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The statement of the discrete spectrum boundary value problem (BVP)

A self-adjoint elliptic PDE in the region z = (z1, ..., zd ) ∈ Ω ⊂ Rd (Ω is polyhedra)

− 1
g0(z)

d∑
ij=1

∂

∂zi
gij (z)

∂

∂zj
+ V (z)− E

Φ(z) = 0, g0(z) > 0, gji (z) = gij (z).

Boundary conditions (n̂ is the outer normal to the boundary of the domain ∂Ω.)

Dirichlet Neumann Robin

Φ(z)|S = 0,
∂Φ(z)

∂nD

∣∣∣
S

= 0,
∂Φ(z)

∂nD

∣∣∣
S

+σ(s)Φ(z)|S = 0,

∂Φ(z)

∂nD
=

d∑
ij=1

(n̂, êi )gij (z)
∂Φ(z)

∂zj
is derivative along the conormal

+ Conditions of normalization and orthogonality

Ладыженская О.А. Краевые задачи математической физики. М.: Наука 1973
Шайдуров В.В. Многосеточные методы конечных элементов. М.: Наука 1989



Finite Element Method
BVP → problem of determination of stationary points of the variational functional

∫
Ω

 d∑
ij=1

∂Φ(z)

∂zi
gij (z)

∂Φ(z)

∂zj
+g0(z)Φ(z)(V (z)−E)Φ(z)

 dz

Expansion of solutions in the form of a finite sum
over the basis of local functions Ng

µ(z)

Φ(z) =
L∑

l=1

Φh
l Ng

l (z). (∗)

After substituting (*) into a variational functional
and minimizing it, we obtain the generalized
algebraic eigenvalue problem

Apξh = εhBpξh.

Here Ap is the stiffness matrix; Bp is the positive
definite mass matrix;

Structure of matrix at d = 2



Construction of basis of one dimensional local functions Ng
µ(z)

A non-uniform Finite Element grid on interval Ω = [zmin ≡ z0, zmax ≡ zqmax ]

∆q = [zq−1, zq], q = 1, ..., qmax, Ω =

qmax⋃
q=1

∆q

Shape functions are LIPs or HIPs ϕq
r (z) ≡ ϕκr′

r ′q (z)

ϕκr ′q(zr ′′) = δr ′r ′′δκ0,
dκ
′
ϕκr ′q(z)

dzκ′

∣∣∣∣
z=z

r′′

= δr ′r ′′δκκ′ .

The local functions Ng
µ(z) are obtained

by matching of shape functions

Nl (x) =
∑

s′=0,1

{ϕq−s′

r+ss′(z), x ∈ ∆q−s′}.



Finite Element Method

Stages:

BVP → minimization of quadratic functional problem
Finite Element Mesh
Construction of shape functions

I Interpolation Polynomials
F Lagrange Interpolation Polynomials
F Hermite Interpolation Polynomials

I ...

Construction of piecewise polynomial functions by joining the shape functions
Calculations of the integrals

I Gaussian quadratures
I ...

Solving of Algebraic (Eigenvalue) Problem
I Continuous Analog of Newton Method
I ...



Problem statement

Self-adjoint system of N second-order ODEs for unknowns Φ(z) ≡ {Φ(i)(z)}No
i=1,

Φ(i)(z) = (Φ
(i)
1 (z), . . . ,Φ

(i)
N (z))T by z in the region z ∈ Ωz = (zmin, zmax)

(
− 1

fB(z)
I

d
dz

fA(z)
d
dz

+ V(z)+
fA(z)

fB(z)
Q(z)

d
dz

+
1

fB(z)

d fA(z)Q(z)

dz
− E I

)
Φ(z) = 0.

fB(z) > 0 fA(z) > 0, I is unit matrix; V(z) and Q(z) are a symmetric and an
antisymmetric N × N matrices, with real or complex-valued coefficients from the
Sobolev space Hs≥1

2 (Ω).
All coefficients are continuous (or piecewise continuous) functions that have
derivatives up to the order of κmax − 1 ≥ 1 in the domain z ∈ Ω̄z .

The boundary conditions:

(Dirichlet) : Φ(z t ) = 0,

(Neumann) : lim
z→z t

fA(z)

(
I

d
dz
−Q(z)

)
Φ(z) = 0,

(Robin) : lim
z→z t

(
I

d
dz
−Q(z)

)
Φ(z) = G(z t )Φ(z t ).



Problem 1. For bound or metastable states

Case of the real potentials and real eigenvalues E : E1 ≤ E2 ≤ ... ≤ ENo

〈Φm|Φm′〉 =

∫ zmax

zmin

fB(z)(Φ(m)(z))†Φ(m′)(z)dz = δmm′ .

Case of the complex potentials and complex eigenvalues E = <E + ı=E :
<E1 ≤ <E2 ≤ ... ≤ <ENo ,

The eigenfunctions Φm(z) obey the normalization and orthogonality conditions

(Φm|Φm′) =

∫ zmax

zmin

fB(z)(Φ(m)(z))TΦ(m′)(z)dz = δmm′ .

J.G. Muga, J.P. Palao, B. Navarro, I.L. Egusquiza Complex absorbing potentials
Physics Reports 395 (2004) 357–426
A.A. Gusev et al,Symbolic-numeric solution of boundary-value problems for the
Schrodinger equation using the finite element method: scattering problem and
resonance states, Lecture Notes in Computer Science 9301 (2015) 182–197.



Problem 2. The scattering problem

“incident wave + outgoing waves” asymptotic form

Φ→(z → ±∞)

=

{
X(→)

min (z) + X(←)
min (z)R→ + X(c)

min(z)Rc
→, z → −∞

X(→)
max (z)T→ + X(c)

max(z)Tc
→, z → +∞

Φ←(z → ±∞)

=

{
X(←)

min (z)T← + X(c)
min(z)Tc

←, z → −∞
X(←)

max (z) + X(→)
max (z)R← + X(c)

max(z)Rc
←, z → +∞

Φ→(z), Φ←(z) are the matrix solutions by dimension N × NL
o , N × NR

o

NL
o , NR

o are the numbers of open channels,
X(→)

min (z), X(←)
min (z) are open channel asymptotic solutions at z → −∞, dim. N × NL

o ,
X(→)

max (z), X(←)
max (z) are open channel asymptotic solutions at z → +∞, dim. N × NR

o ,
X(c)

min(z), X(c)
max(z) are closed channel solutions, dim. N × (N − NL

o ), N × (N − NR
o ),

R→, R← are the reflection amplitude square matrices of dimension NL
o ×NL

o , NR
o ×NR

o ,
T→, T← are the transmission amplitude rectangular mat. of dim. NR

o × NL
o , NL

o × NR
o ,

Rc
→, Tc

→, Tc
←, Rc

← are auxiliary matrices.



Problem 2. The scattering problem

Wronskian conditions

Wr(Q(z); X(∓)(z),X(±)(z)) = ±2ıIoo, Wr(Q(z); X(±)(z),X(±)(z)) = 0

Wr(Q(z); a(z),b(z)) = aT (z)

(
db(z)

dz
−Q(z)b(z)

)
−
(

da(z)

dz
−Q(z)a(z)

)T

b(z).

For real-valued potentials

T†→T→ + R†→R→ = Ioo, T†←T← + R†←R← = Ioo,

T†→R← + R†→T← = 0, R†←T→ + T†←R→ = 0,
TT
→ = T←, RT

→ = R→, RT
← = R←.

For real-valued potentials the scattering matrix is symmetric and unitary, for
complex potentials it is only symmetric

S =

(
R→ T←
T→ R←

)
, S†S = SS† = 1.



Problem 3. The metastable state pr. with complex e.v. E=<E+ı=E :
Asymptotic form

Φ→(z → ±∞) =

{
X(←)

min (z)O← + X(c)
min(z)Oc

←, z → −∞
X(→)

max (z)O→ + X(c)
max(z)Oc

→, z → +∞

Robin (Siegert) BC

(III) : lim
z→z t

(
I

d
dz
−Q(z)

)
Φ(z) = G(z t )Φ(z t ), t = min and/ormax

G(z t ) =

(
lim

z→z t

(
I

d
dz
−Q(z)

)(
X(�)

t (z),X(c)
t (z)

))(
X(�)

t (z),X(c)
t (z)

)−1

Orthonormalization conditions

(Φm|Φm′) =

∫
fB(z)(Φ(m)(z))TΦ(m′)(z)dz = δmm′ .

J.G. Muga, J.P. Palao, B. Navarro, I.L. Egusquiza Complex absorbing potentials
Physics Reports 395 (2004) 357–426



Tests:

BVP for 1 ODE
I Morse potential
I Pöschl-Teller potential
I Scarf complex potential

BVP for N ODE
I system of piecewise constant potentials

BVP for multidimensional PDE
I Helmholtz eq. for some domains (square, equilateral triangle, hyperellipsoid ...)
I Coulomb potential
I Harmonic oscillator



Test example (ODE System with Piecewise Constant Potentials)

(
−I

d2

dz2 + V(z)− E I
)
Φ(z) = 0, V(z) = {V1, z≤z1, ...,Vk−1, z≤zk−1,Vk , z>zk−1}, ⇔

Matching the Fundamental Solutions

(
−I

d2

dz2 + Vm − E I
)
Φm(z) = 0, z ∈ (zm−1, zm], m = 1, ..., k ,

⇒ Φm(z)=
N∑

i=1

(
A(m)

i exp

(
−
√
λ

(m)
i −Ez

)
Ψ(m)

i +B(m)
i exp

(√
λ

(m)
i −Ez

)
Ψ(m)

i

)
,

Here λ(m)
i and Ψ(m)

i are the solutions of the algebraic eigenvalue problems

VL,RΨ(m)
i = λ

(m)
i Ψ(m)

i , (Ψ(m)
i )TΨ(m)

j = δij .

lim
z→zm−1

Φm−1(z)−Φm(z) = 0, lim
z→zm−1

Φm−1(z)

dz
− Φm(z)

dz
= 0, m = 2, ..., k

⇒2N(k−1) linear eqs. with 2N(k−1) unknowns.



Problem 2. The scattering problem. Example of asymptotic solutions
ODE in asymptotic regions z → ±∞

(
−I

d2

dz2 + VL,R − E I
)
Φ(z) = 0, where VL,R are constant matrices.

Asymptotic solutions

The open channel asymptotic solutions: io = 1, ...,NL,R
o :

X(�)
io

(z → ±∞)→
exp

(
±ı
√

E − λL,R
io

z
)

4
√

E − λL,R
io

ΨL,R
io , λL,R

io < E .

The closed channels asymptotic solutions ic = NL,R
o + 1, . . . ,N:

X(c)
io

(z → ±∞)→ exp

(
−
√
λL,R

ic
− E |z|

)
ΨL,R

ic , λL,R
ic ≥ E .

Here λL,R
i and ΨL,R

ic
are the solutions of the algebraic eigenvalue problems

VL,RΨL,R
i = λL,R

i ΨL,R
i , (ΨL,R

i )TΨL,R
j = δij .



Problem 3. The metastable state pr. with complex e.v. E=<E+ı=E :

Example of asymptotic solutions

The open channel asymptotic solutions: io = 1, ...,NL,R
o :

X(
→←)

io
(z→∞)→exp

(
+ı
√

E−λL,R
io
|z|
)
ΨL,R

io , λL,R
io <<E , io=1, ...,NL,R

o ,

The closed channels asymptotic solutions ic = NL,R
o + 1, . . . ,N:

X(c)
ic

(z→∞)→ exp

(
−
√
λL,R

ic
−E |z|

)
ΨL,R

ic , λL,R
ic ≥<E , ic=NL,R

o +1, . . . ,N.

Robin BC

R(z t ) = ΨL,RFL,R
(
ΨL,R

)−1
,

FL,R=diag(...,±
√
λL,R

ic
−E , ...,∓ı

√
E−λL,R

io
, ...)



The piecewise constant potentials

A. Gusev, S. Vinitsky, V. Gerdt, O. Chuluunbaatar, G. Chuluunbaatar, L. Le Hai, E.
Zima, A Maple implementation of the finite element method for solving boundary
problems of the systems of ordinary second order differential equations. Maple
Conference, Waterloo Maple Inc., Canada 2020



The piecewise constant potentials (eigenvalue problem)



The piecewise constant potentials (multichannel scattering problem)



The piecewise constant potentials (resonance scattering states)



The piecewise constant potentials (metastable state problem)



Sub-barrier reactions of the fusion of heavy ions

The coupled-channels Schrödinger equation 64Ni+100Mo (N = 27)

[
− ~2

2µ
d2

dr 2 +
l(l + 1)~2

2µr 2 +V (0)
N (r) +

ZPZT e2

r
+εn−E

]
ψnno (r)+

N∑
n′=1

Vnn′(r)ψn′no (r)=0,

Vnn′(r) are mat. elem. of Coulomb and the Nuclear (Woods-Saxon, V (0)
N (r)) potentials.

The incoming wave boundary conditions

ψas
nno (r)=

Mo∑
m=1

Anme−iKmr
√

Km
T̂mno +

N∑
m=Mo+1

Anme|Km|r√
|Km|

T̂ c
mno , r=rmin,

ψas
nno (r)=Ĥ−l (knr)δn,no +Ĥ+

l (knr)R̂nno , r=rmax,

Ĥ±l (knr) are Coulomb functions

P.W. Wen et al, Near-barrier heavy-ion fusion: Role of boundary conditions in
coupling of channels, Phys. Rev. C 101, pp. 014618 (2020).
P. W. Wen et al, Potential roots of the deep subbarrier heavy-ion fusion hindrance
phenomenon within the sudden approximation approach, Phys. Rev. C 103, 054601
(2021)



64Ni+100Mo: Deep sub-barrier fusion

MNumerov, are the results obtained by
means of CCFULL [K. Hagino, N. Rowley,
and A.T. Kruppa, A FORTRAN77
program for coupled-channels calculations
with all order couplings for heavy-ion
fusion reactions; Comput. Phys. Comm
123 (1999) 143 - 152, also CCFULL Home
Page]



The piecewise 1D and 2D polynomials on domains
[−1, 1] and [−1, 1]× [−1, 1] equals one in origin
obtained by matching of HIP(1,0) on [−1, 0] with
HIP(0,0) on [0, 1] and by matching of LIP(3,0) on
[−1, 0] with LIP(0,0) on [0, 1].

The piecewise 2D pols.
obtained by matching of
triangular LIPs and HIPs.

The basis functions constructed by matching d-dimensional HIPs has continuous
partial first derivatives in boundaries of elements of a finite element grid.



The potential energy surface U(a20,a22) of 238U in PC-PK1 RMF
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Yao, J. M., and Meng, J.:
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The leading components of eigenfunctions of 238U in PC-PK1 RMF

g.s.

β

SD g.s.

SD β

g.s.

γ

β

SD g.s.

SD β

g.s.

γ

β

SD g.s.

SD β

The localization of leading components ΦIM
nK (a20, a22) of eigenfunctions

ΨIM
n (a20, a22,Ω) =

∑
K ΦIM

nK (a20, a22)DI∗
MK (Ω), of 238U in double well potential of

five-dimensional collective nuclear model (CNM) calculated by the 2DFEM program



Energy levels of rotational bands of CNM of 238U in PC-PK1 RMF

The energy levels EnI in the g.s.-, β-, γ-, SD g.s.- and SD β- bands at normal and
superdeformed shapes in 238U.
F – calculated values by 2DFEM program; [B. Batgerel, J. Buša Jr., O. Chuluunbaatar,
P.W. Wen, A.A. Gusev, V. L. Derbov, A. Deveikis, L. L. Hai, E.V. Mardyban, and
S. I. Vinitsky, Schemes of Finite Element Method for Collective Models of Atomic Nuclei,
Physics of Particles and Nuclei Letters, in press (2025)],
G and E – calculated and experimental values from [J. Libert, J.-P. Delaroche, and M.
Girod, Five-dimensional collective Hamiltonian with the Gogny force: An ongoing saga, Eur.
Phys. J. A 52, 197 (2016)].



Problem 4. For the time-dependent Schrödinger equation

The Cauchy problem

ı
∂ψ(x , t)
∂t

= H(x , t)ψ(x , t), ψ(x , t0) = ψ0(x) + BC by spatial var.. (1)

The implicit operator-difference scheme of order O(τ 2M )

ψ0
k = ψ(x , tk ),(
I +

τα
(M)
ζ A(M)

k

2M

)
ψ
ζ/M
k =

(
I +

τα
(M)
ζ A(M)

k

2M

)
ψ

(ζ−1)/M
k , ζ = 1, . . . ,M, (2)

ψ(x , tk+1) = ψ1
k ,

α
(1)
1 = −ı, α

(2)
1,2 = ±1/

√
3− ı, ...

A(1)
k = H(x , tc),

A(2)
k =

τ 2

24
∂2

t H(x , t)
∣∣∣
t=tc

+ ı
τ 2

12
[H(x , tc), ∂tH(x , t)|t=tc

], ...



Example

ı
∂ψ(x , t)
∂t

= H(x , t)ψ(x , t), (3)

H(x , t) = −1
2
∂2

∂x2 +
A0

cosh2(x)
+

A1

cosh2(x − vt)
,

A0 = −15/8, A1 = 15/8.
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line) parts of the
wave function
vs the time t
for v = 1/2,
t0 = −30 and for
v = 0.1, 0.5, 1, 2,
t0 = −15/v ,
T = 15/v .



Цель: разработка новых
схем метода конечных
элементов решения мно-
гомерных (вплоть до
шестимерных) краевых
и начально-краевых задач,
в частности, задач на свя-
занные и метастабильные
состояния, многоканальной
задачи рассеяния и др.
для многомерных урав-
нений шредингеровского
типа ориентированных для
исследования квадрупольно-
октупольных коллективных
моделей атомного ядра, под-
барьерных реакций слияния
тяжелых ядер и др.

Спасибо за внимание!



Test: the Helmholtz problem on hyperellipsoid
The BVP with Dirichlet BCs

(
−

d∑
i=1

∂2

∂X 2
i
− E

)
Φ = 0, Ω =

{
(X1, ...,Xd ) ∈ Rd

∣∣∣∣ d∑
i=1

X 2
i

a2
i
< 1

}

The non-orthogonal coordinates z1 = r , zk = θk−1, k = 2, ..., d

X1 = a1r sin θd−1... sin θ2 sin θ1,

Xk = ak r sin θd−1... sin θk cos θk−1, k = 2, ..., d − 1

Xd = ad r cos θd−1

r ∈ [0,+∞), θ1 ∈ [0,+2π], θk−1 ∈ [0,+π], k = 3, ..., d − 1, θd−1 ∈ [0,+π].

The coefficients g0(x) and gij (x) of BVP at d = 3

g0(z)=r2 sin θ1, V (z)=0,

g11(z)=r2 sin θ2((a−2
1 sin2

θ1+a−2
2 cos2 θ1) sin2

θ2+a−2
3 cos2 θ2), g12(z)= cos θ1 sin θ1 cos θ2(a−2

1 −a−2
2 ),

g22(z)=(a−2
1 cos2 θ1+a−2

2 sin2
θ1)/ sin θ2, g13(z)=−r cos θ2 sin2

θ2 cos θ2(a−2
1 sin2

θ1+a−2
2 cos2 θ1−a−2

3 )

g33(z)= sin θ2((a−2
1 cos2 θ1+a−2

2 sin2
θ1) cos2 θ2+a−2

3 sin2
θ2), g23(z)= cos θ1 sin θ1 cos θ2(a−2

1 −a−2
2 )



Helmholtz problem on hyperspheroid ai=0.84, aj=1, j=1, ...,d , j 6=i

4D Hyperspheroid

< pN >≡ EpN
j and

δpN means the
mean value and
difference between
the upper and
lower calculated
eigenvalues from
the level. Here
κ̌ = 3.

(p,N) (3,3) (3,4) (3,7) (4,3) (4,4)
DS 2368 6000 41472 11326 30672
NS , 106 0.48 1.45 12.81 5.97 18.60
DA 1600 4450 34816 9034 25826
NA, 106 0.27 0.97 10.31 4.19 14.38

d 4 5 6
DS 432 1539 5346
NS , 106 0.03 0.32 3.01

Here p = 3, κ̌ = 2,
grid {0( 1

3 )1}⊗{0, π4 ,
π
2 }

d−1

Grid {0(1/N)1} ⊗ {0(π/N)π}d−1 with Dirichlet BCs at r = 1 and θ1 = 0, π for
antysymmetric states and Neumann otherwise.
KANTBP 5M (by Kantorovich method 28 eqs) for 5th-order HIPs [2,1,1,2], grid:
{0, 0.01, 0.03, 0.06, 0.1(0.1), 0.9, 0.94, 0.97, 0.99, 1} at d<6 and {0.01, ..., 1} at d=6.




