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YucneHHoe MmoaennposaHme CBOWCTB METamMaTepmnanos C TONOJI0rM4eCKNMH
KBAHTOBbIMU COCTOAHNAMU: CBEPXMPOBOAUMOCTb B KPUCTa/INN1aX C
HETPUBUNA/IbHbIMN NOHHbIMWU peméTKaMM U KBA3NKPUCTANNAX

GyrpameHTanbHan HayuHan npobaemarrika

AKTYaNbHOCTD mmm +
WIKPOKUE NePCREKTUBL] NPaKTUYECKOrs
APUMEHEHMUS

ynpaBaeHne MaKpOCKONUYECKMMUM CBOMCTBAMM

KntoueBas 33 CYET KOHTPOIA FEOMETPUYECKUX U
0CODOEHHOCTb KOMMO3MLUMOHHbIX MapamMeTpoB Ha
MUKPOYpPOBHE
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KBa3unepuoan4veckume
CBepXpeLueTKH

CBepxpewéTka PuboHauum, rae
nocnenoBaTeIbHOE YBE/INYEHUNE C/IOEB
NPOUCXOAUT NO 3aKOHY PHUbOOHaYYH:
KaXkAblM nocneayrowmm YneH paga
obpa3syeTcs KaKk nocneaoBaTebHOE
coegunHeHMe ABYX NpeablayLmx
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Kpucrtannmnuyeckme peLeéTkm ¢ HeTpuBUalibHOMU
TOononorueun

PewwéTka Karome PewéTku lNeHpoy3a

32



Llenouyku ®PnboHayum

Hoe = Z Hl-jc;racj(I + Z[A(i)c;rTCjTl + A*(i)cilch]
ij i

32

Ying Wang et al.
PRB 109, 214507 (2024)

Hij = —tgj) — 1oy

tiijy = ta V Ip — aMnNanTyga nepeckoka mexay
coceaHUMM y3/1amu

A(i) — cBepxnpoBOAALLMIM NAPHbIA NOTEHLMAN
(napameTp nopaaka)

U — XMMUYECKMUWN NOTEHLMNAN



F12 — 233, nfl =1



Llenbto 3TOM 4aCcTU NpPOEeKTa ABASAETCA MPOBeAeHWe KOMMJIEKCHOTO YUCIEHHOrO
NCcCNeaoBaHUA pAaada NEPCNEKTUBHbBIX TONOAOTMYECKUX CUCTEM, AEMOHCTPUPYIOLLUX
cBepxnpoBoaslume Koppenaumn. B dpoKyce aHann3a HaxogaTcA Kak nepuoanyeckue
CTPYKTYpbl (HEeTpuBUaNbHble WOHHbIE pelwéTkn Cy-lUpudpdepa-Xerepa, Karome,
JInba), Tak U KBasunepumoamnyeckme cuctembl (KBasmkpuctannbl PmboHayum u

I'Ie|-3lpoy3a) .



BO3MOMHble TeMbl AUMOMHbIX paboT

1. KomnbloTEpHOE UccneaoBaHME KPaeBOU CBEPXNPOBOAUMOCTU B
KBa3nKpuctannax PruboHayum B pamkax ypaBHeHuUn borontobosa —
ne MeHa.

2. KOMI'IbI-OTepHOe ncenengosaHme KpaeBoro ycmiaeHuA
csepxnposoamMMmoCTU B TOMNOJTIOTUYHECKNX CNUCTEMAX C peméTKaMVl

Karome un Jinba.

3. KomnbloTepHoe nccneaosaHme pewieHnn ypasHeHun borontobosa-
ne *KeHa B cBEPXNPOBOAALLMX ABYMEPHbIX KBAa3UKPUCTANINAX HA
OCHOBe peleTKku lNeHpoysa.



NccnepoBaHme bKT-nepexoaos B KBa3naByMePHbIX

MeTamaTepuanax
IHTePTUMNHbIE CBEPXMNPOBOAHUNKM

N

MapameTp MH3bypra JlaHaay Kk =

)

1
Ko = 5 — TO4Ka boromosnbHOro,

¢ — ANIIHA KOTrepeHTHOCTH,
A — rnybuHa NPOHUKHOBEHUA MAarHUTHOTO

NnonA

32
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B3anmoaencreme Buxpen



THE ELECTRIC HONEYCOMB,;
AN INVESTIGATION OF THE ROSE WINDOW INSTABILITY

MUHAMMAD SHAHEER NIAZI

PUBLISHED 4 OCTOBER 2017.DOI: 10.1098/RS0S.170503

ROY AL SOCIETY OPEN SCIENCE
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Electric Honeycombs Form When Nature
Gets Out of Balance

This visualization reveals
fundamental principles about
how electricity moves through
fluids that engineers can use to
develope technology for

printing, heating or biomedicine.

This polygonal pattern that emerges is what
some physicicsts also call the rose-window

instability, because it resembles the

circular, stained-glass designs found in Gothic

Churches. It’s what happens as natural
forces work to keep an electric charge
moving in an interupted circuit.



Electrostatically interacting charged balls of a millimeter size moving on a plane conductor



a needle

electrode a flat disc
above the Phase transition? capacitor
oil film
Hexagon-like Ring-like configuration
configuration of ions of charged millimeter-

sized balls

M. S. Niazi, R. Soc. Open Sci. 4,

M. Saint Jean, C. Even, and C. Guthmann,
170503 (2017).

Europhys. Lett. 55, 45 (2001).
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As demonstrated by the data of physical experiments, most fundamental characteristics in real
systems, like those shown in the slide, can be described with sufficient accuracy by a model of
equally charged particles confined by the hard wall potential

Scanning tunneling
microscope image
of Abrikosov
vortices

Vortex lattice in a N>1
rotating Bose-
Einstein condensate

cluster of electron
density vortices of a
24-electron quantum
dot

Stable configuration of charged
particles on a disk obtained as a result
of molecular dynamics simulation

20 16



o 3. [1xK. TOMCOH OTKpbIN, YTO
ansa ymcna vyactmun < 10
yCTOMYMBbIE KOHPUTYpaLUK
3/1EKTPOHOB, NOrPY*KEHHbIX B
noJsie KPyrosoro
napabonnyeckoro
noTeHUMana, NnpeacTaBaAoT
cobou cuctemy
KOHLLEHTPUYECKMX Konel
(obonoyek).

J.J. Thomson, Philos. Mag. 7,
237 (1904).
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Initial configuration

Stable configuration

Given a system of N identically charged particles with Coulomb interaction in a two-
dimensional confining disk potential of radius R. The Hamiltonian of such a system
is written as follows.

N .2
mr;
H V(rl)_l_a — T a2
z Z [ -7l "2
l] 1 t ] i=1
l<]

where r; = |17] is the distance to the center of the region confined by the potential,
e? /4meye, is a quantity characterizing the force of interaction of charges in the
medium, m; is the mass of the i-th particle. The confining potential V (r) is defined
as follows.

0, r<R
V(r)z{oo r =2 R.

)

The goal of the calculations is to obtain a stable configuration in which the
minimum potential energy min(HV) of the system is realized.

Hy, = ZV(n) + a Z |7‘z

I,j=1
i<j
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= . X a 1vvn 1 anSn n
[homson model: E,(r) ==YF!>", =

sm k

E, (r) - Coulomb energy of n identically charged particles with charge e, uniformly distributed around a circle of radius r..
a = e?/4meye, — a quantity that characterizes the force of interaction between charges in a medium.

Tl'=0, i=2,...,p.

i—1
, ;E [(r /rl) ] l 1;E (rl/ ) ] K [(rl/ ]
Fi =7 z z—n+riznj 2
‘-1 8 sin—k : i —rf
j=i+1 j L k= n; j=1 J L
r; —  thevalue of the i-th optimal radius for a given stable configuration of charged particles.
n; —  number of particles on the i-th shell.

*Nazmitdinov R. G., Puente A., Cerkaski M. and Pons M.// Phys. Rev. E 95, 2017, 042603.
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Stable configuration
model

n.=F. . qgMD
— i p i+1(P), 5 —
i=1,p—2 5-10 runs;
run ~103
- iterations;
p — number of rings N;;~103
n; — number of particles for « 10778

the i-th ring

gMD — quenched Molecular Dynamics
mﬁ-” = —ViV(Fi) - bei’!
vi € {1,2,3,...,N}

Initial Ground state
configuration configuration

Forn = 1000 and n; = 276 only 500 runs for
EfSo0 = 736979.7283. The best published value
known is 736977.7079.

This approach allows you to get 5 correct
significant digits in 500 runs instead of
25237 runs !

736979.7283
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Theory of Berezinsky-Kosterlitz-Thouless-Halperin-Nelson-Young (BKTHNY). (Nobel Prize)

Hexagonal Lattice
(2D-crystalline phase)
+ dislocations

Hexagonal Lattice
(2D-crystalline phase)
+ ring-like phase

|

quasi-long-range
translational symmetry

Infinite 2D particle system

Melting (T T, fluctuations T}

Bounded finite 2D particle
system

T

= 0,N T, fluctuations # 0')

20

Hexatic phase (defects: dislocations +
disclinations)

Hexagonal Lattice = Deformed Hexagonal Lattice
— Hexatic phase (defects: dislocations +
disclinations) + ring-like phase

I

qguasi-long-range
rotational symmetry
(dihedral symmetry
group of the 6th order).

22



Voronoi decomposition

Closest neighbors

>

Coordination number Topological charge

The coordination number C; is
the number of sides of the

convex polygon described — s=6-—-C d

around the particle. C; = 5 —
pentagon, C; = 6 — hexagon,
C; = 7 — heptagon, etc.

Rotation symmetry Topological charge
Displacement vector

u(x,y) = (ux (x, ), uy (x, 3’))

Rotati |

otation angle ) = +1,42, ...
3(x,y) = 5 (Oxuy — Oyuy)
fdﬁ(r) = —2?“5

20 23



In accordance with the Berezinsky—Kosterlitz—Thouless—Halperin—Nelson—Young (BKTHNY) theory, for two-

dimensional crystal lattices there are two types of topological defects: disclinations and dislocations, which
characterize the violation of translational and rotational symmetries.
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We () = 1 —g(1) — &

&g — the accuracy of calculating
the function Y, (1),
Y (1) = 0 for hexagonal lattice

[*] Halperin B. I., Nelson D. R.
// Phys. Rev. Lett., 1978, V. 41, P. 121.
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N — the number of particles.
p — the number of completed shells (rings).

N}, — the number of perfect hexagonal cells.

N, — a number of particles in the completed
pth shell. N, = 6p.

(a) Nazmitdinov R. G., Puente A., Cerkaski M. and
Pons M.// Phys. Rev. E 95, 2017, 042603.

Bravais lattice vectors
a; = a(1,0),

d, = a(1/2,v3/2),

a — the lattice constant.
CHC points

X = ka, +la,.

R = aVk? + 12 + ki -
a radius of pth ring
(shell),p = k + | and
0 <[ <k, containing
either six (if [l = 0, k) or
12 (otherwise) particles.

Up to p = 7 all these radii are well ordered within and
between filled shells, and the model mentioned above
groups them 1in a single circular shell N, = 6p. Beyond
the seventh shell, however, rings start to overlap (e.g.,
R; o > R4 4), ultimately distorting this sequence as they
depart from the center. -



When describing phase transitions in two-dimensional systems, one of the most important
characteristics 1s the behavior of the translational correlation function which represents the
probability of finding two particles separated by a distance r, and 1t measures the
translational order in the structure and defined as follows.

N N
1
R,

i=1 j#i=1

20 28



— Gp(r) o r 08 — Gr(r) < e 097 — Gp(r) o« e 0"

— G arlrowm) T G arrowm) T Gpr) xr i > )
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When describing phase transitions in two-dimensional systems, another most important
characteristic 1s the behavior of the orientation correlation function which represents the
probability of finding two particles separated by a distance r, and 1t measures the orientation
order in the structure and defined as follows.

62 (r) = <Z beGWE()8(r - 7 — )

£
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B Gg (r) < const B Gg (r) « const B Gg (r) « const
— GS(r) x r725 — GS(r) x r2 — G (r) x r715
— G2 (r) « const —  Gg (r) « const —  Gg (r) « const
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With a small number of particles in the system, there are practically

two phases: a hexagonal lattice and a ring-like phase when
approaching the disk boundary.

As the number of particles increases, deformation of the central
hexagonal region occurs with further destruction due to the
formation of dislocation-type defects first, and then individual
disclinations. Individual disclinations appear because of the
destruction of dislocations.

The bond orientational order can be used as a precursor to the
phase transition from the hexagonal to the hexatic phase and also
for qualitative analysis and visual demonstration of defect
formation.

For a more detailed analysis and finding for a precursor of a phase
transition, translation and orientation functions can be used.

20
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[1aHHaA 4YacTb NPOEKTa UMEET CBOUM POKYCOM
yncneHHoe nccnegoBaHue gasoBbix bKT-
nepexoaoB B paMKax ABYMEpPHbIX moaeneun
3apPAXKEHHbIX YacTul,.

IdPEKTUBHOCTb TAKNUX MOAENEN OCHOBAHA Ha
dyHOAAMEHTANIbHOMN aHANOTUKN B PU3NKE
KOHAEHCUPOBAHHOIO COCTOAHMA: ABYMEPHbIE
3apAabl BeayT ceba NnoxoxXnum obpasom,
B3aMMOAENCTBYA MeXay COOOMN KaK ABYMEpPHbIe
KBAaHTOBbIE BUXPMW.

32 33



BO3MOMHble TeMbl AUMTOMHbIX paboT

. [lonck curHanos Tononornvyecknx bKT-nepexonos B pamKax moaenu
CUCTEMbI 3aPAXKEHHbIX YAaCTUL, B ABYMEPHbIX OrpaHUYeHHbIX 061acTax Ha
NIOCKOCTMW.

. Pa3paboTKa aPpPeKTUBHbLIX METOA0B BbIYNCNEHNA SHEPTUMU OCHOBHOIO
COCTOSIHUA ANA CUCTEM 3aPAKEHHbIX YaCTUL, B ABYMEPHbIX OFPAHNYEHHbIX
obs1acTax Ha N1IOCKOCTU.

. UccnepoBaHue 3aBnucumoctu bKT-nepexoaa ot TMna B3ammogemncTems
MeXAY YacTULAMU UIN BUXPAMMN.

. NMoncK BUXpEBbIX COCTOAHMMN, BO3HUKatOWMX npn BKT-nepexoaax.

. UccneposaHue 3asnucnumoctn bKT-nepexoaa ot TMna 3anupatoLlero
noTeHuUMana Ha rpaHuue obnacrtu.

. [lonck curHanos Tononornvyecknx bKT-nepexonos B pamKax moaenu
CMCTEMbI 3aPSAXKEHHbIX YaCTUL, B ABYMEPHbIX OrPaHNYEeHHbIX 06/1aCcTAX Ha
NOBEPXHOCTU C HEHY/1EBOW KPUBU3HOMN.



[1aHHbIN NoaxoAa NO3BOASET 33
Pa3ymMHOe Bpemsa nNpon3BoamnTb
pacuyeTbl 418 MOAENNPOBAHMA
3BOIIOLUN ONMMUCAHHOM CUCTEMBbI,
COCTOALLEN N3 HECKONbKUX TbICAY
3apAXKEHHbIX YacTul,. Hanpumep,
AN AOCTUXKEHMNA OCHOBHOTIO
COCTOSIHUA CUCTEMbBI C MUHUMYMOM
3Heprumn ana 8000 yacTtumy,
METOAO0M MOJIEKY/IAPHOM
ANHAMMUKN C NCNONb30BaHNEM
TexHonornn CUDA notpeboBanach
841 ceKyHAa Ha KOMMbIOTEPHOM
cucTteme, COCToAWEN U3
npoueccopa Intel(R) Xeon(R) Gold
6148 CPU @ 2.40GHz n
rpadpunyeckmnx npoueccopos Tesla
v100-sxm2-32gb.



