸É¨ ¤ ¥É ³μ¤¥²Ó ®’3¯, ¨§μ¡· ¦¥´´ÊÕ ´  ·¨¸. 51. �  ·¨¸. 52
¶·¨¢¥¤¥´Ò · §³¥·Ò ³μ¤¥²¨ ®’3¯.

�  ·¨¸. 53 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ ³μ¤Ê²Ö ³ £´¨É´μ£μ ¶μ²Ö |B| ´  ¶μ-
¢¥·Ì´μ¸É¨ Ë¥··μ³ £´¥É¨± . ‚¨¤´μ, ÎÉμ ¦¥²¥§´ Ö Î ¸ÉÓ ´ ³ £´¨Î¨¢ ¥É¸Ö ¸² ¡μ,
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�¨¸. 46. � ¸¶·¥¤¥²¥´¨¥
|B| ¢ μ¡² ¸É¨ Ω =
{(r, ϕ, z): 0 � r � 3000,
ϕ = π/8, 0 � z � 3000}

�¨¸. 47. � ¸¶·¥¤¥²¥´¨¥
|B| ¢ μ¡² ¸É¨ Ω =
{(r, ϕ, z): 0 � r � 3000,
ϕ = 0, 0 � z � 3000}

�¨¸. 48. � ¸¶·¥¤¥²¥´¨¥
|B| ¢ μ¡² ¸É¨ Ω =
{(r, ϕ, z): 0 � r � 2000,
0 � ϕ � π/4, z = 0}
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�¨¸. 49. � ¸¶·¥¤¥²¥´¨¥
|B| ¢ μ¡² ¸É¨ Ω =
{(r, ϕ, z): 0 � r � 2000,
0 � ϕ � π/4, z = 1700}

�¨¸. 50. � ¸¶·¥¤¥²¥´¨¥ B(ϕ) = |B| ¢¤μ²Ó · ¤¨Ê¸  ¶·¨ ϕ = π/8, z = 0 ³³ ¨ z =
1700 ³³

�¨¸. 51. ƒ¥μ³¥É·¨Ö ³μ¤¥²¨ ®’3¯
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�¨¸. 52. � §³¥·Ò ³μ¤¥²¨ ®’3¯

�¨¸. 53. � ¸¶·¥¤¥²¥´¨¥ |B| ´  ¶μ¢¥·Ì´μ¸É¨ Ë¥··μ³ £´¥É¨± 

�¨¸. 54. � ¸¶·¥¤¥²¥´¨¥ B ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 2000, 0 � ϕ � π/4,
z = 0}



422 �…�…�Þ‹Šˆ� …. …. ˆ „�.

�¨¸. 55. � ¸¶·¥¤¥²¥´¨¥ B ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 2000, 0 � ϕ � π/4,
z = 1700}

�¨¸. 56. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): r = 2000, 0 � ϕ � π/4,
0 � z � 3000}

�¨¸. 57. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): r = 1000, 0 � ϕ � π/4,
0 � z � 3000}
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�¨¸. 58. � ¸¶·¥¤¥²¥´¨¥ B(ϕ) = |B| ¢¤μ²Ó · ¤¨Ê¸  ¶·¨ ϕ = π/8, z = 0 ³³ ¨ z =
1700 ³³

¶μÔÉμ³Ê ¥¥ ¢±² ¤ ¢ μ¸´μ¢´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ´¥¸ÊÐ¥¸É¢¥´´Ò³. �  ·¨¸. 54Ä57
¶μ± § ´Ò · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö ¢ · §²¨Î´ÒÌ μ¡² ¸ÉÖÌ Ω. �  ·¨¸. 58
¨§μ¡· ¦¥´μ · ¸¶·¥¤¥²¥´¨¥ |B| ¢¤μ²Ó · ¤¨Ê¸  ¶·¨ ϕ = π/8, z = 1700 ³³ ¨
z = 0 ³³.

3.4.4. ˆ´É¥£· ²Ó´ Ö ± ·É  ®Í¨²¨´¤·¨Î¥¸±μ£μ¯ É¨¶ . ‚ÒÎ¨¸²¨³ ¨´É¥-
£· ²Ò μÉ ³ £´¨É´μ£μ ¶μ²Ö ¶μ ¶·Ö³μ²¨´¥°´Ò³ É· ¥±Éμ·¨Ö³ ¤²Ö ³μ¤¥²¨ ®T3¯.
Š ¦¤ Ö ¶·Ö³μ²¨´¥°´ Ö É· ¥±Éμ·¨Ö ¡Ê¤¥É ¨³¥ÉÓ ´ Î ²μ ´  μ¸¨ OZ,   § ± ´-
Î¨¢ ÉÓ¸Ö ´  ¡μ±μ¢μ° ¶μ¢¥·Ì´μ¸É¨ Í¨²¨´¤· , ¨§μ¡· ¦¥´´μ£μ ´  ·¨¸. 59. …¸²¨
¤²Ö μ¡² ¸É¨ Ω ´  ·¨¸. 59 ¢¢¥¸É¨ Í¨²¨´¤·¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É (r, ϕ, z),
Éμ É· ¥±Éμ·¨¨ ¡Ê¤ÊÉ ¶·μÌμ¤¨ÉÓ ¢¤μ²Ó · ¤¨Ê¸  r ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥-
´¨ÖÌ ϕ, z. „²Ö ± ¦¤μ° ±μ³¶μ´¥´ÉÒ ³ £´¨É´μ£μ ¶μ²Ö B(r), B(ϕ), B(z) ³μ¦´μ

�¨¸. 59. –¨²¨´¤·¨Î¥¸± Ö μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö Ω = {(r, ϕ, z): 0 � r � 3100,
0 � ϕ � π/4, 0 � z � 3400}



424 �…�…�Þ‹Šˆ� …. …. ˆ „�.

¢ÒÎ¨¸²¨ÉÓ ¨´É¥£· ²Ò ¢¨¤ 

IR(z, ϕ) =

Rmax∫
0

B(r)(r, ϕ, z) dr, (3.8)

IΦ(z, ϕ) =

Rmax∫
0

B(ϕ)(r, ϕ, z) dr, (3.9)

IZ(z, ϕ) =

Rmax∫
0

B(z)(r, ϕ, z) dr. (3.10)

‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ± ¦¤μ° ÉμÎ±¨ (Rmax, ϕ, z) ¡μ±μ¢μ° ¶μ¢¥·Ì´μ¸É¨ Í¨-
²¨´¤·¨Î¥¸±μ° μ¡² ¸É¨ Ω (·¨¸. 60) ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¨´É¥£· ²Ò (3.8)Ä(3.10).
’ ±¨³ μ¡· §μ³, ´  ¤¢Ê³¥·´μ° ¶μ¢¥·Ì´μ¸É¨ (ϕ, z) ¡Ê¤¥É ´ °¤¥´μ · ¸¶·¥¤¥²¥-
´¨¥ §´ Î¥´¨° ¨´É¥£· ²μ¢ (3.8)Ä(3.10).

„²Ö Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¡Ò²  ¢Ò¡· ´  ¤¨¸±·¥É´ Ö ¸¥É±  §´ Î¥´¨°
±μμ·¤¨´ É: Δr = 31 ³³, Δϕ = 1◦, Δz = 34 ³³. �¡Ð¥¥ ±μ²¨Î¥¸É¢μ Ê§²μ¢
¸¥É±¨: Nr = 100, Nϕ = 45, Nz = 100, NrNϕNz = 450 000.

�  ·¨¸. 61 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥  ¡¸μ²ÕÉ´ÒÌ §´ Î¥´¨° ¨´É¥£· ²Ó´μ°
± ·ÉÒ ¶μ²Ö |IΦ|. Šμ³¶μ´¥´É  ¶μ²Ö B(ϕ) Ö¢²Ö¥É¸Ö μ¸´μ¢´μ° ±μ³¶μ´¥´Éμ°
³ £´¨É´μ£μ ¶μ²Ö ¤²Ö Éμ·μ¨¤ ²Ó´μ° ±μ´Ë¨£Ê· Í¨¨ ®’3¯. �¡² ¸É¨ ³ ±¸¨-
³ ²Ó´ÒÌ §´ Î¥´¨° ¨´É¥£· ²μ¢ (3.9) ¢Ò¤¥²¥´Ò ´  ·¨¸. 61 ÏÉ·¨Ìμ¢Ò³¨ ²¨´¨-
Ö³¨. �  ·¨¸. 62 ¤ ´´Ò¥ μ¡² ¸É¨ ´ ²μ¦¥´Ò ´  £¥μ³¥É·¨Õ ³ £´¨É´μ° ¸¨¸É¥³Ò.
�  ·¨¸. 63Ä65 ¨§μ¡· ¦¥´Ò ¨´É¥£· ²Ó´Ò¥ ± ·ÉÒ (3.8)Ä(3.10).

�¸´μ¢´μ° ¨´É¥£· ² IΦ (3.9) ¢ μ¡² ¸É¨ z = 1020−2380 ³³ ¨³¥¥É §´ Î¥´¨Ö
´  Ê·μ¢´¥ 0,87 ’² · ³. ˆ´É¥£· ²Ò IR (3.8) μÉ · ¤¨ ²Ó´μ° ±μ³¶μ´¥´ÉÒ B(r)

�¨¸. 60. �μ¸É·μ¥´¨¥ Í¨²¨´¤·¨Î¥¸±μ° ¨´É¥£· ²Ó´μ° ± ·ÉÒ
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�¨¸. 61. ˆ´É¥£· ²Ó´ Ö ± ·É  |IΦ|

�¨¸. 62. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ μ¡² ¸É¨ μ¤´μ·μ¤´μ¸É¨

�¨¸. 63. ˆ´É¥£· ²Ó´ Ö ± ·É  IΦ



426 �…�…�Þ‹Šˆ� …. …. ˆ „�.

�¨¸. 64. ˆ´É¥£· ²Ó´ Ö ± ·É  IR

511.78

409.42

307.07

204.71

102.36

0.001571655

–102.35

– 204.71

– 307.06

– 409.42

– 511.77

T mm�

45

40

35

30

25

20

15

10

5

0

0
z

�

680 1360 2040 2720 3400

�¨¸. 65. ˆ´É¥£· ²Ó´ Ö ± ·É  IZ

³ ²Ò, ¨ ¨Ì ³ ±¸¨³ ²Ó´Ò¥ §´ Î¥´¨Ö ±0,09 ’² · ³ ²μ± ²¨§μ¢ ´Ò ´  ±· ÖÌ
Éμ·μ¨¤ ²Ó´ÒÌ μ¡³μÉμ± ϕ = 0◦ ¨ ϕ = 45◦ (¸³. ·¨¸. 64). ˆ´É¥£· ²Ò IZ (3.10)
μÉ ¶·μ¤μ²Ó´ÒÌ ±μ³¶μ´¥´É B(z) ¤μ¸É¨£ ÕÉ §´ Î¥´¨° ±0,5 ’² · ³, μ¤´ ±μ μ´¨
²μ± ²¨§μ¢ ´Ò ¢ ´¥¡μ²ÓÏ¨Ì μ¡² ¸ÉÖÌ (Δz = 170 ³³, Δϕ = 5◦) ´  ±· ÖÌ
μ¡³μÉμ± (¸³. ·¨¸. 65).

3.4.5. ˆ´É¥£· ²Ó´ Ö ± ·É  ®¸Ë¥·¨Î¥¸±μ£μ¯ É¨¶ . �μ  ´ ²μ£¨¨ ¸ ¶·¥¤Ò-
¤ÊÐ¨³ ¸²ÊÎ ¥³ ¢ÒÎ¨¸²¨³ ¨´É¥£· ²Ò ¶μ ¶·Ö³μ²¨´¥°´Ò³ É· ¥±Éμ·¨Ö³, ¨¸Ìμ-
¤ÖÐ¨³ ¨§ ´ Î ²  ±μμ·¤¨´ É (Í¥´É· ³ £´¨É´μ° ¸¨¸É¥³Ò) ¨ § ± ´Î¨¢ ÕÐ¨³¸Ö
´  ¸Ë¥·¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨ · ¤¨Ê¸  Rmax (·¨¸. 66). ‚¸¥ É· ¥±Éμ·¨¨ ¡Ê¤ÊÉ
¸μ¤¥·¦ ÉÓ¸Ö ¢ μ¡² ¸É¨ Ω, ¨§μ¡· ¦¥´´μ° ´  ·¨¸. 67.

‚ μ¡² ¸É¨ Ω (¸³. ·¨¸. 67) ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸Ë¥·¨Î¥¸±ÊÕ ¸¨¸É¥³Ê
±μμ·¤¨´ É (r, ϕ, θ). ˆ´É¥£· ²Ò ¡Ê¤ÊÉ ¡· ÉÓ¸Ö μÉ ±μ³¶μ´¥´É ³ £´¨É´μ£μ
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�¨¸. 66. ‚ÒÎ¨¸²¥´¨¥ ¸Ë¥·¨Î¥¸±μ° ¨´É¥£· ²Ó´μ° ± ·ÉÒ

�

�¨¸. 67. ‘Ë¥·¨Î¥¸± Ö μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö Ω = {(r, ϕ, θ): 0 � r � 3000, 0 � ϕ �
π/4, 0 � θ � π/2}

¶μ²Ö B(r), B(ϕ), B(θ) ¢¨¤ 

IR(θ, ϕ) =

Rmax∫
0

B(r)(r, θ, ϕ) dr, (3.11)

IΦ(θ, ϕ) =

Rmax∫
0

B(ϕ)(r, θ, ϕ) dr, (3.12)

IΘ(θ, ϕ) =

Rmax∫
0

B(θ)(r, θ, ϕ) dr. (3.13)
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ˆ´É¥£· ²Ò (3.11)Ä(3.13) Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É (θ, ϕ).
‘¥É±  ¤¨¸±·¥É´ÒÌ ±μμ·¤¨´ É ¢ μ¡² ¸É¨ Ω (¸³. ·¨¸. 67) ¡Ê¤¥É ¨³¥ÉÓ ¶ · ³¥É·Ò:
Δr = 30 ³³, Δϕ = 1◦, Δθ = 1◦. Šμ²¨Î¥¸É¢μ Ê§²μ¢ ¸¥É±¨: Nr = 100, Nϕ = 45,
Nθ = 90, NrNϕNz = 405 000.

�  ·¨¸. 68 ¨§μ¡· ¦¥´μ · ¸¶·¥¤¥²¥´¨¥  ¡¸μ²ÕÉ´ÒÌ §´ Î¥´¨° ¨´É¥£· ²μ¢
|IΦ|. ˜É·¨Ìμ¢μ° ²¨´¨¥° ´  ·¨¸. 68 μ¡μ§´ Î¥´Ò μ¡² ¸É¨ ³ ±¸¨³ ²Ó´ÒÌ §´ Î¥-
´¨° ¨´É¥£· ²μ¢ |IΦ|,   ´  ·¨¸. 69 Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ μ¡² ¸É¨ ³ £´¨É´μ°
¸¨¸É¥³Ò. � ¨¡μ²ÓÏ¨¥ §´ Î¥´¨Ö ¨´É¥£· ²μ¢ |IΦ| (´  Ê·μ¢´¥ 0,97 ’² · ³) · ¸-
¶μ²μ¦¥´Ò ¢ μ¡² ¸É¨ ¶·¨ θ = 9−18◦.

�  ·¨¸. 70, 71 ¨§μ¡· ¦¥´Ò ¨´É¥£· ²Ó´Ò¥ ± ·ÉÒ (3.11) ¨ (3.13) ¸μμÉ¢¥É-
¸É¢¥´´μ. Œ ±¸¨³ ²Ó´Ò¥ §´ Î¥´¨Ö ¨´É¥£· ²μ¢ |IR| (´  Ê·μ¢´¥ 0,08 ’² · ³)

�¨¸. 68. ˆ´É¥£· ²Ó´ Ö ± ·É  |IΦ|

�¨¸. 69. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ μ¡² ¸É¨ μ¤´μ·μ¤´μ¸É¨
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�¨¸. 70. ˆ´É¥£· ²Ó´ Ö ± ·É  IR

�¨¸. 71. ˆ´É¥£· ²Ó´ Ö ± ·É  IΘ

· ¸¶μ²μ¦¥´Ò ¢ μ¡² ¸ÉÖÌ ϕ = 0−5◦ ¨ ϕ = 40−45◦, ±μÉμ·Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ
±· Ö³ μ¡³μÉμ± ¸ Éμ±μ³.

ˆ´É¥£· ²Ò |IΘ| ¤μ¸É¨£ ÕÉ §´ Î¥´¨° 0,38 ’² · ³ ¨ ²μ± ²¨§μ¢ ´Ò ¢ μ¸´μ¢-
´μ³ ¢ ´¥¡μ²ÓÏ¨Ì Ê£²μ¢ÒÌ μ¡² ¸ÉÖÌ θ = 5−12◦ (¸³. ·¨¸. 71), ±μÉμ·Ò¥ ¸μμÉ-
¢¥É¸É¢ÊÕÉ ±· Ö³ μ¡³μÉμ± ¸ Éμ±μ³ (¸³. ·¨¸. 69).

3.5. Œμ¤¥²Ó £¨¡·¨¤´μ£μ É¨¶  ®’S¯. � ¸¸³μÉ·¨³ ³μ¤¥²Ó £¨¡·¨¤´μ£μ
É¨¶  ®TS¯, ¨§μ¡· ¦¥´´ÊÕ ´  ·¨¸. 31, ¢, ¢ ¤¢ÊÌ ±μ´Ë¨£Ê· Í¨ÖÌ ®TS-1¯ ¨ ®TS-
2¯ (·¨¸. 72). � §²¨Î¨¥ ±μ´Ë¨£Ê· Í¨° ®TS-1¯ ¨ ®TS-2¯ ¸μ¸Éμ¨É ¢ ´ ¶· ¢²¥-
´¨¨ Éμ±μ¢ ¡μ±μ¢ÒÌ ± ÉÊÏ¥± (®backward coils¯ ¨ ®forward coils¯, ¸³. ·¨¸. 72).
‚ ±μ´Ë¨£Ê· Í¨¨ ®TS-1¯ Éμ±¨ ± ÉÊÏ¥± ®forward coils¯ ¨ ®backward coils¯ ¶·μ-



430 �…�…�Þ‹Šˆ� …. …. ˆ „�.

�¨¸. 72. ƒ¥μ³¥É·¨Ö ³μ¤¥²¥° ®TS-1¯ ¨ ®TS-2¯

É¨¢μ¶μ²μ¦´Ò, É¥³ ¸ ³Ò³ μ¡¥¸¶¥Î¨¢ ¥É¸Ö ´Ê²¥¢μ¥ ¶μ²¥ ¢ Í¥´É·¥ ³ £´¨É´μ°
¸¨¸É¥³Ò. ‚ ±μ´Ë¨£Ê· Í¨¨ ®TS-2¯ Éμ±¨ ± ÉÊÏ¥± ®forward coils¯ ¨ ®back-
ward coils¯ ¨³¥ÕÉ μ¤¨´ ±μ¢μ¥ ´ ¶· ¢²¥´¨¥, ¢ ·¥§Ê²ÓÉ É¥ ¢ Í¥´É·¥ ³ £´¨É 
¸μ§¤ ¥É¸Ö ´¥´Ê²¥¢μ¥ ¶·μ¤μ²Ó´μ¥ ¶μ²¥.

ƒ¥μ³¥É·¨Î¥¸±¨¥ · §³¥·Ò μ¡¥¨Ì ±μ´Ë¨£Ê· Í¨° Ö¢²ÖÕÉ¸Ö μ¤¨´ ±μ¢Ò³¨ ¨
¶·¨¢¥¤¥´Ò ´  ·¨¸. 73. ‚¨¤´μ, ÎÉμ ¡μ±μ¢Ò¥ ± ÉÊÏ±¨ ´¥ Ö¢²ÖÕÉ¸Ö ¶μ²´μÍ¥´-
´Ò³¨ ± ÉÊÏ± ³¨ ƒ¥²Ó³£μ²ÓÍ , É ± ± ± · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ´¨³¨ (1000 ³³)
³¥´ÓÏ¥ ¨Ì · ¤¨Ê¸  (1740 ³³). “¢¥²¨Î¨ÉÓ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ± ÉÊÏ± ³¨ ´¥-
¢μ§³μ¦´μ ¨§-§  μ£· ´¨Î¥´¨Ö ¶·μ¤μ²Ó´μ£μ · §³¥·  ³ £´¨É´μ° ¸¨¸É¥³Ò. � ¸-
¸³μÉ·¥´¨¥ ´ Î´¥³ ¸ ±μ´Ë¨£Ê· Í¨¨ ®TS-1¯.

3.5.1. Šμ´Ë¨£Ê· Í¨Ö ®TS-1¯. �²μÉ´μ¸ÉÓ Éμ±  ¢ Í¥´É· ²Ó´μ° (®toroid
coils¯) Éμ·μ¨¤ ²Ó´μ° μ¡³μÉ±¥ JT = 40 �/³³2. �²μÉ´μ¸ÉÓ Éμ±  ¢ ¡μ±μ¢ÒÌ
μ¡³μÉ± Ì (®backward coils¯ ¨ ®forward coils¯) ¶·μÉ¨¢μ¶μ²μ¦´  ¶μ §´ ±Ê:

J
(1,2)
B/F = ∓80 �/³³2. –¥´É· ²Ó´Ò¥ ¨ ¡μ±μ¢Ò¥ μ¡³μÉ±¨ ¨³¥ÕÉ μ¤¨´ ±μ¢ÊÕ

¶²μÐ ¤Ó ¸¥Î¥´¨Ö S = 200× 20 ³³. �μ²´Ò° Éμ± ( ³¶¥·-¢¨É±¨) ¢ Í¥´É· ²Ó´μ°
¨ ¡μ±μ¢ÒÌ μ¡³μÉ± Ì · ¢¥´ IT = JT ·S = 160 ±�, IB/F = JB/F ·S = ∓320 ±�

¸μμÉ¢¥É¸É¢¥´´μ. ‚ ¸¨²Ê ¸¨³³¥É·¨¨ ¶μ²¥ ¢ Í¥´É·¥ B(z)(x, y, 0) = 0.
�  ·¨¸. 74 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ ³μ¤Ê²Ö ³ £´¨É´μ£μ ¶μ²Ö |B| ´  ¶μ-

¢¥·Ì´μ¸É¨ Ë¥··μ³ £´¥É¨± . �  ·¨¸. 75, 76 ¶·¨¢¥¤¥´Ò · ¸¶·¥¤¥²¥´¨Ö |B| ¢
μ¡² ¸É¨ Ω. �  ·¨¸. 76 ¢ μÉ²¨Î¨¥ μÉ ·¨¸. 75 ¡¥²Ò³ Í¢¥Éμ³ ¶μ± § ´  μ¡² ¸ÉÓ,
£¤¥ ¶μ²¥ ¶·¥¢ÒÏ ¥É ¢¥²¨Î¨´Ê 1 ’².
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�¨¸. 73. � §³¥·Ò ³μ¤¥²¥° ®TS-1¯ ¨ ®TS-2¯:  ) ¶·μ¤μ²Ó´ Ö £¥μ³¥É·¨Ö; ¡) ¶μ¶¥·¥Î´ Ö
£¥μ³¥É·¨Ö

�¨¸. 74. � ¸¶·¥¤¥²¥´¨¥ |B| ´  ¶μ¢¥·Ì´μ¸É¨ Ë¥··μ³ £´¥É¨± 
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�¨¸. 75. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 3000, ϕ = 0, 0 � z �
3400}

�¨¸. 76. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 3000, ϕ = 0, 0 � z �
3400}

�¨¸. 77. � ¸¶·¥¤¥²¥´¨¥ B ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 3000, ϕ = 0, 0 � z �
3400}
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�¨¸. 78. � ¸¶·¥¤¥²¥´¨¥ |B| ¢¤μ²Ó μ¸¨ OZ ¤²Ö · §²¨Î´ÒÌ Éμ±μ¢ ¢ ¡μ±μ¢ÒÌ ± ÉÊÏ± Ì

�  ·¨¸. 77 ¶·¨¢¥¤¥´μ · ¸¶·¥¤¥²¥´¨¥ ¢¥±Éμ·´μ£μ ³ £´¨É´μ£μ ¶μ²Ö B ¢
μ¡² ¸É¨ Ω. „²Ö Ê¢¥²¨Î¥´¨Ö Ê·μ¢´Ö μ¤´μ·μ¤´μ¸É¨ ¢ μ¡² ¸É¨ ¡μ±μ¢ÒÌ ± ÉÊ-
Ï¥± ¡Ò²¨ ¶·μ¨§¢¥¤¥´Ò · ¸Î¥ÉÒ ¸ · §²¨Î´Ò³¨ §´ Î¥´¨Ö³¨ Éμ±  ¢ ¡μ±μ¢ÒÌ
± ÉÊÏ± Ì. �  ·¨¸. 78 ¶μ± § ´Ò £· Ë¨±¨ · ¸¶·¥¤¥²¥´¨° |B| ¢¤μ²Ó μ¸¨ OZ
¤²Ö · §²¨Î´ÒÌ ¶²μÉ´μ¸É¥° Éμ±  ¢ ¡μ±μ¢ÒÌ ± ÉÊÏ± Ì. �  ·¨¸. 78 ¢¨¤´μ, ÎÉμ

´ ¨²ÊÎÏ Ö μ¤´μ·μ¤´μ¸ÉÓ ¶μ²Ö ¤μ¸É¨£ ¥É¸Ö ¶·¨ Éμ± Ì J
(1)
B/F = ∓80 �/³³2,

J
(2)
B/F = ∓10 �/³³2. ‚¥·É¨± ²Ó´Ò³¨ ¶Ê´±É¨·´Ò³¨ ²¨´¨Ö³¨ ¢Ò¤¥²¥´  μ¡² ¸ÉÓ

³¥¦¤Ê ± ÉÊÏ± ³¨, ¢ ±μÉμ·μ° ³μ¤¥²¨·Ê¥É¸Ö μ¤´μ·μ¤´μ¥ ¶μ²¥.

3.5.2. Šμ´Ë¨£Ê· Í¨Ö ®TS-2¯. Šμ´Ë¨£Ê· Í¨Ö ®TS-2¯ μÉ²¨Î ¥É¸Ö μÉ ±μ´-

Ë¨£Ê· Í¨¨ ®TS-1¯ Éμ²Ó±μ ´ ¶· ¢²¥´¨¥³ Éμ±μ¢ ¢ ¡μ±μ¢ÒÌ ± ÉÊÏ± Ì J
(1,2)
B/F =

80 �/³³2, É. ¥. Éμ±¨ Ö¢²ÖÕÉ¸Ö ¸μ´ ¶· ¢²¥´´Ò³¨. ‚ ·¥§Ê²ÓÉ É¥ ¢ ¶²μ¸±μ¸É¨
XOY ¶·¨¸ÊÉ¸É¢ÊÕÉ ¶·μ¤μ²Ó´ Ö ¨ Ê£²μ¢ Ö ±μ³¶μ´¥´ÉÒ ³ £´¨É´μ£μ ¶μ²Ö.

�  ·¨¸. 79, 80 ¶μ± § ´Ò · ¸¶·¥¤¥²¥´¨Ö |B| ¨ B ¸μμÉ¢¥É¸É¢¥´´μ ¢ μ¡² ¸É¨
Ω. �  ·¨¸. 80 ¢ μ¡² ¸É¨ ω ¢¨¤´μ ¶¥·¥· ¸¶·¥¤¥²¥´¨¥ ³ £´¨É´μ£μ ¶μÉμ±  ¢´ÊÉ·¨
¦¥²¥§ . � ¸¶·¥¤¥²¥´¨¥ |B| ¢¤μ²Ó μ¸¨ OZ ¤²Ö · §²¨Î´ÒÌ ¶²μÉ´μ¸É¥° Éμ±  ¢
¡μ±μ¢ÒÌ ± ÉÊÏ± Ì ¶μ± § ´μ ´  ·¨¸. 81. ‚¨¤´μ, ÎÉμ ´ ¨²ÊÎÏ Ö μ¤´μ·μ¤´μ¸ÉÓ

¶μ²Ö ¤μ¸É¨£ ¥É¸Ö ¶·¨ Éμ± Ì J
(1)
B/F = 80 �/³³2, J

(2)
B/F = 10 �/³³2.

ˆ¸¸²¥¤μ¢ ´¨¥ ¢Ò¶μ²´¥´μ ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ ¢ · ³± Ì
´ ÊÎ´μ£μ ¶·μ¥±É  º18-29-10014 ³± ¨ Ëμ´¤  · §¢¨É¨Ö É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨
¨ ³ É¥³ É¨±¨ ®	�‡ˆ‘¯.
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�¨¸. 79. � ¸¶·¥¤¥²¥´¨¥ |B| ¢ μ¡² ¸É¨ Ω = {(r, ϕ, z): 0 � r � 3000, ϕ = 0, 0 � z �
3400}

�¨¸. 80. � ¸¶·¥¤¥²¥´¨¥ |B| ´  ¶²μ¸±μ¸É¨ Ω = {(r, ϕ, z): 0 � r � 3000, ϕ = 0,
0 � z � 3400}

�¨¸. 81. � ¸¶·¥¤¥²¥´¨¥ |B| ¢¤μ²Ó μ¸¨ OZ ¤²Ö · §²¨Î´ÒÌ Éμ±μ¢ ¢ ¡μ±μ¢ÒÌ ± ÉÊÏ± Ì
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