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The statement of the discrete spectrum boundary value problem (BVP)

A self-adjoint elliptic PDE in the region z = (21, ...,Zq) € Q C RY (Q is polyhedra)

> Lo 255+ V) —E | 0(2)=0. 0o(2)>0. 6i(2) = 61(2)

ij=1

Qo(Z)

Boundary conditions (h is the outer normal to the boundary of the domain 99.)

Dirichlet Neumann Robin

s(@)s =0, T 0. 28| to(sjo(z)ls =0,
Nnp 1s

acb(z) oP(2)

Z(" €)9;(2)

ij=1

9z is derivative along the conormal
]

+ Conditions of normalization and orthogonality

Jlagprkenckast O.A. Kpaesbie 3ajaun maTemarndeckoit dpusuku. M.: Hayka 1973
IMTaitmypos B.B. MHorocerounbsle MeTOAbI KOHEIHBIX dj1eMeHTOB. M.: Hayka 1989



Finite Element Method

82,‘

d
[ 526252 20 V@) -B)9(2) | o2

0z,

Expansion of solutions in the form of a finite sum

over the basis of local functions NJ(Zz)

L
®(z) =) O/N/(2). (%)

After substituting (*) into a variational functional
and minimizing it, we obtain the generalized
algebraic eigenvalue problem

APe" = "BPe".

Here AP is the stiffness matrix; B is the positive
definite mass matrix;

Structure of matrix at d = 2




Construction of basis of one dimensional local functions Ng (2)

A non-uniform Finite Element grid on interval Q = [Zmin = Z0, Zmax = Zgmex]

max

q
Ng=[2g-1,2g], g=1,..,4™, Q= U Ag
g=1

Shape functions are LIPs or HIPs ¢?(2) = ¢

d~ of(2)
dzx'

= 6,/,//6,94 .

QOT/q(Z,N ) = 5,/,// 61@0,

Z=2Z
'

The local functions NJ(z) are obtained

by matching of shape functions

Ni(x) = S (o8 S (2),x € Do}

s/=0,1




Finite Element Method

Stages:

BVP — minimization of quadratic functional problem

Finite Element Mesh

Construction of shape functions
> Interpolation Polynomials

* Lagrange Interpolation Polynomials
* Hermite Interpolation Polynomials
> oo

Construction of piecewise polynomial functions by joining the shape functions

Calculations of the integrals

> Gaussian quadratures
> ...

Solving of Algebraic (Eigenvalue) Problem

> Continuous Analog of Newton Method
> e




Problem statement

Self-adjoint system of N second-order ODEs for unknowns ®(z) = {®)(z)}e a2y

o(z) = (®{(2),..., 0 (2))7 by z in the region z € Q, = (2™, z")

< f52z> I w22 V() fEZ;Q( )2+ o )w = EI) ®(2) = 0.
fz(z) > 0 fa(z) > 0, | is unit matrix; V(z) and Q(z) are a symmetric and an
antisymmetric N x N matrices, with real or complex-valued coefficients from the
Sobolev space H3='(RQ).

All coefficients are continuous (or piecewise continuous) functions that have
derivatives up to the order of K™ —1 > 1 in the domain z € Q.

The boundary conditions:

(Dirichlet) : »(Z)=0
(Neumann) : le_r}r;t fa(2) <I% = Q(Z)) ®(z)=0

(Robin) : lim (I% — Q(z)) »(2) = G(Z")o(Z).

z—2t




Problem 1. For bound or metastable states

Case of the real potentials and real eigenvalues E: £y < E; < ... < Ep,

Zmax

(®|®py) = / (2™ (2)' 0 (2)0z = b

Case of the complex potentials and complex eigenvalues E = RE + 1SE:

RE; < RE, < ... < REw,,

The eigenfunctions ®,(z) obey the normalization and orthogonality conditions

max

(@nl®n) = [ a(2)(®7(2) 0" (2o = .

J.G. Muga, J.P. Palao, B. Navarro, [.L.. Egusquiza Complex absorbing potentials
Physics Reports 395 (2004) 357426

A.A. Gusev et al,Symbolic-numeric solution of boundary-value problems for the
Schrodinger equation using the finite element method: scattering problem and
resonance states, Lecture Notes in Computer Science 9301 (2015) 182-197.




Problem 2. The scattering problem

“incident wave + outgoing waves’ asymptotic form

tb_,(z — +00)

_ ) X z)+ X (2R + X(nf.)n(Z)Ri, zZ— —o0
X2()T, + XQu(2)Te, z— +o0

& (z— £o0)

_ (DT +XQ(DTL, 2z —o0
X (2) + xmax( )R + X (2)RS., z— +o0

¢_>(z), ®, (2) are the matrix solutions by dimension N x N:, N x Nf
N N are the numbers of open channels,

X (z) Xmln (2) are open channel asymptotic solutions at z — —oo, dim. N x N5,
x(2) (2), x(5) (2) are open channel asymptotic solutions at z — 400, dim. N x N,
XE:IL(Z), X, (z) are closed channel solutions, dim. N x (N — N5), N x (N — N),
R_,, R_ are the reflection amplitude square matrices of dimension N5 x N5, N& x NF,
T, T. are the transmission amplitude rectangular mat. of dim. N x N5, N5 x NF,
R, T°,, T° , RS are auxiliary matrices.




Problem 2. The scattering problem

Wronskian conditions

Wr(Q(z); XF)(2), XH)(2)) = +2u00, Wr(Q(2); XF)(2),XH)(2)) = 0
a(z

)
Wr(Q(2) a(2),b(2) =o' (2) (2 ~ a(b(a)) - (2 - @) b2)

For real-valued potentials

T.T. +RLR, =1, TLTe +RLRC = loo,
T,R_+RLT_. =0, RLT,+TLR, =0,
T.=T., RL=R,, R_=R..

For real-valued potentials the scattering matrix is symmetric and unitary, for

complex potentials it is only symmetric

_( Ry T g _ ggf —
S_<T_> R<_>’ S'S§ =8S" =1.




Problem 3. The metastable state pr. with complex e.v. E=RE+1SE:

Asymptotic form

X ()0 +X9 (2000, z— -
¢_} :t = min mln ?
b= { e (2)0- + X&(2)0%, 2 +oc

Robin (Siegert) BC

(1) - lim (I% — Q(Z)) ®(z) = G(z")®(z"), t=min and/or max

z—zt

69 = (1m (12 ~a@)) (X @ x0@) ) (X @ x0@)

Orthonormalization conditions

(®nl®r) = [ @)@ () O™ @)z = Srmr.

J.G. Muga, J.P. Palao, B. Navarro, I.L.. Egusquiza Complex absorbing potentials
Physics Reports 395 (2004) 357-426




(rest: |
e BVP for 1 ODE
» Morse potential
> Poschl-Teller potential
» Scarf complex potential
e BVP for N ODE
> system of piecewise constant potentials
e BVP for multidimensional PDE
> Helmholtz eq. for some domains (square, equilateral triangle, hyperellipsoid ...)
> Coulomb potential
» Harmonic oscillator




Test example (ODE System with Piecewise Constant Potentials)

d2
( Iﬁ +V(z) — EI) ®(2) =0, V(2)={Vi,z<z1,..,Vk_1,2<2k-1,Vk, Z>2Zk_1}, <

y

Matching the Fundamental Solutions

d2
( a2 +Vn— EI) ®&n(2) =0, z€(Zm-1,Zm], m=1,.,Kk,
N
= ¢m(z):z (A,(.m) exp (—\/ AE"”—EZ) lIJ,(-m)+B}m) exp (\/ )\,(.m)—Ez> lll,(-m)) ,
i=1
Here )\,(-m) and lllgm) are the solutions of the algebraic eigenvalue problems

VERWm = \Mw™  (w M T =

B . by 1(2) Pm(2)
im @ni(2) = 0n(2) =0, lim =MRE SRS o,

=2N(k—1) linear egs. with 2N(k—1) unknowns.

m=2, ..,k




Problem 2. The scattering problem. Example of asymptotic solutions

ODE in asymptotic regions z — +oo

2
<—I% + VER E|> ®(z) =0, where VEf are constant matrices.

Asymptotic solutions

The open channel asymptotic solutions: ip = 1, ..., Ng*H:

exp <:l:z E )\,.LO’F'Z)
X£)(z — £00) = v A< E

The closed channels asymptotic solutions i; = Né’H +1,...,N:
X,(.Oc)(z — +00) = exp <— Afc'ﬁ = E|z|> W,.LC’R7 )\tF’ > E.

Here )\;"R and lIJ,-LE’R are the solutions of the algebraic eigenvalue problems

LRy LR _ \L,RysLR LANT LR _ <.
VETweT = AT (W )lllj = dj.




Problem 3. The metastable state pr. with complex e.v. E=RE+1SE:

Example of asymptotic solutions

The open channel asymptotic solutions: ip = 1, ..., N5R
—
X,(.f)(z—mo)—)exp (+Z\/E—)\£)’H|Z|>\Vé’ﬁ, ANF<RE, =1, Ng'",
The closed channels asymptotic solutions i; = Né’R +1,...,N:

X (z—00)— exp <— )\,LC’F'—E|Z|> WA APRSRE, =N, N.

Robin BC

R(zt) WL AELA (WL R) =1

Fb R—dlag \/TE \/m




The piecewise constant potentials

A. Gusev, S. Vinitsky, V. Gerdt, O. Chuluunbaatar, G. Chuluunbaatar, L. Le Hai, E.
Zima, A Maple implementation of the finite element method for solving boundary
problems of the systems of ordinary second order differential equations. Maple



The piecewise constant potentials (eigenvalue problem)




The piecewise constant potentials (multichannel scattering problem )




The piecewise constant potentials (resonance scattering states)




The piecewise constant potentials (metastable state problem)




Sub-barrier reactions of the fusion of heavy ions

The coupled-channels Schrédinger equation Ni+'Mo (N = 27)

h2 d2 //+1 hz ZpZ- 9’2 .
_ZW—F% (I’) cPeTE €n—E:| wnno(r)'i‘z Vnn’(r)wn’no(r)zov

n’=1

Vo (r) are mat. elem. of Coulomb and the Nuclear (Woods-Saxon, V,s,o)(r)) potentials.

The incoming wave boundary conditions

iKmr 2 elKmlr

N
— Anme Tn Anm
B.0= 3 ot 3 el
nno(r) H (knr)(gnn(7 H+(knf)Rnno, (P=lfrmireg

A
c —r .
Tmn07 r*rmlﬂv

I:I,i(knr) are Coulomb functions

P.W. Wen et al, Near-barrier heavy-ion fusion: Role of boundary conditions in
coupling of channels, Phys. Rev. C 101, pp. 014618 (2020).

P. W. Wen et al, Potential roots of the deep subbarrier heavy-ion fusion hindrance
phenomenon within the sudden approximation approach, Phys. Rev. C 103, 054601

(2021)




64Ni+1900\o: Deep sub-barrier fusion

MNumerov, are the results obtained by
means of CCFULL [K. Hagino, N. Rowley,
and A.T. Kruppa, A FORTRANT7
program for coupled-channels calculations
with all order couplings for heavy-ion
fusion reactions; Comput. Phys. Comm
123 (1999) 143 - 152, also CCFULL Home
Page]|




The piecewise 1D and 2D polynomials on domains
[-1,1] and [—1,1] x [-1, 1] equals one in origin
obtained by matching of HIP(1,0) on [—1,0] with
HIP(0,0) on [0, 1] and by matching of LIP(3,0) on
[-1,0] with LIP(0,0) on [0, 1].

The piecewise 2D pols.
obtained by matching of
triangular LIPs and HIPs.

The basis functions constructed by matching d-dimensional HIPs has continuous
partial first derivatives in boundaries of elements of a finite element grid.



The potential energy surface U(agg, ag2) of 238U in PC-PK1 RMF

a [ 60
10} 7
50
08}
40
08¢ 30
0.4} ] -
Lzl ] 10
0.0 0
0.0 0.2 0.4 0.6 0.8 1.0 1.2 4 0.0 0204060810124
v v

Zhao, P. W., Li, Z. P,
Yao, J. M., and Meng, J.:
New parametrization for the
nuclear covariant energy density
functional with a point-coupling
interaction, Phys. Rev. C 82,
054319-1-14 (2010).




The leading components of eigenfunctions of 238U in PC-PK1 RMF

g.s. g.s.
g.s.

v v
B

B B
SD g.s.

SD g.s. SD g.s.
SD g

SD g SD g

The localization of leading components ¢:,A,’L(a20, ap) of eigenfunctions
WM (@20, 822, Q) = 3, Ph(@20, 822) Dy (), of 28U in double well potential of
five-dimensional collective nuclear model (CNM) calculated by the 2DFEM program




Energy levels of rotational bands of CNM of 238U in PC-PK1 RMF

The energy levels E in the g.s.-, 5-, 7-, SD g.s.- and SD - bands at normal and
superdeformed shapes in 228U.

F — calculated values by 2DFEM program; [B. Batgerel, J. Busa Jr., O. Chuluunbaatar,
P.W. Wen, A. A. Gusev, V.L. Derbov, A. Deveikis, L. L. Hai, E. V. Mardyban, and

S.I. Vinitsky, Schemes of Finite Element Method for Collective Models of Atomic Nuclei,
Physics of Particles and Nuclei Letters, in press (2025)],

G and E — calculated and experimental values from [J. Libert, J.-P. Delaroche, and M.
Girod, Five-dimensional collective Hamiltonian with the Gogny force: An ongoing saga, Eur.
Phys. J. A 52, 197 (2016)].




Problem 4. For the time-dependent Schrédinger equation

The Cauchy problem

ZBTP((;;, t) _ H(x, )y(x,1), (X, k) =10(x) + BC by spatial var.. (1)

The implicit operator-difference scheme of order O(TZM)

YR = (X, k),
— (M) A(M) (M) (M)
<,+ m<Ak> BeM = </+ mCAk) PEIM =1 M, (2)

aﬁ” = —1, asz,; = 4+1/v3 —4,
AV = H(x, t),

2 2
2 T a2 7
AE() ES ﬂ at H(X, t) t:[C+ZE[H(X, tc), &H(X, t)|t:TC]7




 Bample ]

Z% = H(x, )y(x, 1), o
H(X7 t) _ 1 82 Ao A

- 29x2 cosh®(x)  cosh?(x — vt)’
A, =—-15/8, A; =15/8.

-40 20 0 20 40 @ 480 -60 -40 -20 0 20 40 60 80
= & ' 3 "N T Real (solid line),
i 1= D~ o2r 1] image (dashed
o X 0,0 AN
o > 02F N line) parts of the
04f =0 A 20 v=0.5 .
P S, : wave function
2F =1 I\ -0, b .
< = ¥ ] vs the time t
02f t= A
o3 ; o\, 1 for v = 1/2
I 4 . g { th = —30 and for
k> =2 1 v=0.1,05 1, 2,
0,0 T
' V L I = —-15/v
3 -04f ' ' ' ' ' ' ] 0 / ’

-80 -60 -40 -20 0 20 40 60 80 T = 15/V
X




Ilenb: paspaboTka  HOBBIX
CXeM  METOJAa  KOHEYHBIX
SJIEMEHTOB  pEIIeHUsl  MHO-
TOMEPHBIX (BunoTn pico)
[IIECTIMEPHBIX) KPaeBbIX
U HAYAJbHO-KPAEBBIX 3aJ1ad,
B YACTHOCTH, 3aJad Ha CBs-
3aHHBIE W METACTAOUIIbHBIE
COCTOSIHHSI, MHOTOKAQHAJIBHOM
3a/lauM  PaCCesiHUsl ©  JP.
JUIsi  MHOTOMEDHBIX  ypaB-
HEHU [IPEIMHI€POBCKOTO
TUIIA OPUEHTUPOBAHHBIX JIJIs
HCCJIeJOBAHUS KBAIPYIOJIbHO-
OKTYTIOJbHBIX KOJIJIEKTUBHBIX
MOJIeJIell ATOMHOTO $1/1pa., IO~
6GapbEPHBIX PEAKIINNA CIIUSTHUS
TSIPKEJIBIX SJIEP U JIP.

Cnacubo 3a BHNMaHHE!



Test: the Helmholtz problem on hyperellipsoid

The BVP with Dirichlet BCs

Xi = airsinfy_q...sin 02 sin 61,

Xk = akrsinfy_1...sinfxcosbx_1, k=2,...,d—1

Xyg = aqgrcosfy_+

re0,4+00), 61 €[0,+27], Ok—1 €[0,+7], k=3,....,d—1, 04_1 € [0,+n].

The coefficients go(x) and gji(x) of BVP at d =3

90(2)=r? sin 61, V(2)=0,

911 (Z):I2 sin 02((a172 sin? 01 +a;2 cos? 01) sin? 02+372 cos? 05),

3 912(2)= cos 64 sin 64 cos 92(317273272),

922(2)=(a; 2 cos? 0y+ay 2 sin? 01)/ sin 0, 913(2)=—1 cos 6 sin? O cos Oy (ay 2 sin® 04-+ay 2 cos” 04 —ag %)

933(2)=sin 02((51_2 cos? 04 +a2_2 sin® 01) cos? 92+53_2 sin? 05), 9p3(2)= cos 04 sin 64 cos 92(&1_2762_2)




Helmholtz problem on hyperspheroid 8=0.84, a;}=1, j=1,...,d, j#i

4D Hyperspheroid

< pN >= EP" and
OpN means the
mean value and
difference between
the wupper and
lower calculated
eigenvalues from
the level. Here

E=3. d 4 5 6

(p,N) (33 (34 (37 (43 (44 DS 432 1539 5346
5 2368 6000 41472 11326 30672 | N°,10° 0.03 0.32 3.0l

Lo s L8 gs sy o [Feevios
: 1 T w1d—1
NA10° 027 097 1031 419 1438 |&id{0(3)1}®{0.3. 3}

Grid {0(1/N)1} ® {0(w/N)7}?~" with Dirichlet BCs at r = 1 and 6y = 0, 7 for
antysymmetric states and Neumann otherwise.

KANTBP 5M (by Kantorovich method 28 eqs) for 5th-order HIPs [2,1,1,2], grid:
{0,0.01,0.03,0.06,0.1(0.1),0.9,0.94,0.97,0.99, 1} at d<6 and {0.01,...,1} at d=6.






